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perature. 


Introduction 


Sei Pohlhausen analysis! for the thermal boundary 
layer on a flat plate aligned parallel to a uniform free-stream flow 
is one of the classical solutions of forced-convection heat trans- 
fer. A particular property of Pohlhausen’s solution, and of all 
subsequent boundary-layer heat-transfer analyses, is that the 
temperature of the approaching free-stream flow is assumed to 
be uniform. In terms of the co-ordinates of Fig. 1, this assump- 
tion requires that for z < 0, the free-stream temperature 7',, does 
not depend upon y. 

The present study is concerned with the more general situation 
in which the temperature of the approaching stream may be non- 
uniform. We are able to find exact boundary-layer solutions for 
this problem. Numerical calculations have been carried out for 
Prandtl! numbers of 0.01, 0.1, 0.7, 1.0, 10, and 50. Heat-transfer 
results are presented. 

The analysis is carried out for laminar flow over an isothermal 
surface. The free-stream velocity is taken as uniform. For 

1“Der Wirmeaustausch zwischen festen kérpern und Flissigkeiten 
mit kleiner Reibung und kleiner Wirmeleitung,” Zeitschrift fiir 
angewandte Mathematik und Mechanik, vol. 1, 1921, p. 115. See also 
reference, footnote 4, pp. 265-270. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958. of THe AmMeRICAN Society OF MECHANICAL ENGINEERS, 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 10, 1958. Paper No. 58—A-42. 


The Effect of a Nonisothermal Free Stream 
on Boundary-Layer Heat Transfer 


An analysis is made for laminar forced-convection heat transfer from a flat plate to a 
nonisothermal free stream. An exact solution of the bow idary-layer energy equation ts 
found for the situation of linearly varying free-stream temperature. Numerical calcu 
lations are carried out for Prandil numbers in the range 0.01 < Pr 
are presented for the chayge in heat transfer due to the variation in free-stream tem 
This effect decreases with increasing Prandtl number. 


T 


Co 


¥ 


Fig. 1 Co-ordinates 


simplicity of presentation, viscous dissipation and property 
variations are omitted in the main body of the analysis, but they 
will be included in a later section. 

In this first attack on the pr »blem, we consider the case where 
the temperature of the approaching fluid varies in a linear fashion 
with y, that is, 

T. =To+ry, (1) 


where 7, and \ are constants. Since the heat transfer from the 
plate is affected only by free-stream temperature variations which 
interact with the boundary layer, Equation (1) need only be an 
accurate description of 7, for values of y extending to slightly 
beyond the boundary-layer thickness 


Analysis 


The Energy Equation and Its B dary Conditi The differential 
equation expressing conservation of energy for steady, laminar, 


nondissipative flow in a boundary layer ts 


oT oT oT 
u re =a (2) 
or oy 
The boundary conditions for the temperature are assigned as 
T(z, 0) = T, (2a 
T(z,y)~>T, as yV Rem (2b) 


Nomenclature 


c, = specific heat at constant pressure v = velocity component in y-direction 6,,0.,0, = functions of 7 
F = Blasius function x = co-ordinate measuring distance dX = free-stream temperature gradient 
k = thermal conductivity along plate from leading edge pp = absolute viscosity 
L = plate length y = co-ordinate measuring distance y = kinematic viscosity 
Pr = Prandtl number, CM k = v/a normal to plate & = dimer sionless independent Vvaria- 
q = local heat-transfer rate per unit a = thermal diffusivity, k/pe, bile 2X ( ver ) 
area 6* = displacement thickness of bound- 10. 
qo = value of g for uniform T,, = To ary layer p = density 
Q = over-all heat-transfer rate, fq dr 7 = dimensionless independent varia- = function of 9 satisfying Equations 
y (U.\" 20a) and (20b 
Qo = value of Q for uniform 7, = ble, ( ) 
T = static temperature oN? Subscripts 
U., = free-stream velocity, a constant @ = dimensionless temperature, w = wall conditions 


= velocity component in z-direction 
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where 7’, is a constant. 1t is known from experience that condi- 
tions of the type (2b) are satisfied to a high degree of accuracy 
within a short distance from the surface. So, practically speaking, 
infinity is not very far away. 

An approach to the solution of Equation (2) cannot be made 
without a prior knowledge of the velocity distribution in the 
boundary layer. An analysis for the velocity boundary layer for 
incompressible flow over a flat plate was first made by Blasius in 
1908. So, the required velocity information is available from his 
work, although it was necessary to recompute his results to 
greater accuracy for the purposes of this analysis. 

Aside from the numerical results for the velocity components u 
and v appearing in Equation (2), there is another important 
property of the velocity boundary-layer solution which enters our 
temperature problem; namely, that there is a transverse flow of 
fluid from the boundary layer to the free stream given by 


= ().86039... 
Ut 


This transverse flow affects the free-stream temperature dis- 
tribution. It is found that the distribution of 7',, which satisfies 
the free-stream energy equation® as well as Equation (1) is 


+ Ny 


(3a) 


— 6*), (4) 


where 6* is the displacement thickness given by 


6* ( v ) 
= 1.7208.... 


Equation (4) is to be used in conjunction with the boundary con- 
dition (2h). 

Solution of the Energy Equation. Now, we proceed with a solution 
father than work in the zr,y-co-ordinate svs- 


(3b) 


of Equation (2). 
tem, it is more fruitful to introduce new independent variables 7 


2A 2 
Te U. ” 


nis seen to be the Blasius variable, while & is essentially a streteh- 


and & by the definitions 


to = 
~ 
‘ 
S 


ing of the r-co-ordinate which also includes the free-stream tem- 
perature gradient X. 
For the velocities u and », we may substitute the boundary- 


laver variables. So, 


where F’ is the well-known Blasius funetion which obeys the fol- 


lowing differential equation 


+ FF" =0, F(O) = F'(0) = 0, 


The primes represent differentiation with respect to 7. Finally, a 


dimensionless temperature variable @ is defined by the relation 
: Vo (7) 
T, — 


Under the transformation given by Hquations (5), (6), and (7 
the energy Equation (2) becomes 


ob 
+ Prj F EF’ = 0 (8) 
on of 


Next, the 


where the symbol Pr represents the Prandtl number 


2 It is to be remembered that (Re Pr) -' is required to be much less 


than 1 according to boundary-layer assumptions 
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boundary conditions (2a) and (2b) are transformed. Taking 


account of Equation (4) for 7’, it is found that 


HE, 0) = 1 (Sa) 


OE, n) — 0.86039...) or as 


(Sb) 


Inspection of the boundary conditions suggests that best ad- 
vantage is taken of the linearity of Equation (8) by writing 
OE, n) = O(n) + (9) 


By substituting back into Equations (8), (8a), and (84), it is found 
that @; and 6 must satisfy 


6,'’ + Pr FO,’ = 0, 6,(0) = 1, A(2) =0 (10) 
+ Pr[F0.’ — = 0, = 0, = 1 
or 6(20) = 7 — 0.86039 (11) 


Equation (10) for @, coincides precisely with the governing 
equation for the boundary-layer temperature distribution cor- 
responding to a uniform free-stream temperature. So, the effects 
of the nonuniform free-stream temperature on boundary-layer 
heat transfer will be found from the solutions of Equation (11). 

Solutions of Equations (10) and (11) have been obtained for 
Prandtl numbers of 0.01, 0.1, 0.7, 1.0, 10, and 50 using the numeri- 
cal methods of Gregg*® in conjunction with IBM 650 electronic 
calculating equipment. The numerical method, five-point for- 
ward integration, requires that both the function and its deriva- 
tive be specified at the starting point of the calculation for a 
second-order equation. In terms of our present problem, it is 
necessary that the pairs [4,(0), [@.(0), @2’(0)] be specified. 
As is seen from the boundary conditions of Equations (10) and 
(11), the derivatives 0,'(0) and 6@.’(0) are not known. So, the 
computational problem reduces to a systematic search for the 
appropriate values of these derivatives which lead to solutions of 
Equations (10) and (11), respectively, satisfying the condition 
6(©) = O and #2) = 1. The values of 0,10) and 
thus obtained are listed in Table 1. For Pr = 0.7, 1.0, and 10, 


Table 1 Temperature derivatives for 0.01 < Pr < 50 

Pr 0.'(0)/0, (0) 
0.01 103 0.875 —8 46 
0.1 —(0 281 0.699 —2 49 
O7 —0 585 0 495 —0 846 
4.0 664 0.457 —()_ 688 
10 —1 46 0 246 —0. 169 
50 —2. 49 0.15 —0 060 


where previous work for the uniform free-stream temperature 


situation is available, excellent agreement is found between our 
4,(0) values and those of past solutions. 


Results 


Heat Transfer. The most important result of practical interest is 
the heat transfer. The local rate of heat transfer from the surface 
to the fluid may be calculated using Fourier’s law 


| 4 
Ov 


In terms of the variables of Equations (5), (7), and (9), the expres- 


sion for q becomes 


8 J. L. Gregg, “A General Purpose IBM 653 Routine for the Solu- 
Differential Equations,” IBM 650 
Endicott, N. Y., October, 


tion of Simultaneous Ordinary 
Scientific 
1957. 


Computation Seminar, 
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k 
—-—(T, - >) + (12 
2 rv 


where is an abbreviation for [d0,/dn|y-0, ete. 

The result for the case of uniform free-stream temperature is 
obtained as a special case of Equation (12). By setting — = 0 
(i.e., \ = 0), we find the local heat transfer g corresponding to a 
uniform free-stream temperature 7, = To to be 


k 
ae ( ) 6,'(0) (13 
- Iv 


Using the information of Table 1, Equation (13) has been plotted 
in Fig. 2. 

The important relationship showing the change in boundary- 
laver heat transfer due to nonuniform free-stream temperature is 
provided by combining Equations (12) and (13). So, 


= 1+ | (4 
q 6, (0) 


Equation (14) may be evaluated from the values of Table 1. 
It is 
immediately seen from the figure that the heat transfer to low 


Fig. 3 shows a plot of q/q for values of & between 0 and 1. 


Prandtl-number fluids is much more affected by nonuniformities 
in 7, than it is for high Prandtl-number fluids. This finding is 
made plausible by that the thickness of the thermal 
boundary layer increases with decreasing Prandtl number. So, 
same A), the 


noting 


for the same free-stream temperature gradient (i.e., 
thermal boundary laver is aware of a greater change of free-stream 
temperature as Prandt! number decreases. 

It is worth while to examine the conditions under which the 
nonuniformity in 7’, may be neglected in computing local heat- 
transfer rates. Our goal is to find a quantitative criterion for 
determining when the heat-transfer relationship for uniform free- 
stream temperature {Equation (13) or Fig. 2} will vield sufficient], 
accurate results for the situation of nonuniform free-stream tem- 
perature. Suppose we decide that an accuracy of 5 per cent should 
be adequate for the great majority of heat-transfer applications. 
Then Fig. 


formities in ambient temperature may be ignored in the local 


4 distinguishes the conditions under which nonuni- 
heat-transfer computation. As a simple illustration, consider « 
flat plate in air (Pr = 0.7) on which the Reynolds number, (,2/v, 
is 1H at rc = 1 ft. is 100 
For these circumstances, it is found that free-stream tem- 


The temperature difference (7), — 7» 
deg F. 
perature gradients up to 77 deg F per in. will have negligible 
effect on the heat transfer 


Pr 


Fig. 2 Heat-transfer results for isothermal free stream, T.. 


Journal of Applied Mechanics 


For some purposes, the over-all rate heat transfer Q for : 
length of plate between « = O and « = L may be desired. For : 
unit width of plate, Q is found from 


PL 
= q dz 


After integrating Equation (12) and rearranging the result, we 


find 
1 + O.5€ 6.0) 
6,'(0) 


where Q), the over-all heat transfer corresponding to 7’, 
is given by 
UL\"* 
—-KT, @,'(0) (16 
v 


Although Fig. 3 was constructed for the local heat transfer, it 
may be applied with only minor reinterpretation to the average 
heat transfer. For a given £ and Pr, the corresponding result for 
[1 — Q/Q] is found by halving the value read from the ordinate 
of Fig. 3. So, the over-all heat transferfrom 2 = Otoz = L is less 


Q/Qy = 


Q = 


Fig. 3. Effect of nonisothermal free stream on heat transfer 


1.0 
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Fig. 4 Values of ¢ corresponding to a 5 per cent change in heat transfer 
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Fig. 5(a) Distribution of #, across boundary layer 


affected by nonuniform 7’, than is the local heat transfer at x = L, 
as might have been expected since boundary-layer thickness in- 
creases with increasing 

Temperature Profiles. ‘The temperature distribution across the 
boundary layer also may be of some interest. 
tion (9), the dimensionless temperature @ is found by combining 
4, and @.. 
temperature solution corresponding to uniform 7’... 


According to 


It has been noted already that 4, coincides with the 
Representa- 
tions of the @, distribution appear in many places in the literature 
for a wide Prandt!-number range, e.g., Schlichting‘ (Fig. 14.7), and 
The variation of 6. across 
the boundary layer has been plotted in Figs. 5(a) and (6). The 
first of these graphs shows the curves for the higher Prandt! num- 


there is no need for repetition here 


bers, while the second shows the lower Prandtl-number curves. 
Included in the figures is a dashed line which represents the 4. 
distribution in the free stream. It is seen that the boundary- 
laver profiles asymptotically approached this limiting line from 
above. The trends with Prandtl number are identical to previous 
findings in laminar boundary-layer theory; namely, that the 
limiting free-stream values are approached more and more rapidly 
as Prandtl number increases. 


Viscous Dissipation; Variable Properties 


The inclusion of viscous dissipation adds 


to the right side of the energy Equation (2). Taking account of 
this additional term, the energy equation is transformed in the 


Viscous Dissipation. 
the term 


same manner as before, giving 


070 


4c, ( — 7) 
This now replaces equation (8) as the governing equation for @. 
The boundary conditions (8a) and (8b) are unchanged. As a 
consequence of the linearity of the problem, @ can be written as 
the following sum 


Schlichting, ‘Boundary Layer Theory” (translated by Dr. J. 
Kestin), McGraw-Hill Book Company, Inc., New York, N. Y., 1955. 
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Fig. 5(b) Distribution of #. across boundary layer 


HE, n) = O(n) + + — To) (18 
The functions 6, and 6. obey Equations (10) and (11) as before, 


while @; must satisfy 


FR’)? 
6," + Pr [ra + = () 


~ 


(19a) 


6:(0) = 0( 0) = 0 (19b) 


The solution of Equations (19a) and (19) is facilitated by first 
considering an auxiliary problem, namely, 


(F’)? 
+ Pr [ re ] = (20a ) 
’'(0) = 0, Po) = 0 (20b) 


Equations (20a) and (206) describe the so-called thermomete 
problem, which has been studied in detail by Eckert and Drewitz 
as well as by Pohlhausen. Their results are reported in some de- 
tail by Schlichting* pp. 266-267). 

We now propose a solution of @ in terms of known functions as 


follows= 


6:(n) = P(n) — (21) 
That this is in fact a solution of (19a) is easily verified by direct 
substitution, taking account of Equations (10) and (20a). The 
boundary conditions (196) are also satisfied. 

Assuming that 6; is known, we proceed to evaluate the local 
heat transfer g according to Fourier’s law. In terms of the varia- 
bles of the analysis, the expression for q is 


k 
g= -—(T, - r)( [a1 
2 rv 
U2 
- (22) 
2¢(T., — To) 


Noticing that = —(0)0,'(0), Equation (22) becomes 


U.? 
@(0) | (22a) 
2cT, — To) 
5 This solution has been used in the following reference: S. Ostrach, 
“Compressible Laminar Boundary Layer and Heat Transfer for Un- 
steady Motions of a Flat Plate,” NACA TN 3569, 1955. 
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Values of ®(0) are given on the ordinate of Schlichting’s Fig. 14.8,‘ 
while 9,/(0) and @.’(0) are given in Table 1. 

For the situation of uniform free-stream temperature (£ = 0), 
the heat transfer qo is 


k U.\' 
2 xv 
Ue" (0) | (23) 
— To) 


Finally, by combining Equations (22a) and (23), we are able to 
relate the change in heat transfer with the nonuniform free-stream 
temperature. 


| 


1 — &(0 


Although Fig. 3 was constructed for the nondissipative case, it 
can be applied to the dissipative situation represented by Equa- 
tion (24) with only minor modification. Entering Fig. 3 with a 
given & and Pr, the value of [1 — q/qo] for the dissip:tive case is 
found by dividing the ordinate by 


— (0) 
2c,\ 
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Inasmuch as (0) > 0, the effect of including viscous dissipation 
is to increase the effect of nonuniform 7’, when T,, > To, and to 
diminish the effect when 7), < 7. 

Variable Properties. The analysis which has been presented for 
the constant-property situation may be extended without es- 
sential modification to the variable-property situation which is 
characterized by 


pu = const, pk = const, ", = const (25 


By using Howarth’s transformation 


Y= J, (e/poddy 


and replacing y by Y in Equation (5) defining 9, the formulation 
of the solution remains as before. Practically speaking, the 
property variations of Equation (25) may serve as reasonable 
approximations only for gases. 


Concluding Remarks 


We have shown that the problem of foreed-convection heat 
transfer to a linearly nonisothermal free stream gives rise to an 
exact solution of the boundary-layer energy equation. The 
change in heat transfer due to the variation in 7’,, has been com- 
puted. This effect is found to diminish with increasing Prandt! 
number, suggesting that the high-Prandtl-number fluids may be 
excluded from further study. 
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Some Preliminary Results of Visual Studies 
of the Flow Model of the Wall Layers of the 
Turbulent Boundary Layer 


Preliminary studies of the low model in the wall layers of the turbulent boundary layer 
are presented. Results are summarized for investigations of positive pressure gradients, 
sero and negative pressure gradients, readjusting zones, and the later stages of transition. 
In all cases, the special visual methods developed for these studies show a definite three- 
dimensional vortex-flow model. The presently available details of this model are de- 


scribed, a possible interpretation cf the physics of the turbulent boundary layer is given, 


R... ENT investigations of the performance and flow 
models in subsonic diffusers by the authors and co-workers at 
Stanford University {1-5|? have shown the existence of several 
phenomena that cannot be explained in terms of the classical 
two-dimensional picture of the turbulent shear laver. In order 
to explain these phenomena a series of visual! studies of the wall 
lavers, that is, the flow very near the wall, has been instituted 
and is continuing. While these data are at present only quali- 
tative in nature, they are believed to be of sufficient importance to 
justify publieation as preliminary results. These results are 
given below and are followed by a brief discussion of some of 
their possible implications together with some corroborating 
evidence for the interpretations suggested from the results of 


other workers. 


Flow- Visualization Techniques 


In order to study the wall lavers, two special flow-visualization 
techniques have been devised. These both consist of the in- 
jection of a line of dve in a two-dimensional fashion across the 
entire flow on a wall. In the first method, this is aceomplished 
by use of a 6-in-long, 0.010-in-diam hypodermic needle attached 
to a standard medical svringe. In the second method, the dye 
is injected through « 0.003-in. slot in the wall made by cutting 
and shimming a single sheet of lucite to minimize the disturbances 
introduced. In both cases a strong downstream angle of in- 
jection is maintained to avoid any spurious upstream flows, and 
the dve is injected as uniformly as possible across the flow. It 


‘ This work has been supported in the past under the financial 
sponsorship of the National Advisory Committee for Aeronautics and 
the Small Aireraft Engine Department of the General Electric Com- 
pany. Current work is continuing under the sponsorship of the 
United States Air Force Office of Scientific Research and Develop- 
ment Command, under contract No, AF 49 (638)-295, and also under 
National Science Foundation Grant G5223. Reproduction in whole or 
in part is permitted for any purpose of the United States Government, 
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and some of the many implications of the flow model are discussed. 


is to be emphasized that in the case of the turbulent boundary 


layer these techniques show a portion of the flow that cannot be 
seen with ordinary dye-injection methods; this has been verified 
repeatedly by simultaneous use of both methods. 


Visual Studies 


Visual studies of this type have now been carried out in four 
types of fiows: (a) Adverse pressure-gradient flows in straight- 
walled diffusers with divergence angles varying from zero to that 
where large stalls commence: (6) channels with zero and slightly 
favorable pressure gradients; (¢) readjusting zones in which «a 
boundary laver generated in a favorable pressure gradient moves 
past a point of minimum pressure into a diffuser; (¢) transition 
from laminar to turbulent flow in an adverse pressure gradient. 
All these observations have been made in a two-dimensional 
water channel with a water depth of 4 in. and a free-stream ve- 
locity of 0.2-0.6 fps. Varying inlet conditions, various types of 
dye, two injection methods, and several channels have been 
employed by a number of observers; apparently consistent 
results have been obtained. 

When dye is introduced very near the wall in a turbulent 
boundary laver it is found that the wall lavers are not two- 
dimensional, as has long been believed, but instead they consist 
of a repeated three-dimensional pattern. The details of this 
pattern are not defined completely and are stil! under study, but 
the following has been observed. The pattern or flow model 
appears to consist of an array of “islands of hesitatioa’’® and longi- 
tudinal vortexes which impart a wispy appearance to the flow; 
these are interspaced with areas of faster moving fluid. The 
islands of hesitation appear as long stretched filaments in 
the direction of flow which move downstream more slowly than the 
surrounding fluid. The vortexes apparently originate as a break- 
down or roll-up along the edges of the islands of hesitation. The 
primary orientation of the vortex elenents is longitudinal,’ that 
is, in the flow direction, but each vortex stands at a slight angle 
to the wall so that its distance from the wal! increases as it moves 


downstream. After the vortey element reaches a certain critics! 


’ This very appropriate term, “island of hesitation,” is believed to 
have originated with the work of T. Theodorsen and J. Weske 
who have observed apparently similar patterns in the later stages 
of transition in a zero pressure gradient. 

4 The use of word “‘longitudinal’’ here refers only to the observed 
primary orientation of the vortexes, and should not be construed as 
necessarily implying a connection to a Gortler ty pe. 
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Fig. 1 
layer 


= Flow direc‘ion 


(a) Laminar boundary layer 6-ft slightly convergent inlet channel 
Fig. 2 Wall-slot dye method. Free-stream velocity 


distance trom the wall, which cannot be given quantitatively at 
present, it breaks up into a typical turbulent hash by a process 
which is too rapid for the eve to follow. A sketch of those 
details which have been observed is given in Fig. 1. 

When these same visualization methods are applied to the 
laminar boundary layer, the expected two-dimensional flow is 
found in the wall layers. A comparison of the laminar and turbu- 
lent cases is shown in Figs. 2(@) and (b). It should be noted 
that the dye is injected two-dimensionally at the wall and that 
the wispy appearance in the turbulent case is created purely by 
the flow itself. Similar results have been obtained in all tests 
to date; that is, in every case where the normal Reynolds visuali- 
zation test shows turbulent flow farther from the wall, the island 
of hesitation and vortex pattern have been found in the watl 
lavers; but in every case where the flow is laminar farther from 
the wall, a smooth two-dimensional flow is found in the wall 
lavers. 

As noted in the foregoing, four eases have been studied qualita- 
tively, and elements of what appear to be at least very similar 
fiow patterns have been seen in all four cases. However, certain 
differences between the various cases also have been noted 
The major element of similarity appears to be the island and 
vortex pattern sketched in Fig. 1. A brief discussion of the 
further features of each case now follows. 

Adverse Pressure Gradient. [1) the case of turbulent boundary 
lavers in an adverse pressure gradient, Fig. 3(a), the size of the 


Diagrammatic sketch of flow model in wall layers of fully developed turbulent boundary 


= 0.4 fps; O-deg plane wall channel; throat width = 3 in. 


SECTION OF WALL 


Flow direction 


(b) Turbulent boundary layer 6-ft straight inlet channel 


island and vortex pattern is strongly dependent on the magni- 
tude of the adverse pressure gradieut. The transverse size in- 
creases rapidly with increased adverse pressure gradient. In 
the cases studied, the transverse spacing /, Fig. 1, increases 
from perhaps '/;. in. or less at zero pressure gradient to ! 
in. or more near the inception of large stalls. As the size in- 
creases the characteristic breakup frequency appears to decrease 
In adverse pressure gradients the patterns are quite unsteady; 
that is, the island and vortex patterns move as a function o! 
time. This unsteadiness becomes more pronounced as the ad- 
verse pressure gradient is increased 

At the same time that the transverse size of the island and 
vortex pattern increases, the length of each island decreases; that 
is, the vortex system stands at a larger angle to the wall, and 
hence breaks up a shorter distance downstream from its point 
of origin even though the thickness of the wall laver increases 
rapidly in an adverse pressure gradient. This apparently 
implies that the number of vortex breakups, and hence the losses 
are sharply increased, although this point has not yet been 
verified quantitatively. 

The changes in geometry and frequeney of occurrence Just 
described for the adverse-pressure-gradient case seem to be in 
agreement with the known over-all physical facts. They are in 
agreement with the fluctuation messurements in a 7.5-deg 
conical diffuser reported by Robertson and Calehuff [13]. They 


also probably are the explanation for the surprisingly small 
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(ce) Turbulent boundary layer in an adverse pressure gradient, 
Tt-deg plane wall channel. Throat width = 2.75 in.; free- 
stream velocity = 0.6 fps, 9 in. downstream from throat; 6-ft 
straight inlet channel. 


Original 
line of ae 


Flow 
direction 


Original 
line of 


Flow 
direction 


(c) Readjusting zone, 8-deg plane wall channel. Throat 
width = 3in., 3'/. in. downstream from throat; 6-ft straight inlet 
channel; free-stream velocity = 0.4 fps. 


effect of “history” on boundary-layer performance and stall 
reported by Robertson and Holl [15] and Kline | 16}. 
When an adverse pressure gradient is applied, the islands of 


“hesitation already present are naturally slowed still further by the 


pressure forces, and a relatively small adverse pressure gradient 
is thus sufficient to create streaks of fluid very near the wall that 
actually move a short distance in the upstream direction. Each 
such streak appears to correspond to an island of hesitation, and 
terminates by leaving the wail; it is then cnught up by the higher 
speed fluid, and swept back downstream. It is these streaks that 
were reported in references [3] and [5] and called small transitory 
stall. Thus the present observations are fully in accord with 
and provide an explanation for the earlier observations on stall 
inception, This explanation is not a final answer since it raises 
the yet more fundamental question, ““Why does this particular 
pattern of ishinds and vortexes occur in the wall lavers of the 
turbulent boundary layer in the first place?”’ 

Zero and Slightly Favorable Pressure Gradients. [1 fully turbulent 
boundary layers in zero and favorable pressure gradients, Fig. 
3(b), the island and vortex pattern also moves as a function 
of time, but appears much smaller in transverse dimension with a 
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throat; free-stream velocity = 0.2 fps. 


Fig. 3 Needle trace dye method (scale */, in. = 1 in.) 


Original 
line of 


(b) Turbulent boundary layer in zero pressure gradient, O-deg 
plane wall channel. Throat width = 2.75 in., 9 in. downstream 
from throat; freestream velocity = 0.6 fps; 6-fi straight inlet 
channel. 


Flow 


, 


(d) Transition in an adverse pressure gradient, 9.5-deg plane 
wall channel. Throat width = 1 ff, 7 in. downstream from 


higher characteristic frequeney than in the case of adverse pres- 
sure gradients. The size and frequencies of the motion in favora- 
ble pressure gradients are such that they are difficult to observe 
with the eve even at the low velocities employed, and further 
studies are definitely needed. It appears that increased Reyn- 
olds number, owing to increased velocity, causes the size of 
the pattern to diminish and the frequency to increase, but the 
range of data thus far available is very limited. 

Readjusting Zones. [1) readjusting zones, Fig. 3(¢), the pattern 
appears to be about the same size as in moderately large adverse 
pressure gradients and is also very unsteady. Frequently, the 
dimension /, Fig. 1, is '/+ in. or more in size, and very strong 
unsteady elements have been observed in all eases studied. 

Transition. In the case of transition in an adverse pressure 
gradient, Fig. 3(d), the pattern appears to be largest in size and 
is often relatively steady. In some cases, the width of the island 
of hesitation is as much as 3 in., and the island may stay in one 
location for an indefinitely long period provided flow conditions 
upstream are constant and free from large disturbances. The 
islands also occur singly as well as in an array in this case. It 
has been suggested by Mr. P. 8S. Klebanoff that the bubble or 
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island shown in Fig. 3(d) probably occurs in the later stages of 
transition in the adverse pressure gradient, that is, downstream 
from the well-known Tollmien Schlichting two-dimensional wave 
amplification range. The authors now tend to concur in this 
belief, but adequate substantiation is lacking. 


A Possible Physical Interpretation of Observed Flow Model 


Possible Interpretation. The foregoing states what has been 
observed in various cases in the layers of fluid very near the wall 
by direct visual observations. The following remarks suggest 
a possible interpretation of these results. It is the authors’ 
belief that an appropriate interpretation of the physics of the 
turbulent boundary layer may be as follows: The model that 
creates the large-scale eddies near the wall is composed of an 
array of islands of hesitation and vortexes of the type shown in 
Fig. 1. This model is formed by an instability that probably 
first occurs in the later stages of transition and then repeats 
itself in time and space over the entire downstream wall. This 
instability is formed in the layers normally called the sublayer 
and buffer laver. The vortexes so generated move out from the 
wall as they go downstream and subsequently break up into 
the characteristic fluctuating motion of the outer portions of the 
turbulent shear laver. Thus at any given location the fluctuation 
components of the outer portion of the layer would be the down- 
stream wake of the vortexes generated near the wall farther 
upstream. 

This picture implies a continual transport of fluid between 
the wall lavers and the outer fully turbulent portion of the flow. 
Apparently it is this continual transport of fluid which makes 
normal dye injection ineffective in showing the flow very near 
the wall and has thus made the flow patterns so difficult to 
unravel. 

Some Supporting Evidence of Other Observers. [1 addition to the 
visual evidence just cited there is also now available a very 
considerable body of evidence attributable to other workers which 
tends to substantiate the viewpoint suggested in the foregoing. 
Some of this is now cited. 

Townsend |9| has deduced from the fluctuation measurements 
that a pattern very close to that actually observed and reported 
in the foregoing should exist in the wall layers. In particular, 
Townsend remarks that a typical eddy of finite length should 
exist with a structure elongated in the flow direction and that 
return flow from the eddy should oceur normal to the wall 
All of these observations are confirmed by the present visual 
studies. 

Many sets of measurements of the fluctuation seale and inten- 
sity in a turbulent shear layer are now available; the most 
careful and complete are perhaps those due to Laufer [6, 7] and 
Shigemitsu [14 All of these measurements show that the 
largest fluctuations in absolute magnitude occur very near the 
wall in contradiction to older assumptions based on the concept 
of damping by the wall. They are thus very much in agreement 
with the present view although a theoretical study showing that 
the precise correlations obtained agree with the present model is 
not available 

Einstein and Li [8] showed that an autocorrelated pressure 
fluctuation does exist at the wall in the turbulent shear laver. 
By measurement of the frequency of this fluctuation with special 
pressure pickups they were able to make a prediction of the mean 
velocity profile in the laminar sublayer and buffer layer. This 
prediction is in far better agreement with the best available 
measurements of velocity profile than any other known to the 
authors. 

Mr. R. Sherrer and J. Lundell of the Ames Laboratory of the 
NACA also have made measurements of similar fluctuations at 
low supersonic Mach numbers. Their results, although still 
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unpublished, are also consistent with those of the present work. 
It is thus likely that the patterns found are not limited to low 
Reynolds and Mach numbers. 

Coles [10] and Clauser [11], as well as a great many previous 
workers, have developed expressions for the velocity profile and 
shear coefficients of the turbulent boundary layer. These 
results show that wall shear and velocity profile can be correlated 
by a surprisingly small number of parameters provided the free- 
stream turbulence is not very high. Thus a certain relatively 
simple type of similarity is strongly suggested These results 
also show a primary dependence of velocity profile on the shear 
action at the wall. Both of these results, which are a priort 
unexpected in view of the complex nature of turbulent fluctua- 
tions, suggest some type of underlying single flow model which 
is closely related to the action at the wall. They thus also tend 
to support the present view rather than a view in which one 
visualizes an evenly distributed sublaver which is dragged along 
by the action of fluctuations impressed from the outer layers of 
fluid. 

None of the foregoing results answers the fundamental question 
raised concerning why the observed pattern exists. It is likely 
that at least part of the explanation lies in the action of vortex 
stretching advanced by Hama |12! in connection with the later 
stages of transition. However, further work on this question, 
on the interaction between the wall layers and the outer portion 
of the flow, and also on quantitative results relating the observa- 
tions recorded to the usual types of mean and fluctuation meas- 
urements is definitely needed. Work on these matters is con- 
tinuing, and the authors will weleome direct communication on 
further evidence or opinion bearing on this subject 


Conclusions 


All of the presently available evidence appears to be in keeping 
with a picture of the turbulent shear laver as generated by a 
repeated instability of the wall layers occurring over the entire 
wall in a turbulent boundary layer. The instability appears to 
take the form of a longitudinal vortex island-of-hesitation pattern 
that breaks up in the region near the edge of the viscous sublaver. 
This picture of the flow is actually verified by direct visual 
studies and provides an explanation of « number of previously 
observed but unexplained phenomena. The total evidence now 
available argues strongly against the older picture of a two- 
dimensional sublaver which is dragged along by fluctuations im- 
pressed from the outer portion of the boundary layer. 

The results now available also suggest that further detailed 
quantitative studies of this vortex model may hopefully form the 
proper basis for a ratienal theory of the turbulent boundary 


layer. 
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Unsteady Laminar Boundary Layers Over an 
Arbitrary Cylinder With Heat Transfer 
in an Incompressible Flow 


A method is presented for calculating the development of momentum and thermal lamina) 


boundary iayers on a heated cylinder of arbitrary shape when the cylinder moves in an 


incompressible fluid at rest with an unsteady velocity. 


This analysts ts based on solu 


tions to the unsteady momentum and energy-integral equations in corjunction with 
a set of universal functions, derived from exact solutions to the boundary-layer equations 


for a specific unsteady problem. 
Those associated with the energy-integral equation are caiculated with a Prandtl 
The reliability and limitation of these functions are indicated and dis 


form. 
number of 0.7. 


These universal functions are given in tabulated 


cussed in the light of several simple problems of which solutions are available. A de- 
tailed calculation procedure for the general unsteady problem is given and then fol- 


* study on laminar boundary layers in unsteady 
flows has recently attracted wider attention, primarily due to the 
growing realization of their importance in applications. How- 
ever, because of the complication as a result of introducing the 
time variable into the analysis of laminar boundary-layer equa- 
tions, practical solutions to these equations, exact or approxi- 
mate, are rather difficult to obtain. Consequently, like some of 
the well-known classical solutions, most of the recent investiga- 
tions on unsteady lamin‘ur-boundary laver problems have been 
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Discussion re- 


lowed by a numerical example. 


restricted to either bodies of simple shapes, or specific time 
variations of the velocity in the undisturbed flow, or both For 
compressible flow, Moore [1]! considered the unsteady motion of 
a heat-insulated semi-infinite plate and derived first-order devia- 
tions of some boundary-layer characteristics from their respec- 
tive quasi-steady values, and his analysis was later extended to the 
case of an isothermal flat plate [2], thus yielding unsteady heat- 
For incompressible- 
flow cases, results have been more fruitful. Lighthill [8] studied 
skin-friction and heat-transfer behaviors on the surface of a 
evlinder oscillating in the direction of an oncoming steady flow 
Using a series expansion, 


transfer characteristics at the plate surface. 


by means of an integral procedure. 
Cheng and Elliott [4] succeeded in obtaining a solution to the 
problem of a semi-infinite plate moving with an arbitrary time- 
dependent velocity in a stagnant fluid. For the immediate vicin- 
itv of the forward stagnation point of a blunt-nosed cylinder, 
Rott [5] obtained an exact solution to the Navier-Stokes equa- 


' Numbers in brackets designate References at end of paper 


Nomenclature 
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4 Fi, Fe, Fs 7 = temperature 
A ( .) ( = universal functions of A 
or 4 t = time 
a = thermal diffusivity of fluid q = arbitrary dimensionless func- ae 
7 * . 
B l og* tion of ¢ {,* = acertain definite value of (* 
ot* H “,v = velocity components in the 
h = local coefficient of heat trans- 
x and y- directions, respec- 
b = parameter in Lagrange’s fer 
method for momentum- K Zé 
field calculations k = thermal conductivity of fluid 
usu 
u.* L=a characterist ic length of 
cylinder 
. M = quantity defined in Equation We w “© 
c = SKin-Iric- / 
. 1 = N = AL/k = Nusselt number x distance on cylinder surface 
puo? tion coefficient > e/ ose 
2 measured from forward 
R Luo/vy = Reynolds number stagnation point or from 
S = quantity defined in Equa- leading edge 


tion (24) 
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tions of motion when the stagnation point itself is in motion over 
the surface. Moore [6] in a work utilized a similar 
analysis as that used in his compressible-flow problem to in- 


recent 


vestigate unsteady boundary-layer characteristics for flow over 
wedges. Very recently, the author (7| solved exactly the laminar 
boundary-layer equations for an incompressible stagnation flow 
over a heated blunt-nosed body, which moves with a velocity in- 
versely proportional to a linear function of time. 

A general unsteady laminar boundary-layer problem in an in- 
compressible flow is to consider the development of boundary 
layers on the surface of a heated evlinder of arbitrary shape, 
moving in a stagnant fluid with a velocity varving arbitrarily 
with time. 
ture for this general problem seems to be that of Sehuh [8], who, 


The only method of solution available in the litera- 
however, only considered the momentum field. In his analysis, 
the unsteady momentum-integral equation was utilized together 
with universal functions derived directly from different steady- 
flow velocity profiles. Since Schuh apparently was only in- 
terested in demonstrating the accuracy of his analysis by way of 
comparison with some available results of certain elementary 
unsteady problems, no calculation procedure for the general 
problem was indicated. 

The purpose of this paper is to present a method of calculation 
to this general unsteady laminar boundary-layer problem includ- 
ing heat transfer. The analysis, which is a modification and ex- 
tension of Schuh’s procedure, also utilizes the unsteady momen- 
tum and energy-integral equations together with, however, an 
entirely different set of universal functions derived from unsteady 
velocity and temperature profiles. The relative merits of apply- 
ing these different sets of universal functions will be indicated 
and discussed in the light of known solutions available in the 
literature for certain simpler problems. Also shown will be a com- 
plete, but still reasonably simple, calculation procedure for the 
general problem, based on solutions to the momentum and 
of Lagrange’s method. 


energy-integral equations by 


Finally, the caleulation procedure is to be demonstrated by a 


means 


numerical example for the case of a cireular cylinder moving 
from rest with a constant acceleration, and the results for the 
momentum field compared with the well-known series solution. 


Integral Equations and Universal Functions 


In dealing with unsteidy inecompressible-flow problems with 
a cylinder moving in a stagnant fluid, it is customary, for reason 
of simplicity in analysis, to fix space co-ordinates on the eylinder 


surface, instead of in space. The equivalence between the prob- 
lems using these two co-ordinate systems is exact, as long as the 
flow is incompressible. Thus we may now consider an equivalent 
problem of an incompressible fluid, flowing with an arbitrarily 
unsteady velocity over a stationary and heated eylinder of 
arbitrary shape. Under the conditions that Prandtl’s boundary- 
laver assumptions are valid in this case and property values are 
constant, the development of momentum and thermal boundary 
lavers are described by the following well-known equations: 


Momentum equation 


Ienergy equation 
oT 
OV 


oT 
or 


oT 
ot 


Initial conditions generally depend on specific problems, while the 


appropriate boundary conditions may be written as 


y = 0 u » = T 


T 


yuo «= 


The present problem is restricted, however, only to the case 
where the evlinder surface is maintained at a uniform tempera- 
ture. 

The present method of solution resembles to a certain extent 
that of the well-known Holstein and Bohlen modification of the 
integral proce lure for treating 
The momentum and 


original Karman-Pohlhausen 
steady laminar boundary-layer problems. 
energy-integral equations, which may be derived readily from 
equations (1), (2), and (3), assume the following dimensionless 


forms, respectively: 


6, 
or 


6.2 H du, 6. 0( Hb.) 
Us 


v ot 2 
6.7? Ou. 


+ (2+ H) 
vy or 


Nomenclature— 


z/L 


a certain definite value of x* 


0 


a momentum boundary-laver 
thickness 


distance normal to evlinder 
surface measured from sur- 


dimensionless parameter 
for hyperbolic time-varia- 
tion flow 

parameter in Lagrange’s 


method for  energy-field 


ealeulations 
a thermal boundary-laver 
thickness 


Ody 


Ou 
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(T T. 
dynamic viscosity of fluid 


kinematic viscosity of fluid 


L 


ilo 


Ady 


density of fluid 
Prandtl number 


shear stress 


a dimensionless function of 
z* 


u 
dy 
Ue 


Subscripts 


0 conditions at ¢ 0 


w = wall conditions 


conditions at outer edge of bound 

) 
ary layer 

Superscript 

Ue ol 


derivatives with respect to independ- 
ent variable 


Transactions of the ASME 


| 
Ou ou ou Ou. Ou, 
+u +1 = + Uy +p (1) 
ol or oY ol Ou oy* 
Continuity equation 
ou ov 
+ = () (2) 
or Oy 
=a 
ow? 
vu, Ot 
_ Tubs (4 
Mi. 
= 
c= 
face ‘ 
5 = 
“ 
Z* J0 
ay 
B= vr 
0 = 
A= 
= 
122 


d(GA.) As O(U Ay ( 06 
v ol v or 


oy 


where @ is the Pohlhausen variable defined by (7) — 7..)/(Te — 
7..). If now we assume that unsteady velocity and temperature 
profiles on an arbitrary cylinder all belong to a single-parameter 
family of curves and boundary-layer characteristics such as H, G, 
7,,6o/uu,,, and A,(06/dy),, are universal functions of this parame- 
ter.2. Equations (4) and (5) are reducible to such forms that solu- 
tions are possible. Let this parameter be 


K = Zé (6) 
where 
6.2 Ou 1 Ou, 
v or u. Ol 


Equations (4) and (5) then become, respectively : 


oK oK 
= §*(F; + K(C — A+ HB)| (7) 
or ot* 
ow* FP, oK 
Or ol ot* 


where H, G, F,, F;, Fs, and F; are all universal functions of K 


with 


dH 
Fi = H+ 2K Fy = 2K 
dk F, KH 
dG 
[le dk 
06 
Fy = —2A, ( ) 
OY 
and 
4 Ov t* 
or* 
or* 


Further, the asterisk refers to dimensionless quantities defined in 
the Nomenclature. Note that Equation (7) is similar to that used 
by Schuh [8]. 

In a specific problem, Equations (7) and (8) may be solved 
when AK and W* are known functions of x* at a certain instant (*. 
If the cylinder under consideration moves steadily first, and then 
changes to an unsteady velocity, functions A and W* may be 
ealeulated from the steady-flow theory for the instant the ve- 
locity of the evlinder changes from steady conditions. These 
functions may then serve as initial conditions for the unsteady 
problem, On the other hand, when the eylinder moves from rest 
with an unsteady velocity, W* is obviously zero for any r* at 
(* = 0. However, as both Z* and 1/&* also vanish at /* = 0, the 
initial value of A must be determined from a limiting procedure as 
follows: For an incompressible flow, the dimensionless free- 
stream velocity distribution, without losing any generality, may 
be written as 

io” = O(r*)gil* (9) 
where @(c*) physically represents the steady-flow free-stream 
velocity distribution on the same cylinder, while g(¢*) indicates 


2 Even though the Prandtl number o is actually another parameter, 
it may be treated simply as a constant for the entire problem, 
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the unsteadiness in the velocity of the undisturbed flow. Based 
on Equation (9), the initial value of K for any 2* becomes 


Z*('g? + g’) q” oZ* 
Ky = lim | — + 
g g ot* 
oZ* 
= (10) 
ot* 0 
provided that g’(0) is not zero. Equation (7), when substituted 


with Equation (10) and evaluated at (* = 0, then assumes the 


following form: 
3KoH (Ky) = 2F2(Ko) (11) 


from which Ky may be uniquely determined, once the universal 
functions are known. This limiting procedure can be extended 
to cases such as g(0) = g’(0) = 0, g’(0) # 0%; gO) = qg'(0) = 
g"(0) = 0, # 0, ete. 

Universal functions associated with Equations (7) and (8) are 
now considered, As pointed out pre viously, the author [7] has 
obtained exact solutions to Equations (1), (2), and (3) for the 
special case of a “hyperbolic time-variation” flow over the for- 
ward stagnation point of a heated eylinder with a free-stream 
velocity distribution given by 

= (12) 
1 — at* 

where @ is a flow parameter, of which positive values indicate 
acceleration, while negative values imply deceleration, Un- 
steady laminar boundary-layer characteristics have been re- 
ported in [7 | for a range of @ from —3.0 to +1.0,* and this range 
has recently been extended toa = +1.6. 
steady-flow cases that the growths of both momentum and ther- 
mal laminar boundary layers along an arbitrary evlinder are 
rather small except in the immediate neighborhood of the separa- 
tion point, it is therefore reasonable to expect that those unsteady 
boundary-layer characteristics from the afore-mentioned exact 
appropriate 


Since it is known in 


solutions could be used with good accuracy to yield 
universal functions for the general unsteady problem, especially 
‘eration or deceleration in the undisturbed flow is 


when the acce 
to establish a 


Consequently, it is only necessary now 
of our present prob- 
According to the 


large. 
unique relationship between the parameter kK 
lem and the parameter of the exact solutions. 
exact solutions and the definition of K in Equation (6) it may | 


shown readily that this relationship is 


K = 6,**%(1 + @) (18 


6.*, a dimensionless momentum thiekness, is a pure func- 


where 
On the basis of 


tion of @ as calculated from the exact solutions. 
universal functions H, G, Fi, Fs, Fi, Fy, and F 


Equation (13), 
0.1323 corre spond- 


have been calculated for a range of K from 


ing to separation up to +0 21 and are shown in Table 1 It should 
nt 


be pointed out, however, that the values of these functions 4 
K = —0.1325 are extrapolated, 

Schuh [8] in his study has proposed the use ol 
ocity profiles for 


two different 


sets of universal functions based on different vel 
steady flow, one being the fourth-degree polynomial of Pohl- 
0, and the other the Hartree wedge-flow velocity 
An inherent weak point of these universal 
structure, since in the 


hausen for A « 
profiles for AK > 0. 
functions is obviously in their composite 
general case where an arbitrary evlinder is considered, the value 
of K always varies in its full range 

of these universal functions has to be 


Furthermore, the accuracy 
limited when the unsteadh- 
ness in the flow velocity becomes large, since in this case, steady- 


3 For this case, it may be shown readily that Ko = 2(0Z*/ol*) 


‘Separation occurs at a = 3.175. 
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Table 1 


G 
kK = 0.7 F, 
.210 221 448 
200 262 554 
190 301 611 
180 338 639 
170 376 662 
160 686 
150 449 710 
140 483 737 
130 520 764 
1215 549 788 
120 793 
110 82: 
100 855 
090 892 
O80 932 
O70 977 
O60 025 
050 O76 
0 040 131 
030 191 
020 256 
O10 328 
410 
500 
606 
726 
SO4 
040 
125 
220 
325 
450 
570 
735 
920 
140 
400 
725 
050 
620 
320 
390 
300 
50 
10 


~ 


~ 


OLO 
020 
O30 
O40 
050 
055 
OOO 
065 
O70 
O75 
OSU 
OSS 
O05 
100 
105 
110 
115 
120 
125 
130 
0.1328 


bonne 


| 


* 


flow velocity profiles are not expected to describe appropriately 
the corresponding unsteady profiles. 

In order to demonstrate the accuracy and limitation of the 
universal functions in Table 1, several simple unsteady problems 
are considered in the following paragraphs. Whenever possible, 
results from other available exact or approximate solutions to 
the same problem are utilized for comparison. 

When the velocity along an infinitely long flat plate, which is 
initially at rest, a stepwise change, an unsteady 
momentum boundary layer develops on the plate surface. The 
Equation 


undergoes 


exact solution to this classieal problem is well known. 
(4), when applied to this ease reduces to 
6, dé, 


= 
vy dl 


(14) 


since A is identically zero. Solution to Equation (14) is elemen- 
* = 1.152, according to fune- 


tary and assumes the form 6,/(rt)' 
tions listed in Table 1. This constant compares with 1.128 from 
the exact solution, 1.068 from Hartree’s profiles, and 1.095 
from Pohlhausen’s fourth-degree velocity polynomial. Physically, 
this problem represents a case of large acceleration, and therefore 
it is not surprising that the universal functions in Table 1 vield 
very accurate results, especially when compared with those based 
on steady-flow velocity profiles. Incidentally, Sehuh [8] also has 
applied universal functions based on Pohlhausen’s profiles to an 
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Universal functions for unsteady laminar boundary layers in an incompressible flow 


energy (kinetic)-integral equation,® and obtained for the same 
problem a result of 6; (vt)? = 1.132, which is the same as that 
from using the momentum-integral equation with functions in 
Table 1. However, this kinetic-energy-integral equation is of no 
practical interest, since it is too complicated for practical applica- 
tion in the general unsteady problem. 

Another classical unsteady problem, of which there is an 
exact solution, also deals with an infinitely long flat plate, which, 
however, moves from rest with a constant acceleration. For this 
case, Equation (4) reduces to 

dived) _ ap, (15 
dt 
and K becomes a constant Ao, since K = 6,2/vt. 
Equation (15) may be written as 


A solution to 


6:2/vt = — H( Ky) F2( Ko) 


which, together with 
Ky = 6,2/vt = (1/H*)(6,?/vt) 
vields an equation identical to Equation (11), from which A is 


’ This equation is obtained by multiplying Equation (1) by u and 
then integrating across the boundary layer. 


Transactions of the ASME 


F; F; = 0.7 = 07 
0.468 0.082 —4.241 0.756 
dt. 0.462 0.101 —4.044 0.774 
‘ 0.454 0.121 —3.894 0.785 
0.446 0.142 —3.777 0.787 
0.438 0.163 —3.682 0 784 
0.428 0.184 —3.601 0.779 
0.420 0.206 —3.536 0.771 
0.411 0.226 —3.495 0.761 
0.402 0.247 —3.468 0.751 
0.394 0.264 —3.453 0.743 
0.392 0.268 —3.452 0.741 
0.384 0.289 —3.462 0.730 
0.374 0.310 —3.485 0.719 
0.365 0.331 —3 524 0.708 
0. 354 0.353 —3.571 0 696 
0.344 0.375 —3 631 0 685 
0.334 0.397 —3.720 0 673 
0 324 0.419 —3. 836 0 662 
0.313 0.441 —3.954 0 650 ; 
0.302 0.463 —4.089 0 638 
0 291 0.486 —4 240 0 626 
0.279 0.509 —4.409 0.613 
0.266 0.532 —4.607 0 601 
i 0.253 0.556 — 4.870 0 589 
0.240 0.580 —5. 209 0.576 
0.226 0.604 —5.590 0.563 
0.212 0.628 —6. 026 0.550 
0.196 0.653 —6 558 0 534 
0.189 0.665 — 870 0.528 
0.181 0. 677 —7.210 0.52! 
0.173 0.691 —7. 600 0 513 
0.164 0.704 —8 0 506 
0.156 0.718 —8 600 0 498 
0.146 0.732 —9 100 0.489 
0.137 0.746 850 0.450 
0.128 0.760 —10.60 0.471 
0.117 0.775 —11.55 0.461 
0.106 0.789 —12.70 0.451 
0 094 0.803 — 14.30 0.440 
0.081 0.819 — 16.35 0 429 
0.066 0.836 —19.40 0.417 
0.052 0.854 —25 0.404 
0.032 0.873 — 37.60 0.388 
0.008 0.893 —58.10 0 356 
0 0.905 —71.30 0.336 


moving from rest with a constant acceleration 


Present Hartree’s 


Table 2 Unsteady local skin-friction and heat. 


fer characteristics for a semi-infinite plate 


~ Present 


Cheng and solution Ostrach [2] 


r solution profiles Moore [1] Elliott [4] « = O7 o = 072 
0 0.729 0.664 0.664 0.664 0.325 0. 296 
0.1 0.905 0. SSU 0.834 0.840 0.335 0.204 
0.2 1.065 1.094 1.003 1.084 0.346 0.292 
0.3 1.240 1.276 1.173 1. 236 0.246 0.290 
0.4 1.432 1.474 1.343 1.427 0.284 0. 288 
0.5 1 601 1.648 1.512 1.596 0.317 0. 286 
0.6 1.754 1.805 1.682 1.748 0 347 0.284 
O07 1.894 1.949 1.852 1 S88 0.375 282 
0.8 2.025 2.084 2.021 2 019 0.401 0. 280 

2.148 2.210 2.191 2.141 0. 426 0.278 
2 264 2.330 2.361 2.257 0 449 0.275 


determined as +0.1215 from values in Table 1. Therefore the 
final solution to this problem is 6,/(vt)'’? = 0.753, which is com- 
pared with 0.7512 from the exact solution, and 6.776 from Har- 
tree's profiles. It is seen that universal functions proposed in the 
present paper again vield results in closer agreement with the 
exact solution. 

In the case of « semi-infinite plate moving with a constant 
veceleration from rest, the solution is not too simple. With 
&* = 1/t*, C = 0, A = 0, B = —1, Equation (7) reduces to 
ok _ ok F; — 

+ F, = (16) 


or* ot* 


* 
« 


If we assume that in this problem A is only a function of a new 

independent variable P, defined as P = z*/u,*t*, Equation 
16) may be reduced to a total differential equation: 

dk F; — kH — 3KH 

= = (17) 


dP 1 — 2PP, 1 — 2PP, 


Owing to the presence of the leading edge, there are two bound- 
ary conditions to be satisfied. At the leading edge, the boundary- 


laver thickness remains zero at any ¢*, ie., A(O) = 0. In ad- 
dition, at ¢* = 0, the boundary-layer thickness is zero over the 
entire length of the plate, = 40.1215 according 
to Equation (11). Since only one condition is required to solve 


Equation (17), the complete solution may be considered as con- 
sisting of two parts. The solution to Equation (17) with the 


boundary condition A(O) = O has been obtained by the method 
of isoclines up to a P-value of 0.279, at which A = 0.1215. For 
the range 0.279 < P < @, the condition A(#) = +0,1215 is 
valid and the solution is simply A(P?) = +0.1215. From this 


complete solution, local skin-friction coefficient may then be ecal- 
culate] according to the relations 


2F2V7(P/K) 0< P < 0.279 
2.264 YP 0.279 < P< 


Table 2 shows a comparison of this result for different values of ? 
with that of other available methods of solution to the same 
problem. The values calculated from Cheng and Elliott's analy- 
sis [4] are probably the most accurate, as their solution is based 
on & series expansion for small values of P and an exact solution 
for large P-values. Moore’s solution [1] is onlv valid when flow 
is nearly quasi-steady; i.e., P is close to zero. Results based on 
Hartree’s profiles do enjoy certain advantage over the present 
method for very small values of ?. However, as P increases, this 
advantage diminishes quickly and the present solution becomes 
much more accurate. Obviously, this is due to the steady-flow 
nature of Hartree’s profiles. 

A similar analysis has been carried out for the temperature 
field of this same problem, and the heat-transfer coefficients thus 
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calculated may be compared with that of Ostrach's study [2], 
which again deals only with nearly quasi-steady conditions. This 
comparison is also shown in Table 2. The discontinuity in the 
present solution arises from the two different boundary conditions 
associated with the transformed energy equation. It is surprising 
to note that, for P-values close to zero, the rate of change of local 
Nusselt numbers from the present solution with respect to 7 is 
different from that in Ostrach’s results, even though the magni- 
tudes still agree satisfactorily, Owing to the nature of these two 
solutions, Ostrach’s results have to be taken as more accurate, at 
least in this region However, the present solution again tends 
to be more reliable as ? becomes large. 

The integral equations, together with universal functions in 
Table 1, are expected to vield very accurate results for a stagna- 
tion flow with large unsteadiness. This may be demonstrated by 
considering the flow to the immediate neighborhood of the for- 
ward stagnation point of a blunt-nosed cylinder, undergoing a 
stepwise velocity change from rest. For this case, Equation (7 


reduces to 
dk F 1h 
dt* F, 


which, together with the condition A(Q) = 0, may be integrated 
easily, Skin-friction coefficients, calculated from the result of 
Equation (18), are shown in Table 3 together with correspond- 
ing values from the classical series solution. Agreement at small 
values of (* is excellent, and as ¢* increases, the present result be 
comes much more accurate and approaches the steady-flow value 
asymptotically. 

As already pointed out, the present solution tends to be less 
accurate in the immediate vicinity of the separation point, even 
when the unsteadiness in flow velocity is large. An explanation is 
that in this region, the boundary-laver thickens so rapidly that 
the velocity profiles at the vicinity of the forward stagnation 
point with the same unsteadiness in the free-stream velocity do 
not deseribe adequately those near the separation ponnit The 
extent of this inaecuraey may be seen in an example of predicting 
the instant at which the flow at the rearward stagnation point of 
a evlinder first separates from the eylinder surface, when the 


Table 3. Skin-friction coefficients at forward stagnation point of a cylin- 
der moving from rest with a stepwise velocity change 


c 

i* Present solution Series solution 
0 

0.1 1.091 1 077 
02 3.246 $. 242 
0.3 2.921 2.941 
O4 2.759 2.800 
0.5 2 661 2.732 
10 2 500 2.730 

2 4065 
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cylinder undergoes a stepwise velocity change from rest. Equa- 
tion (18) is still applicable, except that now the integration is 
performed from K = Oto K = —0,1323. The result thus caleu- 
lated shows that the first separation oceurs at (* = 0.587, com- 
pared to 0.639 from the series solution and 0.623 from the Pohl- 
hausen profiles. Even though the exact quantity is not known, 
It is 
surprising that Pohlhausen’s profiles predict the separation point 


the value 0.639, however, is probably the most accurate. 


rather accurately in the unsteady case, while it is well known that 
in the steady-flow case they fail to do so almost completely. 

In view of the foregoing comparisons, it may be concluded that 
the unsteady integral equations, together with universal functions 
proposed in this paper are capable of yielding very accurate re- 
sults in unsteady laminar boundary-layer problems, especially 
The 
only limitation seems to be that the present solution is not able 
However, for this pur- 


when the unsteadiness in the free-stream velocity is large. 


to predict separation point too closely. 
pose alone the present set of universal functions can always be 
replaced by that based on Pohlhausen’s velocity polynomial. 
Other practical advantages of the universal functions in Table 1 
over those based on steady-flow velocity profiles as calculated by 
Schuh [8] are that no discontinuity exists in any of the functions 
for the entire range of K, that the A-range extends to higher 
positive value so that unsteady problems dealing with very large 
acceleration also may be handled, and that unsteady heat-transfer 
characteristics for ¢ = 0.7 on an isothermal surface may be de- 
termined at the same time. 


Solutions to Integral Equations and Calculation Procedure 


Since Equations (7) and (8) are two linear first-order partial 
differential equations, they may be solved by the well-known 
Lagrange method. Equation (7), which is independent of Equa- 
tion (8), is first considered. The characteristic equations may 


now be written as 


dK 
dt* 


iF; + KA(C — A + HB)| (20) 


which must be integrated simultaneously along the same charac- 
teristic, Mquation (19) has a general solution in the form of 2* = 
r*(b, 
defines the characteristic curve. 
Equation (20) then becomes a total differential equation, which, 
together with the initial condition A(x2*, 0) or Ko(r*), may be 
solved, resulting in A = A(h, t*). By eliminating } from A = 
K(b, t*) and = x*(b, t*), we obtain the desired solution A = 

Without loss of generality, the constant b may be considered 
With an arbitrarily chosen value of 


where 6 is an arbitrary constant of integration, which 
On the basis of this solution, 


A calculation procedure may now be described. 


as the value of x* at (* = 0. 
b, Equations (19) and (20) are then integrated according to 


= al 
Jn P(x") 


t* 
K — Ky(b) = + KC 


! 


(21) 


HB) \dt* (22) 


The procedure of numerical calculation obviously involves cut 
and trial, If the time interval is taken small enough, the simple 
trapezium rule may be used for all stepwise intezrations without 
introducing appreciable inaccuracy. For any value of ¢*, or ¢,*, 


a A-value is first assumed. This leads to a value for /), based on 
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which Equation (21) may be integrated, resulting in z;*. For the 
same values of K, z;*, and ¢,*, the integrand in Equation (22) is 
next calculated, and then one further step of integration yields K, 
which is to be checked with the value originally assumed. When 
more accurate results are desirable, any integration step can be 
carried out by the usual Simpson rule. The only difference in the 
procedure is that now a pair of K-values at two adjacent values 
of t* has to be assumed. This cut-and-trial procedure is then re- 
peated for increasing values of ¢* until either A reaches —0.1323 
or a prescribed (* is attained, depending primarily on the b-value 
chosen. 

The result thus calculated represent K = A ¢*), 
Similar calculations are then made for other different values of } 
until a prescribed portion of the cylinder surface is covered. 
Finally, plotting up all the results for various -values yields the 
solution K = AK(z*, t*). 

The calculation procedure of the solution to the energy integral 
equation is even simpler. It is based on the following set of equa- 
tions derived from the characteristic equations of Equation (8): 


z* t* a(t*) 
= g dt* 
2 Jo G 
‘* 
Mat* Mdt* 
0 


where 
ok 
ol* 


and 8 is another constant of integration similar to b for the 
Since now G is a known function of K, Equa- 


(23) 


momentum field. 
tion (23) becomes independent of Equation (24), and hence may 
be solved first by a procedure similar to that of solving Equation 
(21), resulting in z* = r*(@, (*). It is then substituted in Equa- 
tion (24), vielding W* = t*), 
tions are repeated for different B-values until it covers a desired 
portion on the eylinder surface. A final plot of all the results thus 
obtained represents the complete solution W* = W*(2r*, ¢*). 
Finally, unsteady skin-friction and heat-transfer characteristics 
may be calculated, respectively, from the following equations: 


Again these caleula- 


A Numerical Example 


In order to demonstrate the calculation procedure deseribed 
in the foregoing, a complete numerical example has been caleu- 
lated for the case of a uniformly heated circular cylinder, moving 
from rest with a constant acceleration in a stagnant field of air. 
The reason for choosing this problem is that, at least for the 
momentum field, the results from the present calculation may be 
compared directly with that from the classical series solution, 
which is known to be accurate for short time elapses. For simpli- 
fication, the free-steam velocity distribution in the present prob- 
lem is assumed to be given by 

2t* sin 2r* (27 
with @(r*) = 2 sin and g(t*) = For any or B, K,(b) 
and W,*(8) now have constant values of +0.1215 and zero, re- 
spectively. 

Caleulations have been made for the following > and §-values: 
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= (19) 
dt* 
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oF, * 
cR'/: = (25) 
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= (26) 
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(21) and (22) for the numerical example 
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Fig. 2 Solutions to equations (23) and (24) for the numerical example 
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Fig. 4 Development of thermal boundary leyer on circular cylinder 
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Fig. 5 Unsteady local skin-friction coefficients on circular cylinder 


0°, 15°, 30°, 45°, 60°, 75°, 90°, where 0° correspond. to the for- 
ward stagnation point and 90° the rearward stagnation point. 
Fig. 1 shows the result for the momentum field, and Fig. 2 that 
of the energy field. Simple cross plots may then be made to 
vield the desired solution; namely, A = A(2r*, (*) and W* = 
W*(r*, ¢*), which are shown, respectively, in Figs. 3 and 4. 

Finally, unsteady skin-friction and heat-transfer characteris- 
tics for this problem are calculated from Equations (25) and (26). 
These final results are shown in Figs. 5 and 6. 

Also indicated in Fig. 5 are the same characteristies from the 
classical series solution. In the region of small (*-values, the 
agreement is excellent, indicating the reliability of the present 
solution. It may be of interest to know that separation first 
occurs at the rearward stagnation point at (* = 0.675, compared 
to 0.721 from the same series solution. 

Because of its simplicity, the present analysis may be extended 
to other unsteady laminar boundary-layer problems, such as 
problems involving suction or blowing, large temperature dif- 
ferences or compressible flow. Work along these lines is progress- 
ing satisfactorily here at the University of Notre Dame, and re- 
sults will be published at a future date. 
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On Journal Bearings of Finite 
Length With Variable Viscosity 


An exact solution of the Reynolds equaticn for journal bearings of finite leng'h with 
viscosity as a function of pressure ts found. 
terms of Heun functions. 


The analytical sclution ts expressed tn 
The load capacity and the attitude angle are derived. It is 


found that the load vector, in general, is not perpendicular to the line of journal and 


a the establishment of the governing equation of 
hydrodynamic lubrication some 70 vears ago by Reynolds [1],? 
numerous works on the solutions of the equation have been pub- 
lished. Fora plane rectangular slider bearing, which is equivalent 
to lubricant flow between two nonparallel surfaces in relative mo- 
tion, solutions for both infinite and finite widths have been ob- 
Michell [2] and Muskat, et al. [3], gave their sol tions 
in the 


tained. 
for a finite-width bearing in terms of Bessel functions. 
ease of a journal bearing, which is equivalent to lubricant flow 
between two eccentric evlinders in relative motion, Sommerfeld 
[4] showed that for an infinitely long bearing the Reynolds equa- 
tion becomes an ordinary differential equation. The solution of 
the problem is obtainable in closed form by direct integrations. 
For a journal bearing of finite length an exact solution only re- 
cently has been established [5]. It is shown that with constant 
viscosity the solution of a finite journal bearing may be expressed 
in terms of some comparatively unknown functions, the Heun 
functions. Also the locus of the journal center (relative position 
of journal and bearing centers) is found to be always perpendicu- 
lar to the load vector. This does not quite agree with experi- 
mental test results, although the solution is exact in the mathe- 
matical sense. 

In the present paper the study is extended to problems with 
variable viscosity (as a function of pressure). The pressure dis- 
tribution in the journal bearing is established. The load capacity 
and the attitude angle (angle between the load vector and line of 
centers) are then derived. The lower and upper bounds of the 
load capacity also are given. 


Reynolds Equation 


The Reynolds equation of hydrodynamic lubrication was 
derived based on the fact that the film thickness of the lubricant 
between the surfaces is small in comparison with other dimensions 
of physical interest. This leads to the conclusion that the con- 
tribution to the pressure gradient may be averaged over the 
thickness of the film. Mathematically, this gives the relation 
that the velocity vector g in the film due to the pressure gradients 


Is 
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bearing centers as shown in the constant-viscosity case. 


h? 


where 7 and the fluid pressure p are to be averaged over the film 
thickness h, and yw is the viscosity of the lubricant. Also the drag- 
ging and pumping effect due to the relative motion U’ of the sur- 
faces is Uh/2. Applying the continuity equation to the lubricant 
film, we then immediately get 


hs oh 
l2yu 2 Of 
where s is taken in the direction of rotation, 


Now let 2 and z be the co-ordinates along the circumferential 
The film thickness 


and axial directions of the bearing, Fig 1 
may then be written as 


h = cos 6) and = 


where r, ¢, e, and 7 are the radius, radial clearance, eccentricity, 


and eccentricity ratio of the bearing, respectively Introducing 


dimensionless quantities 


the Reynolds equation for journal bearing becomes 


oO} (1 + Op 1 + n cos Op 
t 


= (—nsin@ (5 
subject to the boundary conditions 
Z) = p(w, Z (ta 
= 


ree 


Fig. 1 Journal-bearing configuration 
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‘ 
(1) 
e 
r 
= and Z = (4 
| if. 
Ww 
vw 
~ 2 ‘ 
x 
h 
j 

ad 

| 

an 


pO, —L/2) = 0 (6c) 


L/2) = 0 (6d) 


where L = //2r and lis the length of the bearing. The first two 
conditions (6a) and (64) insure the continuity of the pressure and 
its first derivative along the cireumferential direction, while the 
last two conditions (6c) and (6d) state that the pressure at the 
free ends is atmospheric. 

Since uw is a function of p, in order to remove the nonlinearity of 
the equation, we introduce 


(7) 


To facilitate 
the necessary information for integration, the widely used expres- 


where wy is a reference viscosity, the value at p = 0. 


sion between wand p is employed, 


= Moe’? (8) 
This expression also has been used in the study of slider-bearing 
lubrication by Charnes and Saibel [11]. 
is empirically determined, it does have a theoretical interpretation 
in the study of kineties of liquid [6]. 


comes 


Though this expression 


Hence Equation (7) be- 


log (1 — 62) (9) 
Since e-'” is always positive, this implies that 6Q is always less 
than unity. Particularly, for positive p,bQ is in the range between 
Oand 1. 

To remove the nonhomogeneous term in the equation, 


o2 
30 (1 + cos 30 + az (1 + cos 6)8 


sin (10) 


we write 


10, Z) = Z) + &(0) (11) 


where &(@) satisfies the equation of the infinitely long journal bear- 
ing, i.e., 


d dé 
+ cos | = sin? = 0 (12) 


and boundary conditions 
= &m) 


and 


d& — 1) 


The solution of Equation (10) with the given boundary conditions 
is [4] 

Guol’rn (2 + cos sin 6 
e(2 + 9*) (1 


+ COs 


(6, Z) must satisfy 


t cos ) 
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and boundary conditions 


Z) = Z) (16a) 


at(—w,Z) Z) 
=— (16) 


(0, —L/2) = (16e) 


(0, L/2) = (16d) 
Separation of variables 
(0, Z) = d(OWZ) 
gives 
dp 


3nsin@ do 

Ad = 0 
1+ ncos dé 
ay 


—- W=0 
dZ? 


(19) 
From Sturm-Liouville theory [7] it can be shown that Equation 
(18) with the given boundary conditions has a set of real, non- 
negative eigenvalues A,. 

The solutions of Equation (19) are then 


A, = 0 ¥, = A, cosh V4, Z + B, sinh Z 
Wo = Ao + BZ (20) 
The solutions of Equation (18) may be found by the substitution 
of 


u = sin*(@/2) (21) 


+ (: + 
=n 
1 + d 1 + 
4n du 2n 


This is known as Heun’s equation. 
Writing Heun’s equation in standard form [8, 9}, 


Equation (18) then becomes 


( 1+n\ do 
— — 
2n du? 


we have 


+ 
az- 


2(z — 


— @) 


(23) 


d 
—6+a(y + ay} = + aBlz —q)y = 0 
dz 


where a, q, a, B, y, and 6 are arbitrary constants. With regular 


singularities of the equation at 0, 1,a, and ©, and exponents 0 and 


1 — y at z = 0, the solutions for noninteger y are 


(24a) 


y = F(a,q; a, B, y, 6; 2) 


Flam; —y,6;2) (246) 
with 


aBy + (1 — y)[(a@ + B) + — 1) 
(a-—-y+1(B -—-y+1) 


41 = 
where F(a, q; @, B, y, 6; 2) is the Heun function, 
F(a, q; a, B, y, 4; 


with recurrence relations 
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aye, = aBq 
2a*y(y + = (@By)? + (a + B + 1 — 4) | 

+ (y + — 
and 


a(n + + = [Ca + Bt+n- 
+6 +n — 1) 


+ — [(n — 1(a + B+n — 1) + 

The convergence of the Heun function may be established by the 
use of continued fractions. It ean be shown [5] that the Heun 


function is convergent for all |z, < |a| if ja) > 1. 


Pressure Distribution 


Comparing Equations (22) and (23) we get 


l + 1+ 
a, B= [3 + (9 + 
2n 2n 2 
1 1 
= é = 


For hydrodynamic lubrication,? 7 < 1 or a > 1, this indicates that 
the Heun function of the problem is convergent for all 9. 
The general solution of Equation (15) is therefore 


<(0,Z) = dy 4+ (A, cosh Z 
1=1 
+ B, sinh VX, + (27) 
where 
l+n1l+n 3+(9+44A,) 
2n 2n 2 
3-—-(9+4A,) 7% 1 
2 2° 2 2 
6 1+ $+(9+ 42 
H, = sin r( 
2 2n 2 
7% 3 5) 


+ Sa + n cos 


2+ 7° 
=(,+D ) tun ”) tan 
— 92)? I+” 2 


n sin 6 
— + 9 cos 8)? 
3n sin 
21 — + neos 


and A,, B,, C,, and D, are constants. 
Boundary conditions (16¢) and (16d) indicate that ¢ is an even 


function of Z, so 


2When » = 1. there is a direct contact of journal and bearing 


surfaces. This does not constitute a problem of hydrodynamic lubri- 


«ation. 
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= B, =0 


Boundary conditions (16c) and (16d) also show that ¢ is an odd 
function of 0, since £(@) is an odd function of @. In addition, F;, 
and H, are even and odd functions of 6, respectively. This im- 


plies 


Boundary conditions (16¢) and (16b) require 


(1 + n cos = O and =) 
0 


Since fo + n cos 9)~dé + 0 and D, + 0, therefore 
( 
Dy = Vand Him) = 0. 


Now if we absorb D, into A,, we get 


(0, Z) = 4 A, cosh VX, Z HA: (29 


where 
(2 + 79 cos 8) sin 
(1 + cos 


= £0) = 


c(2 + 9°) 


and A, are the roots of 


4+(9+4+ 4A)? 3 1 


2n 2 2 2 2 
=) (30) 
Also H (9) are orthogonal with respect to the weight function 
= (1 + 7 cos (31) 
over the interval (—7, 7), that is 
(OH (6 fori +) (32) 


Multiplying Equation (29) at Z = L/2 by w(@)H,(@) and inte- 


grating over the interval (—7, m), we get 


w( 


A,=- 
cosh (VW A,L/2) w(O)H 


Hence the pressure distribution in the journal bearing is 


log (1 — bQ) 


ll 


A, cosh VA, Z HA, 


i=l 


Bearing Characteristics 


As mentioned, one of the objectives of the present study Is to 
investigate the attitude angle of the bearing in the case of variable 
viscosity. In this section the bearing characteristics, the load 
capacity, and attitude angle will be discussed Other bearing 
characteristics, such as the coefficient of friction, oil flow, and so 
on, are not to be derived If necessary, they mav be obtained 
readily by the integrations of pressure distribution 

Relating the load capacity W of the bearing to the pressure 
distribution, W is resolved into two components along and per- 


pendieular to the line of centers, 
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‘ 
(26) 4 
— 
(3334) 
4 
7 Ts 
2 2n \4 h 
| 
— 
| 
a ry 


W cos ao = 


L/2 ) 
f pr?cos@d@dZ | 
—L/2 
L/2 
b £ 
f pr? sin dZ 
r? el. /2 
— } | | log (1 bQ) sin 06d6dZ 


and the load capacity W is 


log (1 — bQ) cos d6 dZ 


(35) 


.= Wsinog = 


W = (W,? + W,?)'” 
The attitude angle @ is immediately obtained by 
o = tan~(W./W,) (37 


By virtue of the complexities of the expression for pressure dis- 
tribution, without any numerical or graphical evaluations, it is 
difficult to obtain quantitative statements of these bearing char- 
acteristics. However, in establishing the lower and upper bounds 
of the load capacity, some necessary information in question may 
be revealed. 

As shown in the Appendix, we find 


log 


W,< 


sink 
+ — 7? inh (VA, L/2) 


r? wWdu < We < log (1 + 
0 b 


where Q,, denotes the maximum value of Q. The equalities in 
these two expressions are valid only when b@ is identically zero 
or constant in the given interval. Also the lower bounds are 
the corresponding solutions for constant viscosity [5]. 

For bQ 


0) or constant pressure (yn = 0). 


const they are problems of either constant viscosity 
Ignoring these trivial 
cases, both components of load capacity are nonzero, This implies 


(b = 


that the line of centers, in general, is not perpendicular to the 
load veetor as shown in the constant-viscosity case. This agrees 


with experimental fact. 
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APPENDIX 
Lower and Upper Bounds of Load Capacily 


The components of load capacity of the journal bearing are 


r? L/2 
= — log (1 — bQ) cos 9 dZ 
b 


(39 


W,= log (1 — bQ) sin d6dZ 


Write 


log (1 — bQ) cos 6 dé 


log (1 — bQ) sin 6 dé 


With Q an odd funetion of 4, we get 


1 
log (1 — b?Q2) cos 6 dé (41 
b 0 


A substitution of w — @ for @ over the interval (9/2, 7) gives 


1 — 67278) 
o£ 
bJo — — 8) 


Since < — 9) in (0, 4/2), 


cos (42 


1 — 
2 
— — 8) 
With both 

1 — 0) 

w 

and cos @ of Equation (42) being non-negative, 

1,20 


Also Q is non-negative in (0, 7), 


1 1 — 
log 4 — eos 6 d0 
b Jo 1 — — 8) 


(45) 
These two results 
Similarly 


where Q,, denotes the maximum value of Q, 


(44) and (45) give the lower and upper bounds of /;. 
we may establish those of J: 


log (1 — bQ) sin 0 dé 
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(40) 
b 
and 
= | 
(43 
(44) 


Using the mean value theorem of integrals [10], that is 


ofde S Gf 
< 
S S 
where G(f) is a convex function in the given interval and there is 
We let Gif) = —log f, this 


(47) 


equality only when f = const. 
gives 
Sq log f dx 


S fgdx 
< log 
S gaz S 
With f = (1 + 6Q2)/(1 — 62) and g = sin 8, we get 


1 F14+062. 2 
I; log sin < log (1 + bQ,,) (49) 
b 2 0 1 — 6Q b 


The last term is obtained since 2 is non-negative in (0, 7). Also 


267 
bQ + (bQ)3 +- 
hb 3 
“0 


by expansion 


sin d6 = 


Furthermore, it should be mentioned that the equalities in these 
expressions are true only when 6Q is identically zero or constant 

Substituting these lower and upper bounds of J; and /; into 
Equations (39) and (40), we obtain 


rl 


4 
log 


o< 
h 1 — 


and 


nel 24 
sinh (WA, L/2) 


HAS udu < We < log (1 + 
0 


] sin 6d0 


2f Q sin 6d0 = nr 4 A, cosh A; (50 
c(2 + 9° 1 — 0 
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Chains With Influence Coefficients 


Highly complex kinematic chains such as Fig. 1(c) can be analyzed by the use of simple 
vector equations involving influence coefficients. The influence-coefficient equations 


are related to superposition of simple kinematic chains. The technique for determining 
the necessary influence coefficients is one of sequentially setting all variables but one to 
zero and relaxing appropriate constraints to maintain mobility. This “‘zero-relax”’ 
process creates a series of mechanisms each simple enough to be solved by a direct process 
rather than by simultaneous equations. The analysis of the velocities and accelerations 
for these simpler mechanisms yields the influence coefficients of the related but more 
highly complex mechanism. 


ait ATIONS Within a simple four-bar linkage may 
he determined by the solution of a single vector equation. If ina 
series n links are joined to form a mechanism, (n — 2)/2 simul- 
tuneous vector equations are required to determine the accelera- 
tions of the system, Systems defined by simultaneous equations 
have been variously called “floating link mechanisms” or “com- 
plex mechanisms.’ Both expressions were inspired by the dif- 
ficulty encountered in the analysis of such chains. This paper 
suggests the following descriptive names which imply the quality 
of mechanism complexity. 

(a) First-Order Complexity (FOC). This refers to an arrangement 
of links whereby the simultaneous equations can be solved in se- 
quence. Fig. 1(a) is a kinematic example. Three simultaneous 
equations define the motion of the eight-link system. On the 
other hand, the linkage 1-2-3-4 is a self-sufficient chain; its mo- 
tion is entirely independent of the other links. A complete 
solution is available for chain 1-2-3-4. This solution may be fol- 
lowed by analysis of 3-5-6-1 with 3 as the driver. Finally, 5-7-8-1 
is analyzed as a simple four-bar linkage with 5 as the driver. 
From this example, we may identify FOC systems as those which 
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may be solved as a series arrangement of simple four-bar linkages. 

(b) Second-Order Complexity (SOC). All systems possessing 
complexity higher than the first cannot be solved directly as de- 
scribed previously. A second-order complex system is an inter- 
mediate example though. This refers to a system that misses 
being an FOC arrangement only because the driver is not located 
in a self-sufficient four-bar chain. Fig. 1(4) is an example of an 
SOC system. Geometrically it is identical to Fig. l(a), but the 
analysis is no longer as straightforward because the driver is not 
located in 1-2-3-4. The most familiar method for handling this 
system is often referred to as the “trial-and-error method.""!? 
The trial-and-error method is a legitimate graphical technique for 


1R. Hinkle, “‘Kinematics of Machines,”’ Prentice-Hall, Inc., New 
York, N. Y. 
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Fig.lo. Oriver at (2) Fig.ib. Driver at (6) Fig.lc.Driver at (2) 
(F.0.C) (S.0.C) (H.0.C) 


Fig. 1 Eight-bar linkages of ascending orders of complexity 


Nomenclature 


1V,, 11 V, = velocities at poin (7) due to special driving and 
restraining conditions described as velocity 
Stages I and II, respectively; example, Fig. 2 
I Vv, IV, accelerations at point (j) due to special driving 
and restraining conditions described as ac- 
celeration Stages I and II, respectively; ex- 
ample, Fig. 3 

Ill Vv, = acceleration at point (j) due to special driving 
and restraining conditions described as ac- 

celeration Stage III; example, Fig. 3 
I w, assumed magnitude of angular speed for link 7 
IT w,; under conditions described as Stages I, I], and 


III w, 
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= velocity influence coefficient. Influence of an- 
gular velocity of link 7 on velocity of point (j). 
(L', T°) 

= tangential acceleration influence coefficient.  In- 
fluence of angular acceleration of link 7 on ac- 
celeration of point (j). (L', Actually, 
Vic @ By 

= acceleration influence coefficient. Influence of 
angular velocity of link 7 on acceleration of 
point (L', T°) 


Nore: Bold symbols and barred Greek letters refer to vector 
quantities. Light symbols refer to scalar quantities. 
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solving simultaneous vector equations. Recently, a technique 
strietly directed at SOC systems has been described.’ This 
method takes advantage of the fact that an SOC system differs 
from the FOC case only because of an unfortunate location of the 
driver. Since the kinematic ratios throughout a chain are inde- 
pendent of the location of the driver, these ratios are determined 
by analyzing the chain as an FOC system. This is accomplished 
by the simple expedient of assuming a hypothetical drive in the 
self-sufficient four-bar chain. 

It should be noted at this stage that many systems which may 
not seem at first to be of FOC or SOC may be converted readily 
by proper inversion. 

(c) Higher-Order Complexity (HOC). This paper concerns itself 
with HOC systems. These are chains which cannot be solved in 
sequence regardless of the choice of drivers. An example is shown 
in Fig. l(c). The similarity between Fig. 1(c) and Figs. 1(a) and 
1(b) is that all are eight-link chains, but unlike Figs. l(a) and 
1(b), Fig. 1(c) cannot be solved sequentially because no matter 
what link is chosen as a driver or whatever inversion is attempted 
there is no self-sufficient bar linkage which may be used for start- 
ing the analysis. Goodman’s technique® is inapplicable. The 
technique of graphical trial and error is applicable because it 
accepts the concept of simultaneous solutions. On the other hand, 
the graphical trial-and-error method while rigorous becomes awk- 
ward in HOC systems. 

It is proposed here that HOC systems be analyzed by a super- 
position of motion components of the system. These components 
may be selected at the analyst’s will; hence they most conven- 
iently take the form of a series of FOC systems so chosen as to 
make the superimposed sum consistent with the known condi- 


tions of restraint. 


Reducing an HOC System to Several FOC Systems 


The major difficulty with HOC systems is that there is no dis- 
crete four-bar linkage within the chain. This, of course, militates 
against the exploitation of the simplicity inherent in FOC sys- 
tems. To side step this obstacle, the HOC chain is pictured as a 
sum 0° two (or more) FOC chains superimposed on each other. 
To create these FOC chains, consider what must be done with 
a five-bar linkage involving the driver. If the driven crank of 
this five-bar linkage is frozen, a convenient four-bar linkage is 
created. Of course, this operation has added an additional con- 
straint to the system hence some other constraint (preferably 
another follower crank) in another part of the system must be re- 
laxed. In most cases, this freezing-relaxing operation will create 
an FOC system. 

Analysis of this FOC system while very convenient does not 
result in motions consistent with the original system. This de- 
viation is most apparent in the observation that one link which 
should be mobile has been frozen and the direction of the relaxed 
point is not consistent with the known conditions. A second FOC 
svstem must be added to the first. This second system must 
assume such motions as to provide a corrective for the first FOC 
system. Since the first system utilized the total qualities of the 
driver, it is necessary that the second system call for freezing 
the original driver. In this fashion when the two motions of the 
driver are added, the result as far as the driver is concerned is 
accurate. The other corrective action to be taken by the second 
system is to give back the frozen link its mobility. Once again 
an FOC system evolves. Meanwhile, the one other crank must 
remain unconstrained (relaxed). The second system is given 
such a motion as to correct the relaxed motion of the first. The 
corrected total motion of the relaxed motion must be: 


>T. P. Goodman, “An Indirect Method for Determining Accelera- 
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(a) A velocity direction perpendicular to the relaxed crank. 
(b) An acceleration whose component along the crank line is 
equal to the known centripetal acceleration at this point. 


Technique Using Influence Coefficients 


Whenever superposition techniques are applicable, the prob- 
lem may be alternately solved by the use of influence coefficients. 
Since each of the FOC components described previously is in- 
fluencing the total motion of the systems, the introduction of in- 
fluence coefficients is valid. Furthermore, the use of these co- 
efficients systematizes the process of superposition. The steps 
outlined and the use of influence coefficients are best described 
by reference to a specific example such as Fig. 1(c). 

Since link 2 in Fig. 1(c) is the assigned driver, the obvious way 
to involve 2 in a four-bar linkage is to freeze link 5. Link 8 must 
be relaxed (removed) to regain mobility for the system. Fig. 2 
shows this operation in Stage I. To Stage we must add Stage II 
to recreate the original system. In Stage II the assigned driver 2 
is frozen and the previously frozen crank 5 becomes a driver. 
Note that Stage IT is once again an FOC system. 

The graphical superpositions of Fig. 2 may be expressed 
analytically as follows: 

Velocity Analysis. Before an acceleration analysis is conducted, 
it is necessary to perform a velocity study. 

Using the concept of influence coefficients, the velocity at point 
(g) of the original system is: 

¥, = + Myxer, (1) 

To evaluate influence coefficient Z,. set w, = O and find the 
velocity of (g), ie. (1 V,). Of course, under these conditions 
w, is the only influencing agent. This condition is graphically de- 
picted as Stage I of Fig. 2. From Stage I 


IV, = + = (2) 
Ws 
To evaluate 7Z,, set w. = 0 (i.e., Stage IT) and assume any 


convenient value for II w;. Then it follows that: 


or 
Il 
io = (3) 
IT ws 


Substituting these influence coefficients into Equation (1): 


LV, uv, 


In this vector equation there are only two unknown quantities, 


? 
¥ 
/ 6 = 6 6 
/ KY % * />+ 
Original System Stagel Driver at(2) Stagell Driver ot (5) 


Fig.2 Original velocity system as a superposition of two simpler systems 
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namely, the magnitudes of V, and w,, and Equation (4) is suf- 
ficient for solving for both. 

The direct kinematic process of solving for V, in Stages I and 
II also yields velocities at all other points. The corresponding 
velocity-influence coefficients at any general point (j) can be 
written as: 

IV, 
Aj. = ; 


We 
The velocity of point (j) in the original system becomes: 


V, = + 


Ws 
= tv, (7) 
Equations (6) and (7) are sufficient for defining V, since ws 
was solved for earlier with equation (4). 
Accelerations. 
by both the angular velocity of the driver and its tangential 
The influence equation becomes: 


The accelerations at point (g) will be influenced 
acceleration. 


Vv, Vox": By2w2? (S) 

Once again to evaluate the coefficients all but one variable in 
Equation (8) will be set to zero in sequence. 

To determine 7,2 set = 0, w, = 0, = O and solve for! 
To evaluate 7, set w. = 0, w. = 0 and solve for II Y,. 
For 8,2 set @ = 0, @ = Oand solve for IIL V,. This sequence 
is graphically illustrated in Stages I, I], and III of Fig. 3. Note 
that no attempt is made to create an obvious four-bar chain for 
Stage III. to the extent 
that w, is set to zero. With the unknown w, eliminated, Stage 
ILI ean be analyzed directly; hence it satisfies the definition olf 
an FOC system. 

Comparison of Stages I and II of Fig. 2 and Fig. 3 will reveal 
that the constraints are precisely alike. The drives in both Fig. 2 
and Fig. 3 and all other motions are strictly tangential, hence in 


0, = 


On the other hand, link 5 is “frozen” 


the general case: 


Vis = Vor = Yoo = Bys (9) 


In other words, we may substitute for the 7 coefficients the @ 


STAGE DRIVES. 


Original System 


coefficients previously evaluated; therefore, Stages I and II of 
Fig. 3 may be ignored and only Stage IIT need be evaluated. 
Equation (8) may now be simplified to: 
Vv, + + x02" 
Applying Equation (10) to Stage IIT yields: 


LV, = + + 


By2 
and at any general point (j): 


Substituting into Equation (10): 


7 I II 
Ws IT w; 


There are only two unknown quantities in Equation (13), the 


V, (13) 


magnitudes of the tangential acceleration of (g) and@;. Equation 
(13) is sufficient for evaluating both quantities. After @,; is 
evaluated, the general point (j) can be solved for, Le.: 
= + + (14 

The chain of Fig. 1(¢) was analyzed by a superposition of two 
FOC systems. Most systems will succumb to the treatment de- 
scribed. On rare occasions a system will be encountered so com- 
plex that more than one crank will have to be frozen to create 
FOC components. If m cranks are so frozen, m constraints must 
be relaxed. This means that m number of velocity equations and 
m number of acceleration equations will have to be written instead 
of the single equations (1) and (10). This merely compounds the 
labor but no new concepts are involved. 

Example. Solution of Fig. I(c). 

Given: w. = 10 and = 125. Determine V,, Ws. 

The conditions described as Stage I vield the velocity polygon 
of Fig. 4(a). Starting with w. = 10(1 V2 = 10) the construction 


terminates with the other bold vector IV... The vector influence 


STAGE Il W,DRIVES 
= Wy = 


W, = Ws = 


STAGE IbudDRIVES 5 W, FO 


Fig. 3 
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Original acceleration system as a superposition of three simpler systems 
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wal) 


Fig. @ 


Fig. 4(a) 


b 
FIG-4a STAGE! Analysis V,.=0 


Divide vectors by uy to get ar; 


c 
FIG 4b STAGE Il Analysis Vg=0 


Divide vectors dy to get 


-62; 4.85 
FIG 4c Solutionof eq.! 


Fig. 4 Velocity polygons for stages I, Il, and Equation (1) 
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Quantities from Figs. 4, 5 


Item IV IIV fije 
a/o 10 0 1 0 0 
b/a + 8.60 +27 9.86 0.35 +1.67 


e/b +108 -85 1.08 —5.27 
e/d +180 412.5 O18 41.63 +7.75 
fie +6.5 -26 065 -0338 -1.61 
g/o 1.0 60 0.40 0.780 3.72 


Vv, R Wmv, 2, 
10 100.0 0 100.0 100 1 
10.27 105 l 96.0 105 1.05 
3 0.30 
5.53 30.5 1 27 187 1.87 
9 55 91.0 0.8 113.5 117 1.17 
4.89 24.0 1.5 16.0 110 1.10 
4.7 22.1 1.2 I8.4 216 2.16 


FIG 5a STAGE Ill Analysis &,,*0) 


Divide vectors by Ui to get B,, 


Vg centripetal 


335 


Vg tangential solution 


Vg solutions 


FIG 5b Solutionof eq. 10 


Fig. 5 Accelerction polygons for stage Ill and Equation (10) 
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coefficients fj: are evaluated by dividing the appropriate vectors of 
Fig. 4(a) by the scalar we. 

The conditions of Stage II yield the velocity polygon of Fig. 
4(b). Starting with an assumed vector ITV, = 10 (Ilw, = 
7.7) the construction is terminated with the bold vector II V,. 
Applying Equation (4) enables us to evaluate the true magnitude 
ws. Fig. 4(c) is the solution of Equation (4). 

Columns | through 6 of Table 1 record the magnitudes of the 
vectors from Fig. 4. Columns 7 through 16 are used to compute 
the centripetal acceleration of significant points in the system. 
With these data the acceleration polygon bused on the known 
restrictions of Stage IIT is laid out as in Fig. 5(a). Starting with 
the vectors III V, and III Vv. and setting @; = w, = 0, we arrive 
at the acceleration of point g, IIL VV). Dividing the vectors of 
Fig. 5(a) by the sealar w,? yields the vector influence coefficients 
By. (columns 12 and 13). 

The final step in the solution is to solve Equation (10). Veetor 
fie. of Equation (10) has a magnitude of 0.40 * 125 = 50 with 
the direction of IV, (Fig. 4a). Vector B,.w2? has a magnitude of 
2.16 & 100 = 216. Only the direction of vector 7,.w, is known 
because the scalar ws; remains to be found. The centripetal ac- 
celeration component of Y, is known but the magnitude of the 
tangential component is unknown. Fig. 5(b) is the vector poly- 
gon representing Equation (10). The two unknown magnitudes 
are resolved by the intersection of the known direction lines. 
The completed polygon not only yields complete data on V, but 
also for ITV, = —, 05. The value of w,; is computed to be 230. 


Conclusions 

HOC systems can be reduced to a superposition of several FOC 
systems. The velocity analysis of most HOC mechanisms will re- 
quire the use of only two FOC systems (described here as Stage I 
and IT). 
one more FOC system (deseribed here as Stage IIT). 


The acceleration analysis in most cases will require only 
Let wp and 
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@p refer to the angular velocity and acceleration of the driver 
crank D, and wp and wy, refer to the angular velocity and aecceler:.- 
tion of one of the driven cranks F. The velocity and accelerations 
of any point (7) in the system can be expressed in terms of influence 
coefficients as 


Vv, = pp + pws (15) 


Vi = + + Bipw,? 
where 


Wp 


Wp Wr 


Prefixes I, I], and III refer to the original system modified to 
the following driving conditions: 


I Link D drives at wp but link F frozen; Le., w,; 
(Used to evaluate Z;.) 
II Link F drives at wy but link D frozen; i.e., wp 
(Used to evaluate 
HI Links ) and F driven at the known speeds w,, and wy, but 


wy and wy set to zero. (Used to evaluate Bp.) 


To permit the modifications in the foregoing, one link of the 
original system must be relaxed. The magnitudes of wp and w, 
are determined by solving Equations (15) and (16) with the re- 
laxed point substituting for the general point (j). 

In addition to simplifying the solution of highly complex sys- 
tems the concept of superposition with influence coefficients serves 
as vet another tool for the synthesis of mechanisms. If the in- 
fluence of components can be separated from the performance ot 
the whole, the synthesis of mechanisms by variation becomes 


more feasible. 
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A Theory of Oil Whip 


Oil whip was investigated theoretically and experimentally. In the paper it is shown 
that the inherent instability of the rotor in previous theortes can be avoided by assuming 


zero pressure in place of negative pressure in the oil film and that the “inertia effect’ 
in occurrences of oil whip can be understood by distinguishing small vibrations and 
large vibrations of the rotor. It is also shown that oil whip of higher order and the effect 
of oil viscosity on amplitude of oil whip give possible causes of some peculiar phe- 


nomena, 


0... wuip is a self-excited lateral vibration of a 
shaft rotating in fluid-film bearings. In high-speed machines, it 
is sometimes so violent that the bearings or even the machine 
itself may be damaged. Therefore, oil whip has attracted many 
investigators since it was first reported by Newkirk and Taylor in 
1925, especially in recent years as speeds of rotating machines 
have increased tremendously. It seems, however, that no satis- 
factory explanation has been given yet. 

Newkirk and Taylor {1}! reported in the first paper a violent 
whip of shafts which was due to the action of the oil film in the 
bearing. They found that the whip started at a speed twice the 
critical and persisted at speeds higher than that. They gave a 
qualitative theory for this phenomenon, but it could not explain 
the persistence of the whip at higher speeds. Robertson [2] made 
a calculation under certain assumptions and reached the conclu- 
sion that the rotor is inherently unstable at all speeds of rotation. 
Poritsky [3] showed, by introducing an additional radial force to 
the oil-film force, that the instability occurs only at speeds ex- 
ceeding twice the first critical speed which, however, might de- 
crease even to zero depending upon the oil-film condition. On 
the other hand, Newkirk and Lewis [5, 6] reported experimental 
cases in which the rotating speed reached five or six times the 
critical before the instability developed. This also was observed 
by the author. 

Pinkus [8] reported that in a number of experiments a phe- 
nomenon that might be called an inertia effect in whip was ob- 
served and that in some cases the stable and unstable states of 
shafts were separated by a region of transient whip. These also 
were observed by the author. 

Newkirk and Taylor [1] reported that some shafts running 
smoothly could be led to a violent whip by only a shock, but 
Pinkus [8] did not observe such a case. 

Newkirk and Taylor {1, 6] reported also that whipping of the 
shaft continued with increasing violence at all speeds higher than 
twice the critical. But the author observed in some cases that the 
amplitudes of whipping decreased as the speed of rotation in- 
creased. Pinkus {7, 8] found even more complicated examples in 
which the whipping disappeared once and resumed again. 

The effect of oil viscosity (or oil temperature) gives the most 
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problematic subject. It has heen reported by many investiga- 
tors [5] that hotter oil gives greater range of stable operation, but 


Pinkus’ experiments |8| showed the opposite. According to the 
same paper /8], some investigators reported that either cold or hot 
oil had a stabilizing effect on oil whip. 

Thus the matter is very complicated and controversial. The 
author intends to give a comprehensive theory which explains 
these facts consistently. 

In the present paper, oil whip will be treated as a problem of 
dynamical stability of a rotor (concentrated mass) supported by 
an elastic shaft rotating in fluid-film bearings. In calculating 
the pressure distribution in the oil film, the pressure in the un- 
shaded area of Fig. 1 will be assumed to be zero. 


Nomenclature in Stability Chart 


r = radius of bearing 


b = width of bearing 
6 = radial clearance of benring 
kK = eccentricity ratio 
F = transverse load upon journal 
m = effective mass of rotor observed from journal 
bw = coefficient of viscosity of lubricant 
® = angular velocity of rotation of rotor 
@, = angular velocity of first critical speed of rotor 
w, = angular velocity of nth critical speed of rotor 


Oil-Film Force on Journal 


In most previous papers on oil whip, the pressure distribution 
in the oil film is caleulated under the assumption that the bearing 
clearance ‘s completely filled with lubrieant and the pressure dis- 
tribution is completely two-dimensional. Then, the oil pressure 
in the unshaded region of Fig. 1 is theoretically negative, and we 
arrive at the conclusion that the shaft is always unstaple. This, 
however, is not true. 

As many experiments show, the oil pressure in the unshaded 
region is not negative but almost zero. This is evident from the 
evaporation of the lubricant, from the segregation of gases in the 
lubricant and from the possible axial air flow from both ends of 
the bearing, provided that the oil inlet pressure is not very high 
Considering these facts, we make the assumption that the pres- 
sure in the unshaded region is zero and the pressure in the other 
region remains two dimensional. 

Therefore, our assumptions including the usual Reynolds as- 
sumptions will be: 

(a) The oil film is thin enough and the effect of its curvature 


may he neglected. 
(b) There is no pressure change across the film thickness 
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Fig. 1 Oil film in bearing 


(©) The inertia force of the oil may be neglected. 

d) The oil pressure in the unshaded region in Fig. 1 is zero. 

¢) The pressure distribution is two dimensional. 

Now, we take the co-ordinates (rg, y), the angle @, and the 
other symbols as in Fig. 1. According to the theory of hydrody- 


namics, we have 


| op 
= (1) 
r Op 


where p and u are the oil pressure and oil velocity, respectively, at 
tcertain point A. wis the coefficient of viscosity of the oil. 
Integrating equation (1) under the boundary conditions: 


y =0 
) = rw, y=h, h = film thickness 


we get the velocity of the oil flow u. Integrating the velocity 
again across the thickness of the oil film, we get the rate of the oil 


flow Q at the point A: 
= 
f, udy ( 5) 


On the other hand, when the journal is moving, there should be 
the relation (4) between the film thickness and the rate of flow of 
the oil: 


From these equations and 
h = 6(1 + x cos ¢) 


we get the pressure distribution p(¢). 

Integrating p(¢) cos ¢ and p(¢) sin from g = Otog = 7, we 
get two components of the oil reaction upon the journal, one of 
which F, is parallel to the displacement of the journal center and 
the other Fy is perpendicular to the former: 
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= r 
6 ‘le + «*)(1 — x?) 


(; mx(w — 26) 
ro 
(2 + «*)(1 — x?) 


(2 + «*)(1 — «?) 


where 6 and r are the width and the radius of the bearing, 


spectively. 


Statical Equilibrium Points of Journal Center 


It is easy to find the equilibrium points by equating the 
transverse load F upon the journal and static parts of the oil 
reaction (6,7). If we denote its components by Fyo and Feo, 
have 


Fo? + Foo? 


where 


i vu ( ) rbw 
6 


If we find the value of «x corresponding to fF, by (9), we can 
calculate the value of angle 0, taken as in Fig. 2, by the following 
relationship: 

Foo 


tan = 10) 
Fo 
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Fig. 3 Journal locus 


This gives the locus of the equilibrium points of the journal cen- 
ter. The locus is depicted in Fig. 3, where we see that the journal 
center floats up along a semicircle with increase in speed of the 
journal. We denote the equilibrium points of the journal by 
(ko, 0). In cases of vertical shafts, the equilibrium points of the 
shafts are at the bearing center. 


Stability of Rotors 


In discussing stability of a rotor, we divide its vibrations into 
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Fig. 4 


two parts, i.e., small vibrations and large vibrations, which fre- 
quently have been mixed up. By doing this, we shall be able to 
remove one of the confusions in the theory of oil whip. 

Small vibrations mean such vibrations of the rotor that the 
amplitude of the journal is sufficiently small compared with its 
eccentricity from the bearing center. Large vibrations mean 
such vibrations that its shaft bends considerably. In this case 
the amplitude of the journal cannot be small. 

Stability for Small Vibrations. [In this section, at first, we shal! 
derive the equation of motion of a rotor and linearize it and in- 
vestigate the stability of the rotor by means of Hurwitz criteria. 


1959 / 191 


4 
/ 
/ Fe 
| 0 / 
0(E,0) 
E=H6 
Fig. 2 5 4 
Fp=016 
My=0 of 00.66 
146) 
0.7 (x, y) 
Fo= 3.61 
09 
a 


For simplicity, we shall not take statical deflection of the shaft 
into account. We assume that the alignment of the two bearings 
is perfect and everything is dynamically symmetrical about the 
plane normal to the shaft at its mid-point, and that the mass of 
the shaft may be neglected. 

We take rectangular co-ordinates with the origin at the equi- 
librium point of the journal center as in Fig. 4, and denote co- 
ordinates of the rotor center and journal center by (z, y) and 
(&, ), respectively. Then, the equation of motion of the rotor 
will be 
mé + k(x — £)+ mg sin? = 0 


my + ky — n) + mg cos & = 0 


6x 


Fe = 0 (11) 


K(x + F 


6x 


My = 0 


where & is the elastic constant of the shaft and F, and F¢ are the 
oil reaction given by (6) and (7). 

Considering small vibrations of the rotor at the equilibrium 
point, we replace x by ko + K, (K< xo). If the new « is small 
enough and «?, «*,... . are negligible compared with ko, we can 
rewrite equation (11) in the following linear form (variation 
equation ): 


-y=0 


F 

F F 


kwd 


a3 


2 mé 


are constants determined by the ec- 
The characteristic equation of 


y =0 


where @), Gz, ..., b:,.... 
centricity of the journal x» alone. 
(12). is 


Aos* + + 4+ + Ags? + Ass + Ag = 0 (13) 


where Ao, Az,.... 
conditions of the shaft. 


are constants determined by the running 
Applying Hurwitz criteria to (13), we 


get the following simultaneous inequalities for stable running of 
the rotor: 


(146) 


(14c) 


It will be seen that (14a) is always satisfied and (146) can be re- 
written in the following form: 


1(F\_. 1 (F 


(See nomenclature after the introduction.) 


(15) 
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Fig. 5 Stability chart 


And if we rewrite (l4c) in the same way, it will be seen that the 
condition (l4c) is weaker than (146); ie., whenever (14b) is 
satisfied, {14c) is always satisfied. Therefore we can discuss the 
stability by (15) alone. 

Since K(k»), Ko(xo) are functions of ko alone, we can express the 
condition (15) graphically on a plane with two axes xo and (1/w?) 
(F/m6), see Fig. 5. Expression (1/w;?) (F/mé) is a parameter 
relating to the critical speed of the shaft. We call this diagram a 
stability chart. The right-hand side and the left-hand side of 
each curve correspond to the stable and the unstable running of 
the shaft, respectively. 

The stability chart shows that the shaft is always stable if the 
displacement of the journal center from the bearing center is 
more than approximately 80 per cent of the radial clearance of the 
bearing, or if the vertical displacement of the journal center from 
its lowest position is less than 50 per cent of the clearance, Fig. 3. 
Therefore, large eccentricity will be favorable for stable running. 
This agrees with practical experiences. (For further details, see 
Appendix. ) 

Stability for Large Vibrations. Next, we shall consider conditions 
for occurrences of such large vibrations of the rotor that its shaft 
bends considerably. In this case, the journal centers inevitably 
rotate around the bearing center and the dynamical situation is 
entirely different from that in the previous section. 

When the rotor is whirling with large amplitudes, as is easily 
seen from Fig. 6, the journal contacts with the edge of the bearing 
and the center points of the journal run along circular loci sur- 
rounding the center line of the bearing, asin Fig. 7(+). (Therefore 
we cannot assume that x < ky as before.) And if the oil force is 
not very large, the frequency of the circular motion will be ap- 
proximately equal to the natural frequency of the rotor. There- 
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Fig. 7 Small vibrations and large vibrations 


fore the system consisting of the rotor, the shaft, and the journal 
may be simplified to that of Fig. 8 in which a rotating cylinder is 
connected to the center of the bearing with a spring of such stiff- 
ness that the natural frequency of the cylinder is equal to that of 
the rotor in question and rotates around the center. Let us dis- 
cuss motions of the cylinder. 

If we consider nearly stationary whirling, then k = 0 in (7) and 
F will be given by the following expression: 


w r \3 TK 
Kon — 


(16) 


Then the equation of motion of the cylinder will be 


C + =, K’ = (17) 


where 
Z = (dx)e® 


6 = angular displacement 
6 = whirling speed 
@, = circular frequency of natural vibration of rotor 


It is easily seen that this differential equation has a stationary 
solution: 


Z = Ae, w = 2 = W (18) 


0 


and when w 2 2, the vibration will diverge or converge, respec- 
tively [9]. 

Therefore, we arrive at the conclusion that such a large vibra- 
tion of the rotor can continue to exist only when the speed of rota- 
tion of the shaft is higher than twice its critical speed. 


Occurrence of Oil Whip 


Combining the conclusions in the previous sections, we get a 
comprehensive explanation of the occurrences of oil whip. As an 
example, we take a shaft of 


: ( A ) 10 
~ 
the stability chart of which is shown in Fig. 9. Two vertical 
broken lines, right and left, show the critical and twice the critical 
speed of the shaft, respectively. 

Shaft With Light Load. If we increase the speed of rotation of a 
shaft with light load from 0 to ©, a point showing its running 
condition moves along a dotted curve a;42, for instance, in Fig. 9 
in the direction of the arrow and the rotor becomes unstable at 
the point A, where the speed can be even less than the critical 
speed. In this case, the shaft is usually compelled by the oil force 
to whirl around the bearing center at the speed of one half the 
speed of rotation as easily seen from (7). However, as large 
vibration cannot exist at this speed, the shaft is almost straight 
and the vibration might not be recognized by the naked eye. 

When the speed reaches the critical speed, a large vibration due 
to resonance occurs. Beyond the critical speed, however, the 
amplitude will decrease again, because large self-excited vibration 
still cannot exist at this speed. 

When the speed reaches twice the critical speed, the whirling 
speed of the shaft coincides with the critical speed and large 
vibration occurs. The amplitude no longer will decrease even if 
the speed is increased further, because beyond this speed the 
large vibration can exist self-excitingly. The frequency of the 
vibration is, roughly speaking, independent of the speed of 
the shaft and equal to the natural frequency (or critical speed) 
of the shaft. This is the so-called oil whip. Sometimes, the 
mild whirl before the large vibration is also called oil whip. 

Fig. 10(a) shows the changes of the amplitude and the fre- 
quency of this case as functions of the speed of rotation. 


0 


\ 


Fig. 8 Simplified model for large 
vibrations 
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Fig. 10 Various appearances of occurrences of oil whip 


Shaft With Heavy Lead. ‘This case corresponds to the curve cic 
in Fig. 9. In this case, vibration does not occur even if the speed 
of the shaft reaches twice the critical speed because the rotor is 
still stable and there is no stimulation. When the rotating speed 
reaches the point C, the rotor becomes unstable and, if once the 
journal center rotates around the bearing center, such motion 
grows rapidly and large vibration starts. This is the oil whip. 

If the large vibration once starts, it continues self-excitingly at 
all speeds higher than twice the critical speed. Therefore, even if 
the rotating speed is decreased, the large vibration will not dis- 
appear until the speed reaches twice the critical speed. 

This is shown in Fig. 10(¢) 

Shaft With Medium Load. This is a case between the two preced- 
ing cases, and is shown in Fig. 10(b) which corresponds to the curve 
bybe in Fig. 9. 

Experiments. Qur experimental apparatus consists of a rotor 
with a slender shaft supported by a fluid-film bearing at one end 
and by a ball bearing at the other, as shown in Fig. 11. The shaft 
is driven by a variable-speed motor through a cloth belt and a 
rubber coupling. The recording system consists of a photographic 
recording drum, a light source, and a pair of mirrors, for horizontal 
and vertical direction, attached on vibrating metal strips which 
are in contact with the shaft. Three weights, three shafts, and 
nine bearings are provided. 

Figs. 12(a) and (b) are the photographic records of two series of 
experiments which correspond to shafts with a light rotor and a 
heavy rotor, respectively. 

In Fig. 12(a) (light rotor): 

At B the shaft becomes unstable and begins to whirl at the 
speed of one half of the rotating speed of the shaft; 
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At D (critical speed) a large vibration caused by resonance, 
occurs. D shows the superposition of the whirl and the reso- 
nance vibration. 

At E the amplitude decreases again. 

At F (twice the critical speed) violent oil whip occurs. 

In Fig. 12(b) (heavy rotor): 

At B the resonance vibration occurs. 

At C (far beyond twice the critical speed) suddenly oil whip 
occurs. 

At E (twice the critical speed) the oil whip continues down to 
this point. 

At F the oil whip disappears. 


Changes of Amplitude of Oil Whip 


The amplitude of vibration of a shaft caused by oil whip is al- 
ways very large when the speed of the shaft is equal to or a little 
higher than twice the critical speed. But under certain conditions, 
it might decrease as the speed of the shaft increases beyond twice 
the critical, and sometimes not. In this section, we consider 
changes of amplitudes of oil whip. 

Effects of Oil Force. The problem of determining the amplitude 
of a rotor may be considered as a problem of forced vibration of 
the rotor caused by two external oscillatory stimulations; i.e., 
the rotation of the shaft and the whirling of the journal. But, 
here, we shall discuss the effect of whirling only, because we are 
now interested in the behavior of the shaft at speeds more than 
twice the critical. 
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Fig. 13 Changes of amplitude due to oil force 


As stated before, the whirling speed of the shaft is usually al- 
most equal to its natural frequency and so the amplitude of 
whirling is large. Strictly speaking, however, if the oil force is 
large and the rotating speed is also large, the shaft will be driven 
by the oil force and whirling speed of the shaft will become larger 
than the natural frequency [9]. If we take equation (17) again 
for simplicity, the approximate whirling speed will be 


K’ 
= if wn = 0 
1 
K’ 
2 2a; 
w K’ 
= ul —— = 
2 


where K’ is the oil-force coefficient, w is angular velocity of rota- 
tion of the shaft, and w, is angular velocity of natural vibration of 
the shaft. 

Therefore the higher the rotating speed is, the higher the 
whirling speed will be. The larger the oil force is, the more 
rapidly the whirling speed increases. Now the amplitude of 
the journal is limited by the bearing clearance. Therefore if the 
oil force is large, the amplitude of the rotor should decrease as 
the rotating speed increases, Fig. 13(b), but, if the oil force is 
small, the whirling speed remains constant and the amplitude 
does not decrease, Fig. 13(a). 

An experimental example is shown in Fig. 14. The bearing 
used in case (a) is shorter than that in case (b)—the ratio of the 
length is 2.5—in other words, the oil force in case (b) is larger 
than that in case (a). In both cases the same shaft was used. 
In case (b), the whirling speed of the shaft increases with the in- 
crease of rotating speed and the amplitude decreases, while it 
does not in case (a). 

Thus it is possible to decrease the amplitude of the oil whip by 
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using a longer bearing or more viscous lubricant if the rotor is 
operated at speeds much higher than twice the critical speed. 

Occurrences of Resonance Vibration and Oi! Whip of Higher Order. 
In the preceding section, we found that if the oil force is large (or 
if K’ is large) the amplitude of the oil whip decreases as the speed 
of the shaft increases. Even in such cases, the amplitude can re- 
sume again when the speed reaches a higher critical speed or twice 
a higher critical speed. 

(a) Resonance Vibration of Higher Order. When the speed of 
the shaft coincides with the higher critical speed the usual 
resonant vibration occurs. But it would be recognizable only 
when oil whip is not violent. 

(b) Oil Whip of Higher Order. In the section, Stability for 
Large Vibrations, we considered only the lowest critical speed; 
but the same arguments hold for the higher critical speeds, too. 
For example, if the speed of the shaft is twice the second critical 
or more, a large vibration of the second critical frequency can 
exist, although it might be damped out by the same reason as in 
the preceding section, with further increase of the speed of rota- 
tion. The same phenomena can occur successively as the speed of 
the shaft increases passing several higher critical speeds. These 
might be called oil whips of higher order. But if the effect of oil 
force is not large enough the whips of higher order will not be 
recognizable, because the previous oil whip will not disappear, 
Fig. 15(a). If the oil force is large, the amplitude of whip will 
decrease before the oil whip of the next order starts and the whip 
of higher order can be noticed. The amplitude changes in such 
cases would look like Fig. 15(6). 

Tn actual cases, the resonant vibration and the oil whip of higher 
order will appear together in complicated forms, 
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Discussion 


We have considered some fundamentals of oil whip. Using 
these considerations as bases, the author will try to interpret some 
of the contradictions mentioned in the introduction and in other 
papers. 

Oil-Whip Starting Speeds. A shaft becomes unstable when its 
operating condition enters the left side of each curve in Fig. 5 or 
Fig. 9. Therefore, the rotor can be stable at any speed if the 
journal eccentricity is large enough. Newkirk and Lewis [5} 
reported that the range of stable operation reached five times the 
critical speed or more. This ratio, at least theoretically, can be 
infinitely large. 

In the case of a heavy rotor (cc in Fig. 9), if the oil force is not 
large enough to raise the shaft up to the bearing center when the 
rotor enters the unstable region, the journal cannot go around the 
bearing center and the large vibration does not commence until 
the oil force, ie., the speed of the shaft, becomes large enough. 
Therefore, the rotor will vibrate with small amplitude but hesi- 
tate to get into violent whip. This might be the causes for the 
difficulties of determining the whirl-impending speed in the cases 
of large eccentricity reported by Newkirk and Lewis [5]. When 
the rotor is not very heavy, the hesitation will not be observed 

Again in the case of a heavy rotor (cic: in Fig. 9), there is a kind 
of hysteresis in changes of amplitude as in Fig. 10(c). This would 
give an explanation for the inertia effect (resistance to whip when 
the shaft is stable and unwillingness to pull out of whip once it 
starts) and the region of transient whip (region where the shaft 
would alternately become stable and unstable) in Pinkus’ 
sense [8]. 

If the rotor is hght, it can become unstable even before the 
speed of rotution reaches the first critical speed. 

Effect of a Blow. Newkirk [1] and Newkirk and Lewis [5; found 
cases in which a stable shaft could be brought into a violent whip- 
ping with a sudden blow, but Pinkus [8] did not. 

Newkirk’s case might correspond to the transient region of the 
city in Fig 9 or Fig. 10(c). In this case, if the blow is strong 
enough to make the journal center jump up to the bearing cen- 
ter, it suddenly grows into a violent oil whip. It seems that in 
Pinkus’ case, either the blow was not strong enough or the rotor 
was not heavy enough. 
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Changes of Amplitude. Newkirk [1, 5, 6] reported that oil whip 
continued with increasing violence and there seemed no stable 
range above twice the critical speed. But actually, owing to the 
oil force, the frequency more or less increases and consequently 
the amplitude decreases as the speed of shaft increases. This 
was confirmed by the author’s experiment. In Newkirk’s case, 
the oil force must have been too small. 

In the same paper [5], however, Newkirk and Lewis reported 
another case which seems, to the author, to be a typical case of 
large oil force. They observed the half running speed-frequency 
whirl with running speed well over twice the critical speed. This 
means the oil force was extremely large and the motion of the 
journal was under strong control of the oil action. Furthermore, 
they added that the disturbances were easily damped out and 
did not build up resonant vibration of the shaft except when the 
running speed was twice the critical speed. This is exactly the 
case stated in the section, Effects of Oil Force. 

Pinkus [7, 8] reported very complicated experimental examples 
and set forth the theory that whenever a speed is reached cor- 
responding to « higher critical of the shaft or other resonance of 
the system, whip tends to be damped out and the resonant vibra- 
tion prevails, although whip returns as soon as this region is 
passed. But he mentioned some exceptions, that is, in some cases 
the amplitude decreased before the resonant region was reached 
and in some cases the whip could not be damped out at all 

The author would like to paraphrase Pinkus’ theory as that, 
whenever a speed is reached corresponding to a higher critical 
of the shaft or twice a higher critical (including other resonance of 
the system), an oil whip or a resonant vibration of higher order 
will occur, although they can be noticed only when the previous 
whip has been damped out beforehand by large oil force (sections 
under Changes of Amplitude of Oil Whip). 

Effect of Viscosity (or Temperature) of Lubricant. Viscosity of lubri- 
cant has caused considerable confusion. Newkirk and Lewis [5] 
reported that warming the oil increased the range of stable opera- 
But Pinkus [7, 8] reported that he constantly observed the 
opposite. In his experiment, some of the bearings which whipped 
at high inlet oil temperature had a narrow whipping range at in- 
termediate temperature and did not whip at all at low tempera- 
ture. Even when whip occurred, the violence of the vibration was 
less for the lower temperature. 

These two were reported as a contradiction. 
ever, that they are just seeming inconsistencies. 
from the stability chart, lower viscosity gives greater stability for 
small vibration. Therefore, low viscosity is effective in prevent- 
ing the occurrence of oil whip and Newkirk and Lewis were cor- 
rect. On the other hand, as discussed in the section, Effects of 
Oil Foree, high viscosity is effective in depressing the oil whip 
after it once develops. Therefore, Pinkus was also correct. 
Pinkus’ experiment just mentioned is really a beautiful example 
of the case of the section, Effects of Oil Force. 


tion. 


It seems, how- 
As easily seen 


Conclusion 


The author investigated oil whip theoretically and experi- 
mentally and tried to explain various peculiar, seemingly incon- 
sistent, phenomena of oil whip as mentioned in the introduction. 

We could explain “inertia effect’’ by distinguishing small vibra- 
tions and large vibrations of oil whip. 

We found that it is possible to stabilize a rotor by increasing 
the eccentricity of the journal from the bearing center (by using 
a shorter bearing, by using less viscous lubricant, and so on) and 
also it is possible to decrease the amplitude of oil whip by making 
the oil force larger (by using a longer bearing, by using more 
viscous lubricant and so on), if the rotor is operated at the speeds 
considerably higher than twice the critical speed. It is interesting 
to see that these two are the reverse of one other. 
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A vertical shaft, which we have not discussed yet, is just a 
special case of our general theory. It may be considered to be the 
case of very light shafts, or the case of F = 0. Therefore a verti- 
cal shaft will be unstable at all speeds, as easily seen from the 
stability chart, and oil whip will always start when the speed of 
rotation reaches twice the critical speed. It should be noted, how- 
ever, that usually there are some damping forces, for example, due 
to thrust bearings, in cases of vertical shafts. These damping 
forces might reduce or eliminate oil whip. 

The whirling in vertical Francis water turbines mentioned in 
reference [11] could be understood as a kind of oil whip. In this 
case, water in the annular passage plays the role of oil in journal 
bearings. The fact that the whirling occurred only at loads 
greater than half the rated horsepower could also be understood 
because when the water pressure is high the assumption (d) in the 
section, Oil-Film Force on Journal, does not hold and the in- 
stability becomes larger. 


Acknowledgment 


Finally, the author thanks Profs. T. Yoshizawa, 8. Fujii, 
and T. Okazaki at the University of Tokyo, Japan, and 
Prof. 8. H. Crandall at Massachusetts Institute of Technology, 
for their valuable discussions and constant aid in the preparation 
of the paper. He also thanks the Hitachi, Ltd. (Kawasaki Plant), 
Japan, which made the experimental apparatus for the author. 


References 


1 B. L. Newkirk and H. D. Taylor. “Shaft Whipping Due to 
Oil Action in Journal Bearing,” General Electric Review, August, 1925 
pp. 559-568. 

2 D. Robertson, ‘Whirling of a Journal in a Sleeve Bearing, ' 
Philosophical Magazine, series 7, vol. 15 January, 1933, pp. 113-130. 

H. Poritsky, “Contribution to the Theory of Oil Whip,” 
Trans. ASME, vol. 75, 1953, pp. 1153-1161. 

4 B. L. Newkirk and L. P. Grobel, “Oil-Film Whirl—A Non 
Whirling Bearing,’’ Trans. ASME, vol. 56, 1934, pp. 607-615. 

5 B L. Newkirk and J. F. Lewis, “Oil Film Whirl—An Investi- 
gation of Disturbances Due to Oil Films in Journal Bearings,” Trans 
ASME, vol. 78, 1956, pp. 21-27. 

6 B.L. Newkirk, “Varieties of Shaft Disturbances Due to Fluid 
Films in Journal Bearings,” Trans. ASME, vol. 78, 1956, pp. 985- 
988. 

7 O. Pinkus, “Note on Oil Whip,” Journat or Appiiep Me- 
cHANIcs, vol, 20, Trans. ASME, vol. 75, 1953, pp. 450-451. 

8 O. Pinkus, “Experimental Investigation of Resonant Whip,’ 
Trans. ASME, vol 78, 1956, pp. 975-983. 

9 S. Fujii, ““The Roles of Resistances in the Vibration of a Shaft,”’ 
The Japan National Congress for Applied Mechanics, vol. 1, 1951, pp. 
599-603. 

10 G.S. A. Shawki, “Whirling of a Journal Bearing,”’ Engineering, 
February, 1955, pp. 243-246. 

11 J. P. Den Hartog, “Mechanical Vibrations,” McGraw-Hill 
Book Company, Inc., New York, N. Y., 1956 p 321. 


APPENDIX 


The coefficients a;, a2, ...., bs, . . . . in equation (12) are as 
follows: 
2(2 + Ko?) 8 


4Ko ( 1 Ko Ko ) 
— (m4? — 4)Ko®] \ Ko 1 — Ko? 2 + Ko? 
— (4? — 4)ko?]'/” Ko[w? — (4? — 
[w? — (9? — 4)xo2]'/? \ Ko 1 — ko? 2 + Ko? 


“4 = 


a = 
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= ay, = bs = 2 as 
The coefficients Ao, A;, Ax, .... . in equation (13) are as 
follows: 


F\? 1 FY’ 
Ao = (2a,a, — 
1 1 F\? 
A, = ( + + — at) ( ) 
2 \md 
= + md 
l F\? 1 F 
= B, B,’ 
wu,‘ (“) +m aw)? 
4 (4ayag — 2a;?) 
: wry?, mb 
1 F\? ( l F 
F\? F\? 1 F 
1, = (aja, + + Zayay — 
wu)? 
+ (a, +20) (*) 
a; afl,) 
w \méb 
1 F\? 1 F 
B, 
4 (asa; + 2aghe) (4 y 
d = (oly 
\md 
1 F\! 1 F 
1 F \? 1 F \? F 
B 
1 F \? 
A, = + Jara, + — 
2 w \mé 
l F \? 
By 
w 
1 F \? F \? 
Ag = + abs) (*) By 


B,, By’, .... ete. are all functions of a), a2, .... and conse- 
quently functions of Ko alone. There are the following relations 
between them: 


B, = 2Bo, 
BY = Bo, 


= 
B, = 


RB, = 
B,’ = B,", 


= B,’, 
= B,, 
K,(ko), Ko(ko) in equation (15) are as follows: 

B,? — B,B,'B,” + BB B,’ 
kK, BB," K 


Let us consider the meaning of equation (15). At first, we 


consider the case of a rotor supported by a rigid shaft. Then, 
as @, = ©, Ap and A, become zero and equation (13) will be re- 
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duced to a biquadratic equation with simpler coefficients. In 1 1 

this case, the circular frequency w, of self-excited vibration of the wo > Kiko) [3 + 3] 

rotor at the moment when the rotor starts to vibrate will be given 

by vibration theory as follows: In this expression, the interior of the brackets is equal to the in- 

By [mb verse square of the circular frequency of the natural vibration of 

tos 4 (™*) = K2(ko) (™ ) the rotor (or the critical speed) supported by the elastic shaft and 
; oil film which are considered to be two springs connected in 

Using this result, we can rewrite (15) in the following form: series. 
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On Critical Speeds of a Shaft 
Supported by a Ball Bearing 


The author points out that two kinds of critical speeds induced by a slight difference in 
the diameter of balls in a ball bearing appear in a rotating shaft supported by ball 
bearings. These two critical speeds have peculiar modes of vibrations which are de- 


termined by dimensions of ball bearings; one of them is motion of forward precession, 
the other is backward precession. The paper describes the cause of these critical speeds 


A. opricaL record of lateral vibrations of a rotating 
vertical shaft is made in the z and y-directions, Fig. 1. The shaft 
mounts one disk and is supported by self-aligning double-row ball 
bearings, the inner diameter of which is 0.394 in. In our experi- 
ment, we use shafts (length == 20 in., diameter += 0.45 in.) and 
disks (diameter = 14 ~ 20 in., weight = 14 ~ 17 lb) which are 
placed in different positions on the shafts. 


Critical Speeds of 


Vibrations at Critical Speed. The following expressions are used to 
represent the mode of vibration. Notation [-+mw] is given to the 
motion which has a whirling speed of elastic curve of the shaft of 
m times the rotating speed of the shaft w. Here the positive sign 

+ represents a whirling motion of forward precession in which 
the direction of whirl is the same as the direction of rotation of the 
shaft. In [—nw] the negative sign, on the other hand, means a 
backward precession in which the whirl is in a reversed direction. 
Hence |—nw] represents a whirling motion of backward preces- 
ison with whirling speed nw. 

Experimentally, the critical speed 


[+ | 


which is denoted by the notation w,, appears at a considerably 
higher speed than the major critical speed w,. Although location 
of critical speed w, varies according to change of dimensions of 
disk and shaft, and position of disk a:b, Fig. 1, the value of 
+1/2.65 (=a,) is universally constant in all cases in which 
various kinds of disks and shafts are used. This fact suggests 
that critical speed w, is not caused by the disks and shafts them- 
selves. 


Vibratory waves of vibration of 


law] = E | 
=~ Ue 


on oscillographic paper are given in Fig. 2 where vertices! white 
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and the behavior of those vibrations. 


lines are rotating marks recorded by a small piece of paper /’, Fig. 
1, at each revolution of shaft. By comparing vibratory waves in 
both the z and y-directions, we can determine the forward or 


backward precession. 
Obviously, by the shape of waves in Fig. 2, we can see that mo- 
tion at this critical speed can be represented by 


x=Acosat+ Beosaw, y = Asinat + Bsinaw (1) 


viz., that this motion is composed of two vibrations the circular 
frequencies of which are, respectively, w and aw. When sellf- 
aligning double-row ball bearings of 0.394-in. diam are used, the 
values of a, is about +1/2.65, and because a, takes a positive 
value, the locus of the shaft center is epitrochoid. An example of 
such a locus obtained from recorded vibratory waves is given" in 
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Fig. 3. Path of whirling motion in vibration [a] 


Fig. 3, where the interval between one double circular mark to 
the next means one revolution of the shaft, and the curve shown 
there is the locus during the time interval of 8 revolutions of shaft. 
In the neighborhood of this critical speed w,, the amplitude A in 
(1) is unchanged and B alone builds up and forms the peak of 
critical speed w,. In Fig. 4, separating amplitudes A and B by 
analyzing vibratory waves, A and B are plotted against rotating 
speed w. For comparison, the peak of the major critical speed 
w, is additionally shown. 

Cause of Occurrence of the Critical Speed. As a general rule, the 
ball motion is carried out under conditions in which the rolling 
contact between ball and inner and outer rings is kept.! There- 
fore, precessional motion of balls (motion of ball center around 
the center of inner ring) can be determined as follows: 

d 
=2+2 (2) 
D 


where w, is the angular velocity of the precessional motion of 
balls, d is diameter of bulls, and D is outer diameter of inner rings. 
For the self-aligning double-row ball bearings used in the experi- 
ments, the value w/w, given by experiments is plotted against w 
between 100 ~ 4000 rpm in Fig. 5. Here the value w/w, is al- 
most constant, and is independent of w and of magnitudes of am- 
plitude of vibrations. The mean value of w/a, is 2.647. Since 
D = 0.5795 in. and d = 0.1879 in. for ball bearings used in the 
experiments, then inserting these values into (2) we have w/w, = 
2.6485 which coincides with the value obtained by experiments. 

Now we shou'd note that the value of a in (1) obtained by 
analyzing shapes of vibratory waves agrees with w,/w; i.e., 


a, = = (3) 


Consequently we note that vibrations in the critical speed w, 
have the same frequency as the precessional revolution of balls 
Wh. 

However accurate the inner and outer ring may be, if there 
should be any difference in diameters of the balls, the center line 
of the journal of the shaft would not coincide accurately with the 
bearing center line. When one comparatively large ball is in- 
serted into the bearing, the inner ring is displaced by this larger 
ball and is forced off center toward the opposite side of the bear- 
ing along the diameter in which the larger ball lies. If a ball 
smaller than the others be inserted in the bearing, the inner ring 
would be forced toward the smaller ball and the opposite side of 
the bearing would be forced off center along the diameter toward 
the smaller ball. Therefore, owing to this small deviation of e 
at the ball bearing, the center of the disk is also deviated from 
the bearing center line, as shown in Fig. 6. This small deviation 


1 T. Sasaki, “On the Planetary Motion of the Roller in the Roller 
Bearing—Part 1," Transactions of The Japan Society of Mechanical 
Engineers, voi. 8, 1932, p. 64. 
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Fig. 4 Resonance curve at critical speeds w. and we. Disk: diam = 


19.00 in., thickness = 0.250 in., weight = 17.21 Ib; shaft: length = 
19.99 in., diam = 0.462 in.; position of disk a:b = 2.56:7.44 = 1:3 
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Fig. 5 w/w; — w curves 
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Fig. 6 e; and Ti 


e; is decided according to e9 and a:b, and the direction of ¢ ro- 
tates with the same velocity as the precessional rotating speed 
of balls w,. Under such a condition, the disturbing force having 
frequency w, is applied to the disk and the forced vibration of 
[a] = [aw] is induced; thus the critical speed w, of [aw] 
appears. 

Amplitudes of vibrations [a,w] clearly increase as magnitudes 
of e; and 7,, Fig. 6, increase. The arrangement of balls used in 
the experiments is shown in Fig. 7. This self-aligning double- 
row ball bearing contains 18 balls, 9 balls each in one row. For 
instance, supposing that two of the balls are somewhat larger than 
the others and that these two balls are inserted in symmetrical 
positions 1 and 5’, Fig. 7, both e; and 7; are very small, On the 
other hand, supposing that two larger balls are put side by side as 
1 and 1’, then e; and 7; become larger. Furthermore, when the 
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Fig. 7 Arrangement of balls in self-aligning double-row ball bearing 
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Fig. 8 Effects of difference in diameter of balls. «,, «: = difference in 
diameter of ball in upper and lower ball bearings in 10 ~“‘in., respectively; 
disk and shaft used in experiments shown in Fig. 8 are same as those in 
Fig. 4. Position of disk = a:b == 1:3. 


disk is not mounted at the middle point of the shaft but is one- 
sided toward either the upper or lower bearing pedestal, i.e., 
a ~ 4, the bearing nearer the disk exerts more influence upon e, 
and 7; and the bearing further away exerts less, 

It can be seen by experiments shown in Fig. 8, how amplitudes 
vary with different ball diameters. Because the position of the 
disk is 1:3, the influence of the ball bearing in the lower pedestal 
is three times greater than that in the upper pedestal in this 
figure. Commercial ball bearings purchased on the market are 
used in experiments shown in Fig. 8(a, 6). In Fig. 8(c), the dif- 
ference in diameters of balls in the lower bearing is artiicially 
enlarged. In Fig. 8(c), two balls of 0.18783 in. with diameters 
larger by 0.00043 in. than those of the other balls are inserted 
side by side into a ball bearing with balls of 0.18740 in., as shown 
in l and 1’, in Fig. 7. Amplitudes of the peak w, increase greatly 
and build up so large that the shaft touches the guard ring G, 
Fig. 1, placed to check the increase of deflections of the shaft. 
Results of numerous experiments show that, when ball bearings 
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Fig.9 p— w diagrams 


on the market are used, the critical speed w, almost always ap- 
pears irrespective of the magnitudes of amplitudes cases in 
which it does not appear are the few exceptions. 

Location of the Critical Speed w,. The frequency equation of the 
system is? 


{(a — — Ip? — — 
— mp*)(6 — Ip* + lwp) — = 90, (4) 


where m is mass of disk, a, y, and 6 are spring constants of shaft, 
I is moment of inertia about diameter, /, is polar moment of 
inertia of disk, and p is natural frequency. In Fig. 9a), p — w 
curves I, I] III, and IV are given. Since the critical speed w, 
takes place when w, (= a@w) coincides with one of the natural 
frequencies, w, is found by obtaining the intersecting point where 
the straight line p = aw crosses curves of p. Because J, > /, 
the critical speeds w, and w, are unique. When the disk is located 
at the middle of the shaft, i.e.,a = 6, p is constant, and the p — 
w-curve becomes as shown in Fig. 9(b), hence w,/w, = 1/a,. For 
a disk not so located (a # b), the relation w,/w, > 1/a; always 
holds good and the critical speed w, shifts to higher speed ac- 
cordingly as the disk moves away from the middle point of the 
shaft, as indicated in Table 1 obtained by experiments. 


Table 1 Critical speeds w, 


Location of disk 
a:b 1:2.33 1:3 
Wa /w 2.665 2.860 3.036 


Critical Speeds of | - 


Relation Between Stiffness of Shaft and Difference in Diameters of Balls. 
In ball bearings, a radial clearance is usually provided against 
arise of temperature during operation. If there should be a dif- 
ference in ball diameters, this radial clearance would be smaller 
or it might disappear entirely, or interference between balls and 
inner and outer rings may occur in the position where the larger 
ball is inserted. Consequently, when the stiffness of shaft is 
considered together with ball bearings, we can say that the stiff- 
ness increases at the position where the large ball is inserted be- 


?T. Yamamoto, “On the Critical Speeds of a Shaft,"’ Memoirs of 
the Faculty of Engineering, Nagoya University, vol. 6, 1954, p. 116. 


yune 1959 / 201 


l a:belt:3 
Uy? | | 4 | 
| 
> ® % 
N 4 A , ] 
“4 
7 > 4 | re 
| 
~2} + + 
6’ a’ 
6 s’ 5 So 4 5 
a) 
- 
ap} 
4 
| 


Fig. 10 Vectors representing spring forces 


cause the shaft is supported more tightly there and, further, the 
shaft is never equally stiff in all directions. Obviously this non- 
uniformity of stiffness rotates with w,. Therefore the difference 
in ball diameters causes the shaft to have the directional non- 
uniformity of stiffness rotating with w,. Although the existence 
of radial clearance induces the nonlinear spring force, we con- 
sider that the spring force has an approximately linear character 
~all 

Now we consider Fig. 16, whieh © ebtained by connecting the 
tops of vectors which represent the stiffness in all directions. We 
assume this figure to be symmetrical with respect to the origin O 


because the radial clearance is very 


and the direetion of maximum stiffness to be at right angles to the 
direction of minimum stiffness, as shown in Fig. 10. In Fig. 11, 
let the center of ball bearing be point O, and O — 2,y, bea rotating 
rectangular co-ordinate system revolving with w;. Then let us 
assume that the minimum and maximum spring constants @ — 
Aa, y — Ay, 6 — Aéand a + Aa, y + Ay, 6 + Aé lie, respec- 
tively, in the directions oc; and oy. Calculating spring forces in 
the x and y-directions, we have differential equations of motion 


mé + ax + yO, — sin 2wt + x cos 


Ay(9, sin + 6, cos = mew? cos wt, 
my + ay + — Aa(x sin 2w,t — y cos 


sin — 8, cos 2wit) = mew? sin wt, 


16, + 1,00, + yr + 60, — Ay(y sin 2wt + x cos 2wt) 
— sin 2w,t + 6, cos 2wit) = 0, 


16, Tw, + yy + 60, — Ay(z sin 2wit — y cos 2ut) 


8, sin — cos 2w,t) = 0, 
where 6,, 6, are components of inclination angle of disk and e is 
an eccentricity of disk. Assuming the higher powers of Aa, and 
so on, to be negligible, the solution of (5) can be written 
(AaA, + AyB,) [6 + (2a, - 


w)?} [6 + (2a 


r = A, cos wl 4 r 
— m(2a, - 


w){T,w — I( 20, — w)}] ¥? 


Fig. 11 


the figure could resemble an ellipse, as shown in Fig. 10, regardless 
of the order of arrangement of balls. For instance, if there were 
three balls of equal diameter larger than the others and they 
were arranged equally in a bearing at angular intervals of 120 deg, 
at first glance it would seem that Fig. 10 resembles a triangle. As 
a matter of fact, it is more like a circle and this can be clearly 
understood when we consider that the shaft having three key- 
ways at equal intervals of 120 deg has the same stiffness in all 
directions. Therefore Fig. 10 is more like a circle. 

Not considering the magnitudes of the differences in stiffness 
Aa, and so on, when two larger balls are inserted, the figure also 
may resemble an ellipse no matter how the balls are inserted, 
either side by side as 1 and 1’, at right angles as 1 and 3, or at 180 
deg as 1 and 5’, Fig. 7. Consequently, in many cases the figure 
resembles an ellipse which fact is also suggested by the further 
fact that the stiffness of a shaft with any cross section can be 
represented by an inertia ellipse. Actually, the experiments 
carried out under various conditions hardly ever furnished vibra- 
tions of mode of [nw, + w}. 

Although at first glance it is expected that vibrations [2w, + 
w] can be induced by periodic fluctuation of stiffness with period 
27/2,‘ only vibration [2w, — w] takes place for the reason that 
equations of motion take such forms as indicated in (5). 

Behavior of Vibrations and Shape of Vibratory Waves. Now putting 


2a, —w = Bw, (8) 
we obtain the following relation 
Bi = 2a, -_ 1, (9 


because w, = a,w. The value a, is always smaller than 1/2, hence 
B, takes a negative value and vibrations [Bw] = [20, — w] be- 
come backward precession. For a self-aligning double-row bal! 


cos (2a, — w)t, | 


| 


(AyA: a 2w) w)?! AaA, + AyB;) | 


= B, cos wl 


where 
mew?}6 + 


- ma?) + — 


—mew*y 
(a — mw?) + (U1, — 


By putting sin in place of cos in (6) the solutions for y and @, are 
obtained. The first term on the right-hand side of (6) gives the 
common forced vibration induced by e, and the second term 
represents vibration — 

If Fig. 10 should become more irregular, the terms of sin nat 
and cos nw,f (n is any integer) may also be included in (5), and 
the vibrations [nw, + w] may appear. But it would seem that 


202 / sune 


1959 


cos (2a, — wit 


{a — m(2u, — w)?} (6 + (2a, — w) — — 7? 


bearing with 0.394 in. bore, a, is equal to about +1/2.65, hence 
8, approximates —1/4.1, and vibrations take the following 
forms: 


zr = Acosat + B cos Bwt = A cos wt + B cos 


(10) 


y = Asinwt + Bsin Bwt = A sinwt — B sin 4 1% 


Only amplitude B builds up and forms the peak of critical speed 


3J. P. Den Hartog,‘‘ Mechanical Vibrations,” fourth edition, Me- 
Graw-Hill Book Company, Inc., New York, N. Y., 1956, p. 339. 

40. Féppl, ‘“Kritische Drehzahlen rasch umlaufender Welle,” 
Zeilschrifi des Vereines Deutscher Ingenieure, Band 63, 1919, p. 886. 
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Fig. 12 Vibratory waves of vibration [- = [Bio] 
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w, Where vibration [8,w] increases. An example of vibratory 
waves is given in Fig. 12. Since §, is negative, the locus of the 
disk center becomes hypotrochoid, as is shown in Fig. 13, where 
the interval between one double-circular mark and the next 
means one revolution of shaft. 

Results of Experiments. As we see in (6), amplitudes of vibra- 
tion [2w, — w] increase with increase of eccentricity e. Figs. 
14(b) and (c) make this fact experimentally plain. The disk 
in Fig. 14(c) has a larger eccentricity than that in Fig. 14(b), 
all other conditions in both cases being the same. Amplitude B 
of vibrations |G,w] in Fig. 14(c) builds up larger than that in Fig. 
14(b). 

The substantial cause of Aa, and so on, is the difference itself 
in diameters of balls, although the magnitudes of Aa, and so on, 
may also be affected by radial clearance and by the order of 
arrangement of balls; therefore, generally speaking, it may be 
expected that Aa, and so forth, increases with the greater dif- 
ferences in diameters of balls. In Fig. 14(6), the difference in 
diameters of balis is larger than that in Fig. 14(a); with larger 
differences in diameter, amplitude B is larger. 

Clearly the magnitude of directional nonuniformity of stiffness 
Aa, and so on, is influenced not only by the difference in ball 
diameters but also by the order of arrangement of balls. The in- 
fluence of the order of arrangement of balls is clarified in Fig. 15 
where the difference in diameters of balls in the lower ball bearing 
is artificially enlarged. In Fig. 15(a) two larger balls are inserted 
side by side, and in Fig. 15(b), they are put at 180 deg; viz., in 
positions 1 and 5’ in Fig. 7. It is evident that Fig. 15(b) has am- 
plitudes larger than those of Fig. 15(a). 

An experiment in which considerably large amplitudes appear 
is given in Fig. 16. In ball bearing used in Fig. 16(a@), although 
balls are inserted at random, amplitudes are considerably larger 
than those in other experiments because of the larger difference 
in ball diameters. In the ball bearing used in Fig. 16(b), balls 
are arranged symmetrically as shown in Fig. 17; viz., the larger 
balls are inserted in positions directly opposite each other and 
the smaller ones also directly opposite at right angles to the 
larger. In this case, the peak of the critical speed wy builds up 


£15 
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St } j 
2 

4a 

1.9 2.0 2.1 22 2.0 21 1.6 1.9 20 2 

@.rpm @.rpm x 103 
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Fig. 14 Peak at w, (effects of difference in ball diameters and eccentricity 
e). €, € = difference in diameter of ball in upper and lower ball bearing 
in 10~‘in., respectively. Disk: diam = 19.00in., thickness = 0.250in., 
weight = 17.21 Ib; shaft: length = 20.01 in., diam = 0.468 in.; position 
of disk a:b = 3:7. 


28 29 28 29 3.0 
rpm x 103 


(a) (b) 


Fig. 15 Effects of the order of arrangement of balls. Disk: diam 
14.20 in., thickness = 0.559 in., weight = 16.15 Ib; shaft: length 
19.95 in., diam = 0.472 in.; «, ..... 10~*in. 
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Fig. 16 Considerable peak at w,. Disk: diam = 19.00 in., thickness = 
0.250 in., weight = 17.21 ib; shaft: length = 19.92 in., diam. = 0.439 
in.; €1, 10~‘in. 


considerably so as to make the shaft strike the guard ring vio- 
lently. 

Location of Critical Speed. In Fig. 9, the abscissa of point c, on 
which the straight line p = 8, cuts curve III, gives the critical 
speed w,. As we see in Fig. 9(a), a straight line p = 8w cannot 
only cut curve III but can cut curve IV also; then two critical 
speeds w, can appear. In the simple case a = b, the criti- 
cal speed wy is unique and is equal to |p/8, as shown in Fig. 9(5). 
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The more nearly the disk is mounted to the end of the shaft, 
the more nearly the critical speed w, approaches the major critical 
speed w,, and consequently w, is not always larger than w,. This 
is in direct contrast to the fact that w, is always larger than w,. 
In fact, in a:b = 1:4, the peak of the critical speed w, appears 
near the major critical speed w, as shown in Fig. 18. 

To summarize, the vibrations of [8,w] of backward precession 
occur because of the difference in stiffness rotating with w,, and 
the differences in stiffness are produced by the differences in 
diameter of balls. Amplitudes of these vibrations are influenced 
by magnitudes of differences in diameters and the order of 
arrangement of balls. Critical speed w, nearly always appears 
when ball bearings on the market are used. 
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Fig. 18 Disk: diam = 19.00 in., thickness = 0.250 in., weight = 
17.21 Ib; shaft: length = 19.98 in., diam = 0.462 in. 


Vibrations [a,w] and [8,w] necessarily come into question for 
the shaft at high speed. 
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Control Systems 


When a feedback system is devised to control a mechanical member that is structurally 
limber, unstable (‘‘self-excited”) vibrations may be encountered at approximately a 
natural frequency of the structural member. Cures are generally easy to effect once 


the phenomena are understood. Two interesting cases are described: ground 
vibrations of an airplane control system due to a limber fuselage, and vibrations of a 
stable platform system due to limberness in the platform structure. The investigations 
are carried out using the root-locus technique, which provides a plot of system charac- 
teristics as explicit functions of control strength. In the case of the stable platform, the 
analysis ts found to be more reliable than physical intuition. 


A MOST common type of control system consists of 
a mechanical element being positioned by a “feedback”’ device. 
Sometimes the element is structurally limber. In such cases it 
may be found that if the “gain’’ of the feedback is made too large 
unstable vibrations ensue at approximately the natural fre- 
quency of the mechanical element. Such cases are additional 
2? (along with air- 


examples of the classic “‘self-excited vibrations 
plane wing flutter, galloping transmission lines, and hunting 
steam-engine governors). 

When several degrees of freedom are present the dynamic rela- 
tions describing a control system may lead to a ‘characteristic 
equation” of fourth order or higher. The classical procedure for 
predicting the behavior of the system in terms of its parameters 
is to interpret the characteristic equation by the method of 
Routh, which vields relations between parameters just at the 
point of neutral stability. This methed is very effective for de- 
termining the stable limit in third and fourth-order systems. For 
fifth order and above it becomes quite involved. 

In cases, such as feedback systems, where the characteristics of 
each of the elements appear explicitly in the over-all characteristic 
equation, the newer “root-locus’’ technique* usually leads to 
rapid solution of higher-order systems. Moreover, the syst-m 
characteristics are given explicitly for all values of the control 
parameter, 

The method is demonstrated in the following for two interesting 

! Presented as a sequel to an earlier paper by R. H. Cannon, Jr., 
“Vibration Analysis by the Root-Locus Method,"’ Third U. 8S. Na- 
tional Congress of Applied Mechanics, ASME, 1958, pp. 95-100. 

2J. P. Den Hartog, ‘‘Mechanical Vibrations,”” McGraw-Hill 
Book Co., Inc., New York, N. Y., 1956, chap. 7. 

§Tbid., and M. F. Gardner and J. L. Barnes, ‘Transients in Linear 
Systems,"’ John Wiley and Sons, Inc., New York, N. Y., 1954, 
p. 197. 

*The root-locus method is explained by its inventor, Walter R. 
Evans, in “Control-System Dynamics,"’ McGraw-Hill Electrical and 
Electronic Series, McGraw-Hill Book Co., Inc., New York, N. Y., 
1954. Use of the method in vibration problems is deseribed in 
reference, footnote 1 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of THe American Society oF MECHANICAL ENGINEERS 

Diseussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 


until July 10, 1959, for publication at a later date. Discussion re- 


ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, February 26, 1958. Paper No. 58-——A-65. 
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examples.° The first involves troubles which can arise when an 
autopilot is installed in a limber aircraft in such a way that struc- 
tural flexibility becomes inertially coupled into the control system 
to produce unstable airframe vibrations. 

The second problem concerns determining where to mount in- 
struments on a stable platform so as to avoid unstable vibrations 
due to flexibility of the platform structure. 


Control Coupling in a Limber Aircraft 


One type of unstable vibration that can occur when the struc- 
ture of an airplane is limber has been well known tor some time 
It is called “flutter” and is produced by a steady stream of air 
over a wing or other flexible aerodynamic surface. 

When an automatic control system is installed in a limber air- 
craft, another type of unstable vibration can result, even in the 
absence of aerodynamic forces: the fuselage flexibility can 
become inertially coupled into the control system to produce 
unstable vibrations even when the craft is sitting on the ground. 
Once they occur, such phenomena are usually easy to correct 
but « priori prediction of them is highly desirable. 

For demonstration, consider a special-purpose control system 
that was developed for an interceptor aircraft.6 Need for the 
special control arose because rapid maneuvering of the airplane 
was found to produce uncomfortable accelerations at the cockpit 
Since an automatic control system was already present for posi- 
tioning the rudder, it was proposed to measure the unwanted air- 
plane motion and to produce—via the rudder ‘“‘servo"’—an aero- 
dynamic force to oppose it. Specifically, an accelerometer was to 
be located at the cockpit which would call for rudder deflections 
in the proper direction to nullify its signals, and thus give the pilot 
a more comfortable ride. 

Control Requirements. Since the topic under discussion is the 
structural coupling problem, rather than the aerodynamic de- 
sign study, the results of the latter will merely be stated. Briefly, 
it was found from a rigid-body analysis of the airplane dynamics, 
Fig. 1, that good “side force alleviation” could be obtained by 
arranging the rudder servo to produce a starboard rudder position 
in response to port acceleration, the gain of this control loop being 
about 60 deg of rudder per g of lateral acceleration. 

To investigate the structural coupling problem we must first 


* The examples are based on work done at Autonetics, a Division of 
North American Aviation, Inc., Downey, Calif. 
‘The inertial coupling problem is encountered even more fre- 


quently in missile control systems, with both aerodynamic and 


rocket-engine steering. 


1959 / 205 


5. 


4 

ae 

of 

‘ 

< % 
= 


+> 


ACCELERATION 


INERTIAL FORCE 
ON PILOT 


_ RUDDER FORCE 


Fig. 1 Airplane 


establish the differential equations relating rudder motion and 
fuselage vibration. We must also make an assumption about the 
dynamic response of the rudder servo system. Then we can calcu- 
lute what the dynamic characteristics of the over-all system will 
be when the rudder servo is installed in the fuselage and is con- 
trolled by an accelerometer attached to the fuselage. These steps 
will now be taken in turn. 

Structural Dynamics of the Fuselage. The limber fuselage, 
vibrating in its first bending mode, behaves as a simple second- 
order system. This can be shown, for example, by applying the 
Lagrangian technique using, as a generalized co-ordinate, 
the magnitude of first bending mode. Alternatively, the form of the 
fuselage dynamics can be deduced with less elegant mathematics 
using the model of Fig. 2(a), where, for simplicity of calculation, 
the mass of the fuselage has been lumped in three equal masses, 
M/3. The fuselage is shown in its first bending mode, wherein 
the central mass moves a distance 2z in one direction and the 
other two masses move a distance z in the other direction (so that 
the center of gravity remains stationary). If the mass of the 
rudder, m, is very small compared to M, the rigid-body rotation of 
the fuselage can be neglected and the bending can be calculated 
by considering —from symmetry—-that the center of the fuselage 
is the “built-in” end of a cantilever beam. In the absence of aero- 
dynamic effects (e.g., with the vehicle on the ground) the forces 
and moments on the cantilever are purely inertial as shown in Fig. 
2(b). Then from the usual cantilever-beam formulas, the deflec- 
tion of the fuselage will be 


n — (1) 


in which r is the distance from the hinge to the center of gravity of 
the rudder, and p is the radius of gyration of the rudder. Group- 
ing terms, and letting 
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Fig. 2 Model of limber airplane 


MI 


Wo? 


(the natural frequency of the first bending mode of the fuselage). 
(1) becomes 


r+(3 
M/3 2 


Actually, there will be some structural damping in the fuselage. 
Let this be represented by the usual symbol, ¢: 


+ 2tust + m 
2 = — 
M/3 2 


l 


This equation may be put in “operational” form—for easier 
combination with the expressions for other elements of the sys- 
tem—by assuming that motion 6 will be of the form 6 = Ae", 
and “guessing” that the solution of (2) will have the form z = 
Xe*'. Substituting these expressions into (2) leads to 


m 3 p? 
M/3 2 


which also can be written in the form of a ‘transfer function”’: 


m 3 p > 
M23 [r+ € 


8? + + wo? (4) 
Setting A = 0 in (3) leads to the characteristic equation of the 
fuselage structure 


(s? + 2fwos + wo?) = (s + o + jw)(s + o — jw) = 0, 


the roots of which—s = —o — jw, s = —o + jw—are the 
characteristics of natural transient vibrations of the fuselage; 
that is, w is the natural frequency and o the damping constant. 
These are shown in a standard complex-plane plot in Fig. 3. 

Rudder Servo Dynamics. The rudder-positioning servo is gen- 
erally a ‘“‘second-order”’ system, also; that is, the differential equa- 
tion relating input signal 6,, to actual rudder position, 5, has the 
form 


16 + C5 + Ké = Ké,, 


in which the “spring” force A is furnished by a “feedback loop.’ 
With 

2(KI)'/* 


we, = = 
+ 20,005 + wd = w,6, 
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Fig.3 The complex plane 


Again, guessing that 6, = A,e"t, a transfer function is obtained 
for the rudder servo: 
A Wo,? 


A, + + Wor? 

Complete System. The complete ‘‘side-force alleviation 
loop” is shown in Fig. 4. The rigid-body acceleration of the air- 
craft is sensed by the accelerometer. The accelerometer signal, 
amplified by the amount A, is sent into the rudder servo which 
produces a proportional rudder deflection 6, according to the dy- 
namics of (5). But in addition to sensing rigid-body motions, 
the accelerometer senses some portion, kxr—depending upon its 
location—of the bending of the fuselage. Typically, if the ac- 
celerometer is placed at cockpit location C in Fig. 2(a), the trans- 
fer function from rudder deflection 6 to accelerometer displace- 
ment kz has the same form as (4), the sign being negative and the 
combined constant being of the order of 1/30 in/rad. This trans- 
fer function is inserted at the proper place in Fig. 4. 

The characteristic equation for the complete system of Fig. 4 
is then 


+ + wy?)(s? + 20 wos + wor?) 


A 
+ - | =O (6)? 
30 


7 This result can be obtained, alternatively, by considering the in- 
dividual differential equations in the classical form: 


3 


Rudder servo: 6 + + word = wor%a 
Controller: 64 = 


and guessing that the solution is x = Ne", 6 = Ae, 6g = Aue". 
This then leads to a set of simultaneous equations: 


m 3p 
(s? 4 +X + ) 
(s? + 2 ,wors + wor)A — wor*Agd = 0 
ks*AX — Ag = 0 


from which A and Ag can be eliminated to give (6). 


Journal of Applied Mechanics 


Fig. 4 Rudder-control system 


Fig. 5 Stability of rudder-control system 


Equation (6) is the ‘characteristic equation’’ of the system of 
Fig. 4: The values of s which satisfy it constitute the characteris- 
tics of its transient motions, each imaginary part giving the fre- 
quency, and the corresponding real part the rate of decay of one 
motion. 

Root-Lecus Plot. The roots of (6) can be obtained quickly from 
a root-locus plot. The equation is first put in the form 


30 (s + + + + jo,) 


Wor? s‘ 


= —A (7) 


in which (s + o + jw) is understood to mean (s + @ + jw)(s + 
g@ — jw). Next, the (complex) values of s which make the left- 
hand side of (7) zero are plotted as X in a complex plane, Fig. 5 
These values are s = —o — jw,s = —o + jw, ands = —o, — 
jw,, 8 = —o, + jw,. These are, of course, the individual dy- 
namic characteristics (‘‘poles’’) of the limber fuselage, Fig. 3, and 
of the rudder system, and would be well known. The values of s 
which make the left-hand side of (7) infinite are also plotted in 
Fig. 5,asO. These consist of four terms, each of whichis s = 0. 
They are the “zeros’’ of the open-loop system. 

The next step is to construct the loci of all values of s for which 
the net “phase angle’ of the left-hand side of (7) is 180 deg. 
(This is to match the — sign on the right-hand side.) Finally, a 
value of A is assigned for each point of interest on the loci [to 
match the magnitude of the right-hand side of (7)]. The values 
of s so obtained are the roots of the characteristic equation—(6) or 
(7). 

The loci of the roots of (7) are plotted in Fig. 5. (With a little 
practice such loci can be found very quickly by trial and error 
Details of locus sketching are given in an earlier paper.' Several 
short cuts further speed the process.*) 

Interpretation of the Plot. The loci of Fig. 5 are seen to ter- 
minate at the X andO. Points X correspond, of course, to the 
case A = 0, wherein the system characteristics are simply the 
characteristics of the individual elements, because there is zero 
feedback. As A is increased from zero the corresponding points 
in Fig. 5 progress along the loci in the direction of the arrows. 

A point of great interest is, of course, the value of A for which 
the locus crosses the imaginary axis, for this is the point of neutral 
dynamic stability. (It is this single value of A that is given by 
the method of Routh.) 
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For the actual system this value of A was found to be much 
too low to give effective side-force control. Fuselage vibrations 
would ensue at nearly the fuselage bending frequency if this sys- 
tem were used. 

The simplest solution to the structural coupling problem in this 
case is to move the accelerometer to a more favorable location. 
For example, if the accelerometer could be put exactly at a vibra- 
tional node, Fig. 2, then no coupling would take place (k = 0 in 
Fig. 4). If this point is inaccessible or is not precisely known, the 
next best thing is to move the accelerometer to a point in the nose 
of the airplane, forward of the node, where the fuselage vibration 
will be interpreted by the accelerometer as a starboard (rather 
than port) rigid-body acceleration of the fuselage. This changes 
the sign of the accelerometer transfer function from (+ ) to (—) in 
Fig. 4 and causes the loci of Fig. 5 to move in a more stable direc- 
tion, thus permitting the desired magnitude of control gain A. 

In the actual system with the accelerometer in the nose, the 
control gain A was set at about 60 deg of rudder per g of lateral 
acceleration, which resulted in much improved lateral accelera- 
tion characteristics at the cockpit with no structural coupling or 
other unfavorable effects. 


Structural Coupling in Platform Stabilization System 


A stable platform is an apparatus used to maintain reference 
angles, in inertial space, for such systems as inertial autonaviga- 
tors. In some systems gimballing is made more compact—as 
represented in Fig. 6—by arranging the platform in two parts, 
connected by a “post’? which serves as the “inner gimbal.” 
Fundamentally, the system for controlling the spatial attitude of 
the platform consists of an angular-motion sensor to detect plat- 
form rotation and a torquer to apply corrective coercion. 

Suppose, for illustrative purposes, that a “position’’ gyro is the 
sensor and that an electric motor is used for applying corrective 
torques. The control equation then would be, basically: 7’ = 
—Ag,, where @, is the rotation of the upper table (which is 
sensed by the gyro), 7’ is the corrective torque applied by the 
motor, and A is the control “‘gain.’”’ As a practical matter, it is 
necessary to include in the control loop a network for supplying 
“dynamic lead,’’ so that a more realistic control equation would 
be: 


(ts + 1) 


T 
a( + 
a 
in which @ is larger than 1. 


The azimuth post has some limberness to it, A, so that the dy- 
namic equations of the platform itself are obtained by summing 
the torques on the upper and lower tables, respectively: 

+ Cs + — (Cs + = 0 
—(Cs + + (8? + Cs + = T (9) 


—A (8) 


For the control arrangement shown, the transfer function of in- 
terest is that relating rotation ¢@, to applied torque 7’; 


_ A(Ce+K) 
+ Cs + K)(Ies? + Cs + K) — (Cs + K)? 
the denominator of which is, as usual, the characteristic equation 
of the platform. This particular denominator can be factored 
explicitly by simple algebraic cancellation to give: 
C K 
T jw) (10) 


*R. H. Cannon, Jr., and D. P. Chandler, “Stable Platforms for 
High-Performance Aircraft," Aeronautical Engineering Review, vol. 
16, December, 1957. 
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Fig. 7 Platform control 


The s* term represents the first ‘natural mode of vibration” in 
which the entire platform moves as a rigid body. The other 
vibratory mode consists of contrary rotations of the upper and 
lower tables, the center of the post being stationary. Typically, 
if 7; = J, the natural frequency of this mode involves half the 
length of the post: 


w = (2K/1)'* 


The control loop can now be drawn as in Fig. 7 where the ap- 
plied torque T is generated from measured rotation @; according 
to (8), and produces in turn a vibration ¢@ in accordance with 
(10). The characteristic equation for the closed-loop system is 


T 
+ + jw) ( s 
a 


hl. s+ (rs + 1) 


= —A 


Again, the locus of values of s which satisfy the characteristic 
equation is plotted, for increasing A, in Fig. 7. As with the limber 
fuselage problem, the platform control system goes unstable for 
an intolerably low value of control gain A. The situation is 
remedied in practice by moving the torquer from the lower to the 
upper table in Fig. 6. This causes torque 7 to appear in the 
first of equations (9) instead of the second and results in a transfer 
function: 
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(8 + + jur) 
+ o + jw) 
instead of (10). When this transfer function is inserted in the 
control block diagram, Fig. 8, the characteristie equation then 
becomes: 


se + jw)(7 8 +1) 
ha 
(s + + + 1) 

and the locus is plotted in Fig. 8, where no instability of the vibra- 
tional mode occurs even when control gain A becomes very large. 

As a matter of interest, the frequency @:, in the numerator 
term of the platform transfer function of Fig. 8, involves the lower 
table vibrating on the entire post K, and is therefore only 0.707 
as much as frequency w of the combined vibration. This is indi- 
cated by the relative location of the complex X and O in Fig. 8. 

Fallibility of Intuition. It might be argued on an intuitive 
basis that the system of Fig. 6 would always be more stable 
with the motor on the same table as the gyro. In order to 
east some doubt on the intuitive process, consider the control 
system in Fig. 9, in which the position gyro has been replaced by 
a position-integrating gyro; i.e., one whose output is propor- 
tional to the integral of the upper table motion ¢@,. The plat- 
form transfer function in Fig. 9 is for the motor on the same table 
as the gvro, expression (11). 

More “‘lead”’ 


(rs + 1)* 


as st+l 
a 


has been added to the controller to offset the additional lag of the 
gyro. The characteristic equation for the closed-loop system is 


now: 
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Fig. 9 Platform control with integrating gyro 


r 3 
+0 + +1) 
—=-A 


(8 + + + 
which leads to the root-locus plot shown in Fig. 9. The system 
becomes unstable for a relatively low contro] gain A. The indi- 
cated remedy in this case would be to try deliberately putting 
the motor on the lower table with the gyro still on the upper table. 
This particular problem came up in a recent platform develop- 
ment and was solved by that very measure, the correctness of 
which had been indicated by a root-locus analysis similar to 
Fig. 9. 


Conclusions 


The two cases treated in the foregoing are typical of control- 
system stability problems, which commonly involve several dy- 
namic elements coupled together in a simple manner. It is seen 
that each dynamic characteristic (root) of the complete system 
is associated with the characteristic (pole) of one of the ele- 
ments, the former differing from the latter—in frequency and 
damping—to a degree depending upon the strength of the con- 
trol feedback. Structural elements usually have such light in- 
herent damping that special precaution must be exercised to insure 
that the system roots move away from the elemental poles in a 
direction of increasing (rather than decreasing) damping. In 
the particular problems discussed this was accomplished by ap- 
propriate location of the sensing element of the control system 
with respect to the bending mode of the structural element 

The root-locus technique is found to be well suited to analyzing 
this type of problem. It presents explicitly a picture of the way 
in which the system roots change-—with respect to the poles of 
the elements—as the control gain is increased. Not only the 
existence of stability or instability, but the actual degree of 
damping can be read directly, and the effect of altering system 


parameters can be seen at once. 
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Carrying Any Number of Finite Masses 


A general method is presented for determining approximately the natural frequencies of 


the normal vibrations of a uniform plate carrying any number of finite masses. Its ap- 
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plication depends on knowing the frequencies and natural modes of vibration of the un- 
loaded plate and the physical characteristics of the mass loadings. A numerical ex- 
ample is presented in detail in which this method is applied to a simply supported plate 
carrying two masses. Results also are included of experimentally measured frequencies 
for this configuration and several additional cases along with the frequencies computed 


using this method for comparison. 


Introduction 


- problem of determining the natural frequencies of 
oscillation of a continuous elastic structural element restricted in 
its free movement by some type of intermediate constraint finds 
particular interest in the field of vibration isolation. The vibra- 
tions of elastic beams subjected to a great variety of constraints, 
intermediate to the end supports, has been treated in considerable 
detail by Lee and Saibel [1, 2].2 This paper presents an adapta- 
tion of the solution of the problem of the vibrations of a uniform 
plate with point constraints, which was reported by Winston PF. 
Lee in his doctoral thesis [3]. The solution has been extended to 


The research underlying this paper was supported in part by a 
U.S. Air Force contract from the Rome Air Development Center with 
Carnegie Institute of Technology. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of THe AMERICAN SocieETY OF MECHANICAL ENGINEERS. 


the vibrations of a uniform flat plate constrained by any number 
of finite masses rigidly attached to it, taking into account the 
effects of both their translational and rotational inertias. The 
application of this method depends on a knowledge of the natural 
frequencies and modes of oscillation of the unconstrained plate. 
In many cases these either will be known exactly or can be ap- 
proximated sufficiently well, which makes the method useful in 
treating plates with many combinations of edge supports. 


Theory 


The differential equation for small free vibrations of a homo- 


Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, November 21, 1957. Paper No. 58—A-28. 


Nomenclature 


time and space-dependent 
normal deflection of 


plate, in. sec 
natural circular frequency 
of loaded plate, radians 


space-dependent normal 
deflection of plate, in. 


of rsth mode of un- 
loaded plate, radians per 


mass moment of inertia of 
a mass about X and Y- 
axes of that mass, Ib 
sec? in. 


Vy, Vy, Vz components of linear ve- 
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rectangular co-ordinates in 
plane of plate, in. 

length and width of plate, 
in. 

plate thickness, in. 

Poisson’s ratio for plate 
material 

modulus of elasticity, psi 


flexural rigidity of plate, 


in-lb 
mass density of plate per 
unit area, lb sec?/cu in. 
value of eigenfunction of 
the rsth mode of the 
unloaded plate at posi- 
tion x, y (in/Ib see?)'/? 
natural circular frequency 


1959 


per sec 

time, sec 

shape coefficients «associ- 
ated with w(in. lb see?)'/? 

time-dependent shape co- 
efficient (in. Ib sec?)'? 

total strain energy of 
bending in plate, in-lb 

total kinetic energy of 
plate, in-lb 

rectangular co-ordinates 
passing through center 
of gravity of mass and 
parallel to 2, y co-ordi- 
nates, in. 

axis perpendicular to plane 
of plate, in. 

total mass of a body at- 
tached to plate, lb sec?/ 
in. 


locity of the center of 
gravity of any mass, ips 
rotation of mass with re- 
spect to Z-axis, radians 
perpendicular distance 
from plate to center of 
gravity of mass, in. 
mass moment of inertia 
about the z and y-axes at 
base of mass, lb sec? in. 
inertia and eigenfunction 
forms defined in Equa- 
tion (22) 
Kronecker delta 


R, ’ = 


6 
Subscripts and Superscripts 


i,j,k,m = refer toa given mass 
z,y = represent first partial deriva- 
tives with respect to z and y 
separately 
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geneous flat plate of uniform thickness with no constraints other 
than at the boundaries is given by 


DYV‘w + pid = 0 (1) 


The deflection w in any natural mode may be expressed in the 
form 


w = W(z, y) sin wt (2) 
where W(z, y) must satisfy the equation 
DV‘W — = 0 (3) 


The solution to Equation (3), subject to the usual natural bound- 
ary conditions for a plate, is a complete set of eigenfunctions (nor- 
mal modes of oscillation) ¢,,(z, y) and eigenvalues (natural circu- 
lar frequencies) w,,. These eigenfunctions will be orthonormal, 
satisfying the relations 


Sf pd,,*drdy = 1 
A 
ff f 06. = 0 rs r’s’ 


A 


(4) 


Now consider a plate on which are mounted a number of finite 
masses. In free vibration the total energy of the system at any 
time is composed of the kinetic and potential energies of all its 
parts. In this analysis the only potential energy considered will 
be the strain energy of bending of the plate. This can be ex- 
pressed in terms of the deflection of the plate by the relation 


J UN oy? Ox? Oy? 
A 
O*w \*| 
21 »drdy (5 


Since the eigenfunctions for the unloaded plate form a complete 
set, the deflection of the loaded plate in a natural mode can be ex- 
pressed in terms of these known functions in the form 


w= a,,,,(Z, y) sin wt (6) 
r=1 s=1 


Substituting any one term of (6) into Equation (5) yields the 
potential energy associated with a particular @,, 


Un= saint ot ff + 
A 


+ 2 + 21 > dxrdy (7) 


Integrating the expression on the right side of (7) twice by parts 
and making use of the natural boundary conditions for the plate 
results in the following simplification. (See Appendix for de- 
tails of the integration. ) 


D 
U,, = a,,? sin? wt *,,drdy (s 
A 


Since the eigenfunctions ¢,, satisfy Equation (3) then 


Substituting (9) into (8) and making use of Equation (4) gives 
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(10) 


a,, = a,, sin wt. 


The total potential energy is obtained by summing Equation 
(10) with respect to r and s: 


vot (11) 
2 r=ls=1 


The kinetic energy of the system will be expressed in two parts; 
i.e., the kinetic energy of the plate and the kinetic energy of the 
finite masses attached to the plate. Mathematically the kinetic 
energy of the plate may be expressed by 


pjo 
A 


Using w as given in Equation (6), performing the indicated opera- 
tions, and making use of Equation (4) the kinetic energy of the 
plate is reduced to 


T = ; > (13 


r=l1s=1 
where 


Od,, 


For small vibrations the kinetic energy of a cylindrically shaped 
mass attached to the plate is given by the product of one half 
its mass and the square of the plate velocity at the point of attach- 
ment plus the sum of the products of half its moment of inertia 
about its base and the square of the angular velocity of the plate 
in two perpendicular directions at the point of attachment. Re- 
ferring to Fig. 1 with the X and Y-axes drawn through the center 
of gravity of the mass, its kinetic energy assuming no rotation 
about the Z-axis is given by 


| 
| 


Axis orientation for cylindrical body 
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For small deflections the following expressions may be con- 
sidered true: 


Ow 
Or 
(= 
c 
oy 
Making use of the foregoing expressions, Equation (14) can be 


written in the form 
1 dw \? dw 
2 ( ot ) ( oy 
jo ow \t? 
2 


I, + Me, 1, = 


T= 
2 °* 


(15) 


where 


ly + Me? 


For masses not having a cylindrical shape, Equation (15) is still 
a satisfactory approximation for the kinetic energy in most cases. 
Making use of Equation (6) the three terms of Equation (15) for 
the ith mass on the plate become 


Vi 


4,,,.7(2;, if 


| 
2 | 
f 
| 


2 | 


) 


The sum of expressions (16) then represents the total kinetic 
energy of the ith mass. 

Assuming a conservative system, the equation of motion govern- 
ing the plate and attached masses can be obtained from the 
previously developed kinetic and potential-energy expressions by 
making use of Lagrange’s equation in the following form: 


dt oq oq 


It is convenient in this application to choose the generalized co- 
ordinates q to be equal to 4,,. 

Substituting the potential energy of the plate given by Equa- 
tion (11) and the total kinetic energy of the system given by the 
sum of Equations (13) and (16) into Equation (17), the equations 
of motion of the system consisting of a plate to which are at- 
tached n finite masses become 


i=1 r=] s=1 


(17) 


@ 


+ 1 Yi) Yi) 
Tr 


=1 s=1 


@ 


r=1 s=1 
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Equation (18) is now solved for a,, by first substituting for 4,, 
and G,,, and then dividing through by sin wt, making use of the 
relations 


r=1 s=1 


W(2i, yi) = > i) 


r=lse=1 
| 


r=1 s=1 


W(24, yd) 


n 


w? 


Consider now both sides of Equations (20) multiplied by 
y;), and @*(z;, ys) successively and summed on r 
and s. Performing this operation and making use of relations 
(19) yields the following three sets of equations: 


n 


W(z,;, y;) = w? 


i=1 


2 
r=1s=1 Wr, 


W(x;, yi) 


W(z;, wh 


- a 


) 


(z;, Yi) 


2. 


r=1 s=1 


— 


Yi) 


— w? 
Equations (21) represent a system of 3n homogeneous linear 
equations in the 3n unknowns W(z,y;), W*(x,y;), and W(2,y;). 
The condition for the existence of a nontrivial solution requires 
that the determinant of the coefficients of the unknowns of the sys- 
tem be zero. This determinant is the frequency equation of the 
system. 
For convenience let the following notation be adopted: 
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| 
Vz = Ot B= 
i 
— 
— 
r=] s=1 re 
I @ @o n 
‘= s= i=1 
@ @ = 
2 (a1 (21) 
r=1 s=1 re 
y) = w 


represent the number of the row of the determinant and v the 
number of the column. 
Ye) = Yo) foru = 3k —2 
= Ye) foru = 3k — 1 
= @..%(2,, foru = 3k 


= Ym) for v = 3m — 2 | 
= Ym) for v= 3m l 
(22) 
= Dre“(Lmy Ym) for v = 3m 
m= 1,2,3,....” | 
R, = M for v = 3i — 2 
=l, for v=3i-1 
=], for v = 
¢=21,2,3,...% 


In terms of the notation of (22) the determinant of the system 
of Equations (21) can be written in the form 


wR, > =0 (23) 
— w* 


r=1 s=1 


The solution of Equation (23) will vield n roots for w correspond- 
ing to the frequencies of the first n natural modes of vibration of 
the plate with attached finite masses. 


General Application 


Even with the eigenfunctions ¢,, known for a particular problem 
the solution of Equation (23) for the natural circular frequencies 
w presents two difficulties; i.e., the evaluation of a double infinite 
sum involving the unknown w, and the solution of a 3nth order 
equation in w.* The first difficulty is eliminated by approximat- 
ing the doubly infinite sum by a finite number of terms. Experi- 
mental verification of the method has indicated that usually only 
the first four eigenfunctions need be considered in determining 
the fundamental frequency of the constrained plate. The 
second difficulty is alleviated by making use of the matrix 
iteration method introduced by Dunean and Collar [4] for the 
solution of the frequency determinant. In applying this proce- 
dure it is found convenient first to multiply the frequency equa- 
tion (23) by (@),/w)*, the ratio of the fundamental natural fre- 
quency of the unconstrained plate to that of the constrained 
plate. The matrix for which the roots must be found will then 


be given by 


r=1 s=1 


R > ky Ye (24) 


Wir 


and the roots will be of the form 


(3 
w 

It is to be noted that the matrix itself (24) contains the un- 
known w. In practice, an approximate value for w must be as- 
sumed and the root of the resulting matrix found. If the com- 
puted value of w is the same as the assumed value, the correct 
root has been determined. If the two values are different, a new 
value must be assumed and the root recalculated. However, 
changing the value of the assumed w has a relatively small effect 
on the solution of the matrix so that even if a slight difference ex- 
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ists between the computed and assumed values, the computed 


result will be very close to the correct root. 

A first approximation to the fundamental frequency which in 
many cases is sufficiently accurate to be used in setting up the 
characteristic matrix (24) for finding the correct fundamental fre- 
quency can be obtained from the following expression: 


s=1 


Equation (25) is the root obtained from Equation (23) for the 
fundamental frequency when only the first eigenfunction in the 
double infinite sum is sed and the same approximations are used 
as in obtaining Dunkerley’s formula [5].* The formation and 
iteration of the matrix of Equation (24) is a process that can be 
readily programmed for a digital computer. This permits an 
accurate solution to the problem to be obtained very quickly and 
with little effort on the part of the analyst. To carry out the 
solution by hand is, of course, more laborious, but not imprac- 
tical. The calculated frequencies presented in the next two sec- 
tions were obtained using an IBM 650 to form and iterate the 


characteristic matrices. 


Numerical Example 


The method is now applied in detail to the problem of deter- 
mining the fundamental frequency of a simply supported rec- 
tangular plate carrying two cylindrical masses attached to the 
plate at locations B and D as shown in Fig. 2. The physical 
properties of the plate and the constraints are listed in the 
following table. An experimental setup of this system was used to 
check the calculated frequency. 


Plate Constraints 

a = 20 in. My, = 7.15 XK 107 lb sec*/in 

b = in Ip, = 21 X 107? lb sec? in. 

h = 0.091 in. Igy = 21 X 10~* lb sec? in. 
= 0.33 = 7X10" lb see? /in. 

E = 10.15 X 10° psi Ip. = 20 X 107 lb sec? in. 


p = 2.34 X 10~* lb sec?/in.* Ip, = 20 X 10 3 Ib sec? in 


For a simply supported rectangular plate the normalized eigen- 


functions are 


= 77, Sin sin (20) 
( 
(pad) a 


and the corresponding eigenvalues are given by 


D r? e* 
w,,” = — (Zi) 
p a’ b? 


From Equation (26) the first four eigenfunction values correspond- 
ing to the locations of the two masses are presented in Table | 


Table 1 Eigenfunction values 


ors 11 12 21 22 
14.65 20.70 0 0 
@*(D) 0 0 —4.58 —6.48 
¢"(D) 2.29 0 0 0 
¢(B) 14.65 0 20.70 0 
o7(B) 2.29 0 0 0 
o"(B) 0 -4.58 0 —6.48 


+A mathematical demonstration of the approximation involved in 
Dunkerley’s formula is due to Hahn (1918) and is referred to in [5]. 
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The eigenvalues corresponding to these four eigenfunctions are 
obtained from Equation (27) 


Wa = 687, wi = 687, We = 1083 


Using Equation (25), is found to be 4.26. This will give a 
high value for w since the poorer the approximation to the correct 
shape of the plate the higher the calculated frequency will be. 
To compensate for this a value of 5.26 is assured as a first trial for 
A. With this value the characteristic matrix, (24), becomes 


i 235 083 1.91 087 —0.33] 
0 0.12 0 —O11 0 0.06 
029 O 013 030 014 O 
185 —031 083 242 087 O 

0 


0 29 0 0.13 0.30 0.14 

Iteration of this matrix yields a root for \ of 4.51. This being 
considerably lower than the assumed value, several additional 
trials are made. The results follow: 


Trial Assumed Computed 
1 5.26 4.51 
2 4.76 4 61 
3 4.54 4.66 


On = 271, 


By linear interpolation \ is found to be 4.63. The computed 
natural frequency of the system is then 20 cycles per sec. This 
compares favorably with the experimentally determined fre- 
quency of 18 cps given in Table 4. 


Experimental Results 


A series of experiments was conducted on simply supported 
rectangular plates with masses attached to them in numerous 
positions to check the analytical results obtained from (24) and 
(25). Tests were performed on two aluminum plates, 20 in. X 20 
in. and 20 in. X 10 in., with an average thickness of 0.091 in. 
These plates were supported on knife edges milled from one edge 
of a section of angle iron, the other edge being firmly attached to 
a steel table. Since it was impractical to make the plate per- 
fectly flat and its own weight was not sufficient to keep it in con- 
tact with the knife edges at all points it was impossible to deter- 
mine experimentally the natural frequencies of the unconstrained 
plate. However, the addition of a mass of about 2 lb at the center 
of the plate did prove sufficient to keep the plate in complete 
contact with the knife edges while undergoing small oscillations. 
These oscillations were excited by lightly striking the masses in 
the direction transverse to the plate. The frequencies of the os- 
cillations were measured by an arrangement in which the move- 
ment of the plate produced an alternating voltage whose fre- 
quency was compared to a standard source. 


Fig. 2 Mass lo- 
cations on test 
plate 
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Three distinct sets of tests were conducted. The first consisted 
of the addition of a single mass, varying from 2 to 12 lb, to the 
center of each plate, location A in Fig. 2. In the second set a 
cylindrical mass weighing about 2?/, lb was placed at positions 
away from the center of the plate, locations B, C, and D. In the 
third set a second mass was added similar to that used in set 2 
and the masses were placed at the locations indicated in Table 4. 

The results of the tests carried out on the 20-in. X 20-in. plate 
are presented in Tables 2, 3, and 4 along with the computed values 
of the frequency obtained from Equations (25) and (24). Only 
the first four eigenfunctions were considered in the application of 
matrix (24). The results of the tests on the 20-in. X 10-in. plate 
are not presented here but were found to be comparable to those 
obtained for the 20-in. X 20-in. plate. 


Table 2 


Meas. f, Eq. (25), 
eps 
24.1 
18.5 
15.6 
13.8 
12.4 
11.5 


Eq. (24), 


eps 


Weight, 
Ib 


Location 


Table 3 

Meas. freq, Eq. (25), Eq. 
eps eps ‘| 
26.0 26.6 25.1 
28.5 30.9 7 


Weight, 
Location Ib Ib in. sec? 
B, D 2.75 0.021 
Cc 2.75 0.021 


(24), 


Table 4 


Eq. (24), 
eps 


Meas. freq, Eq. (25), 
cps eps 


Weight, 
Location Ib in. sec? 
A 0.020 
17.9 


15.5 18.2 


B 2.7 0.021 
D 0.020 

20.7 20.1 
B 3.7 0.021 


Discussion 


Comparison of the measured and computed 
Table 2 indicates a very close agreement between the two calcu~ 
lated frequencies and the measured values. This good agreement 
probably results from the fact that, with the plate constrained by 
only a single mass at its center, its shape, while oscillating, is very 
much like that of the fundamental mode of the unconstrained 
plate. This would account for the closeness of the simplified solu- 
tion and small change in the computed value even when three 
additional eigenfunctions are considered, Equation (24). It is 
to be noted that in all cases the more accurately computed fre- 
quency is the lower of the two calculated values and the closer ta 
the measured value indicating a better approximation to the 
exact shape. 

An investigation of the computed results presented in Table 3 
again shows the more accurate solution to give a lower frequency 
with a greater difference now appearing between the two caleu-~ 
lated values. This is to be expected with the mass away from the 
center, since contributions from the higher eigenfunctions will be 
required to obtain a better approximation to the oscillating shape 
of the constrained plate. The poorer agreement of the more ac- 
curate solution with the measured value in the first case in Table 
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frequencies in 


A 2 23.5 
A 4 18.0 
A 6 15.1 
A 8 13.2 
A 10 11.9 
A 12 11.8 
a 
| 
| 
| 


3 probably can be attributed to difficulties in experimental meas- 
urements. These will be discussed separately. 

In Table 4 the calculated results once again agree more closely. 
This is probably due to the added mass at the center of the plate 
which again brings into dominance the fundamental mode of the 
unconstrained plate. The more accurate solutions are still lower 
indicating a better approximation to the exact shape. These 
values do not agree as well, however, with the measured fre- 
quencies as in Tables 2 and 3. Nowhere, in any of the tests, is 
the best computed frequency in error with the measured value by 
more than 15's per cent. 

The differences which do exist between the computed and 
measured frequencies are in part due to difficulties encountered in 
the experimental setup. In order to support the plates on the 
knife edges properly, it was necessary to make them slightly 
larger than the nominal size. This itself would tend to lower the 
measured frequency. An additional factor to be considered is 
that the attached masses were not supported at a point as as- 
sumed in the theory but actually cover a finite area. This intro- 
duces an additional constraint which would further change the 
frequency. This effect becomes more pronounced when the mass 
is located away from the center of the plate and away from the 
point of maximum amplitude where a second mass may be located 
as the case is in Table 4. Of course, the measurement of the fre- 
quency itself will also involve some error. Variations in frequency 
of as much as 2 cycles were obtained from different tests of the 
same configuration. All things considered the agreement between 
the measured values and the computed frequencies using the ap- 
proximate method of analysis as presented appears quite good. 
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APPENDIX 


The reduction of Equation (7) to the form given in (8) is ac- 
complished by integrating each term on the right side of (7) by 
parts twice. Consider the first term integrated once with respect 
toz 


b Py : a 
f (se) y= | 29, dy 
0 or* Or jo 


f Oz? drdy (28) 
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Now integrating the second term on the right side of (28) again 
with respect to x gives 


re re re ty 
0 
f ay «ff Pre or‘ drdy 29) 
A 


In a similar manner the second term of Equation (7) can be in- 
tegrated by parts twice with respect to y to give 


drdy = — = 
Loy? oy Jo 
* | O'd,, 
+ drdy (30) 
A 


The third term of Equation (7) is separated into two parts and 
each is integrated twice by parts, one with respect to z, the other 
with respect to y: 


Qu 0°,, b Ka 
dz? Oy? de lo 
A 
~ dy 
| dydz? dx + 2u Ife re drdy (31) 


The last term of (7) is treated in a similar manner except that one 
part is integrated first with respect to z and then with respect to y, 
and the procedure is reversed for the remaining part. 


2(1 — = (1 — p) 1 
b 3, 7a 
0 Oroy Jo 
| 
+ (1 — p) dx 
9 LoOroy ox J 
a “1b 
f° dx 
0 oyor J0 


21 (32 
+ 2(1 a) y (32) 
A 


Consider the first term of the right side of (32). Since 


then this term can be expressed in the form 


b 2 a b a4 a 
0 Oxrdy Oy Jo 0 oroy? 0 


z=0, y=0 z=0,y=6 
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We 
if 
| # 
A 
& 
gr 
ae 

=, 
, 

Al 

if 

| 

= + 

x 4 
: 


The last two terms of (33) are zero, however, provided the edges 
are simply supported, clamped, or free. Similarly, the third term 
on the right of (32) becomes 


f [ or f Ee ae (34) 


Combining Equations (28) through (34) now gives 


oy? Or? =Oy? 


4 


— 
+ 2 
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Oz? oy? 


dy 
Oxrdy? 


3 6 
It dz (35) 
Oyor? 

All the line integrals in Equation (35) will be zero, reducing it to 
the form of Equation (8) providing all edges of the plate are either 
simply supported, clamped, or free or any combinations of these 
natural boundary conditions. 
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nical applications. 


Transients in Simple Undamped 
Oscillators Under Inertial Disturbances 


Single-degree-of-freedom systems acted upon inertial forces are often found in tech- 
In this paper we shall study the transients in the vibrations of the 
system due to a change in speed in the machine in which the inertial forces are generated. 
We shall state the problem in the most general case, and then study the starting and the 
stopping with constant acceleration. After giving the exact solution of the problem we 


shall derive very simple approximate formulas for the determination of the maximum 


Introduction 


I. 1s well known that frequently technical vibratory 
nuisances are caused by inertial disturbances. Rotating masses 
eccentrically mounted are typical instances of such disturbances. 

When a machine is in its normal working condition, the vibra- 
tions are stationary, or they may be, with a fair degree of approxi- 
mation, classified as such; in this case the analysis does not pre- 
sent any particular difficulty 

Transients, on the other hand, are of a more complex nature. 

An analysis of the transients occurring when a machine changes 
its speed may be an interesting technical point, especially when 
the machine is being started or coming to rest. 

It may happen that, during these transients, the frequency of 
the inertial disturbance is passing through the resonance of the 
system. 

The most typical and frequent example is given by a machine 
supported by springs in order to obtain a vibration isolation from 
its support. We know that in this case the natural frequency of 
the suspended system must be much lower than the disturbing 
frequency corresponding to the normal speed of the machine. It 
is then inevitable that, both in being started and coming to rest, 
the disturbing frequency becomes, at a given instant, equal to the 
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amplitude reached in these transients. 


natural frequency of the vibrating system. It is clear that when 
this happens the amplitude of the vibration may increase sensibly. 

In this paper we shall deal with inertial disturbances exciting 
an undamped single-degree-of-freedom system. It is a problem 
which presents some similarity to the one which has been studied 
by Péschl [1]! and still more completely by Lewis [2]. The work 
of the latter is partially related by Klotter [3]. 

These authors have studied the problem of single-degree- 
of-freedom undamped systems (Lewis also has studied the 
damped systems) excited by a force: 

F(t) = fo sin g(t), 
fo being a constant and g(t) = AZ?. 

On the contrary with inertial disturbances, also when the effect 
of tangential accelerations is not taken into account, the exciting 
force will be 

F(t) = f(t) sin 
i.e., still sinusoidal in the argument ¢(¢), but of amplitude variable 
with the time. 


Formulation of Problem 


Let us refer to the case schematically illustrated in Fig. 1: 
A rigid body of mass M is supported by the massless linear spring 
k and free to move only in the z-direction. This body is excited 
by the inertial forces caused by an eccentric mass m rotating 
around an axis at a distance r. 

Let ¢ = g(t) and g(0) = 0. 

The differential equation of motion is 


Mz + kr = F(t) = rm[¢* sin (g + — ¢ cos + ¢o)] 


1 Numbers in brackets designate References at end of paper. 


Nomenclature 


mass of vibrating system 


k = linear stiffness of spring 
m = eccentrically rotating mass 2d 


r = eccentricity of mass m 


steady-state angular veloc- 
ity of machine before 
transient 


celeration of machine 


dimensionless co-ordinate of 
envelope of &(t) 


n = (2A\t — w)|Q = “dimension- 
i »?? i i 
= angular acceleration or de- less time’’ in deceleration 
transient 


n = 2M/Q = _ dimensionless 


z = co-ordinate of vibrating sys- A(t) = indicial admittance of vi- : : 2 
tem brating system 
u= component in z-direction of C(z), S(z) = Fresnel’s integrals p = Q/(2rd)'/* = dimension- 
relative displacement of e = mr/M less characteristic pa- 
mass m with respect to Q = (k/M)'”* rameter 
M = 2/e = dimensionless co-or- = 


exciting force 


F(t) 
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dinate Wo = (wo?/4A) + Go 
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It is important to observe that the force F(t) is connected with 
the component ru in the z-direction of the displacement of m 
relative to M by the following relation: 


F(t) = —mri (1) 


in which 
u = sin (¢ + ¢o) (2) 


Consequently the equation of motion will be 
Mé + kz = —mrii (3) 


It is important to note that we have referred to the case of Fig. 
1 just in order to give a concrete example. We may always reach 
a similar conclusion also when we consider a more general case in 
which the inertial disturbances are caused by the relative motion 
of one or more masses with respect to M, when the components 
in z-direction of the relative displacements may be represented 
by a series of sines. 

In fact, if the exciting force, as we may see in Fig. 2, is caused 
by the reciprocating motion of a mass m concentrated on the 
slider of a slider-crank mechanism, the equation of motion of the 
vibrating system is once again (3), in which, however, 


u = sin (g + go) + hi sin + gr) + + G2) +...- 

Since the effects may be superimposed, the problem is identical 
to the previous one. 

Let us suppose that for  < 0 the machine is running in a steady 
state and that, starting from ¢ = 0, its motion becomes variable; 
it will be 

fort <0 

fort > 0 


= wWol 

¢ = ot) 

fort < 0 the exciting force is 

F(t) = mrwpo" sin (wot + go) 


If we suppose that this force has been acting for a long time, the 
vibration may be considered in a steady state and it will be ex- 
pressed by the well-known relation 


sin (wot + 
2 \2 
Wo 
where e = mr/M. 


At the time ¢ = 0, the displacement and the velocity of the 
system are 


z= 
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Fig. 2 Simple oscillator 
excited by reciprocating 
motion of a mass 


Equations (4) represent also the initial conditions of the system 
when the speed of the machine becomes variable. 

For t > 0 the equation of motion is given by equation (3), the 
general integral of which is as follows: 


z = C, cos + Cz sin Nt + (5) 


where C; and C, are constants, which are to be determined by the 
initial conditions, and # is a particular integral. 

If we indicate by A(t) the indicial admittance of the vibrating 
system, this integral may be determined easily by means of 
Duhamel’s formula: 


dF(r) 


A(t — r)dr 


& = F(0)A(t) +f 
0 


By means of three consecutive integrations by parts this ex- 
pression, taking into account equation (1), becomes 


—mr w(t)A(0) + u(t)A(O) — u(0)A(t) 


+ u(t)4(0) — u(0)A(t) + f, rar 


A(t) = 


(1 — cos 2) = 0 


A(t) = wo "i Q A(0) = 0 


A(0) = 


1 
A(t) = — cos Qt Mu 


1 
M 


A(t) = sin 24 
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| | 
Cis 
| 
| 
Since 
1 
| 
— 
Wo Wo 
| 


the equation of motion, referred to the dimensionless co-ordinate 
&(t) = is 


= 


Q COS sin 


&t) = [sin cos Nt + 
in 


+ 


— u(t) + u(0) cos 2 


fur) sin (6) 
0 


It is to be noted that the dimensionless co-ordinate £ represents 
the generic amplitude of the vibration referred to the amplitude 
e at steady state when the disturbing frequency is very great with 
respect to the natural frequency of the vibrating system. 


Motion With Constant Acceleration 


Let us consider the case in which for t > 0, the machine rotates 
with constant angular acceleration 2\; we shall then have 


o(t) = Al? + wot (7a) 
Since 
(0) =0 and ¢(0) = a 
it follows that 


u(O) = sin go u(0) = ap COS 


Equation (6) then becomes 
1 
= | sin go cos + sin 
WwW \? 
— sin (Al? + wet + go) +1’ (8a) 
where we put 


t 
sin (At? + wor + ¢o) sin Q(t — r)dr 


t 
= — cos [Ar? + (wo + 2)r + — 


t 
f cos [Ar? + (we — 2)r + + 
0 
Introducing Fresnel’s integrals C(z) and S(z) defined as 
z 
C(2) = f cos — 
0 2 


z 
S(z) = sin 
0 2 


/J0 


we can easily obtain 


+ nr mar = f cos + x) + (> - 


Journal of Applied Mechanics 


Integral J’ then becomes 


4d 


Ve 2 
(5) cos [ [C(a’) — 


E | [S(a") — 

4d 

— 2)? 
— cos [ + | — C(bo’)) 

2 
+ sin E _ + (9a) 

where 
2\" we + 2 


Motion With Constant Deceleration 


Let the constant angular deceleration be 24. We have 


go(t) = + wol (7b) 


The equation of motion then becomes 


[sin Go cos COS Go Sin ar 


I’ is obtained from equation (9a), by substituting —\ for A 

If we remember that C(iz) = iC(z) and S(iz) = —iS(z) and 
that C(—z) = —C(z) and S(—z) = —S(z), we can easily obtain 
the following expression: 


(we + 2) 
on : — | + Clap’ 
I (=) {cor E aD | \C(a (ao")| 


+ 2)? _ 
4d 


— sin (—A!? + wot + go) +1" (8b) 


[S(a”) + S(ao”)] 


2) 
+ (S(b") + (9h) 
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“HE 
mr 2 
= 2 | 
| 
Ca) | 
1 
t) = 
2 
— sin} — 
— cos E + (we aD 4 
where 
4l er 


Acceleration Transient 


Let us suppose that the machine is started from rest with a 
constant acceleration 2A. The equation of motion, during the 
acceleration, is given by (8a), where we must set wo = 0. 

Let us call 


Q 
2h 


= 


the time taken by the machine to reach the angular velocity 
equal to the natural frequency of the vibrating system. 
Let us introduce the dimensionless ratio 


that becomes equal to 1 when the instantaneous angular velocity 
¢ = 2) is equal to the natural frequency 2. 
Let_us also put 
Q 


Introducing in Equation (8a) these dimensionless ratios, the 
equation of motion during acceleration becomes 
E(n) = sin go + N’ cos go] (lla) 


where 


L’ = {Clp(m + 1)] — Clp]} sin + >) 
— + 1)] — cos mp? (» + 
+ {Cle(n — 1)] + sin xp? x) 
+ {Slo(n — 1)] + S{p}} cos 
+ [cos mp? — cos | (12a) 
2 


N’ = {Clp(m + 1)] — cos mp? + 3) 


1 
1)] + Clp]} cos rp? — >) 


+ {S{p(n + 1)] — sin (» + 


— 


+ {Slp(n — 1)] + S[p]} sin ( 
2 


In Fig. 3, for p = 5 and g = 7/2, line (a) represents the inertial 
disturbance F(7) and (b) the response £7) to this disturbance, 
obtained by means of equation (11a). 

For the same p, a given curve corresponds to each value of the 
initial phase angle go. The envelope &,(7) of the family of curves 
&(, ¢o) is easily obtained by eliminating the angle gp from (11a) 
and from 


> PIL’ cos go — N’ sin go] = 0 


which is obtained by derivation of (1la) with respect to gp» 
Thus we have 


pb(n) (14a) 


x 
Yo" 2 


Fig. 3 Starting from rest: p = 5, ¢) = 2/2. (a) Exciting force, (b) vibration of the oscillator. 
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being 
@'(n) = (L’? + 


In Fig. 4 we have drawn the envelopes £;’(n), obtained by 
means of (14a), for four different values of p. The maximum 
amplitude of vibration is reached at time 7 greater than 1 and is 
therefore lagging behind the resonance point (7 = 1). 

The maximum value of the amplitude is 


In Fig. 5, for values of p between 5 and 12.5, we have drawn a 
few diagrams that represent the function ®’(n) obtained by 
tabulating the expressions (12a) and (13a). Fresnel’s integrals 
C(z) and S(z) are tabulated in [4]. 

We can observe that, within this range of p, the maximum 
values that &’ can assume vary little, with a linear law, between 


1.68 for p = 5and 1.65 for p = 12.5. 
STARTING FROM REST 
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Fig. 4 Envelope of vibration during start from rest 
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Fig. 5 Behavior of function $'(n) during start from rest 
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Therefore we can conclude that, at least in the range of values 
of greater technical interest, the maximum amplitude of vibration 
is, with a good approximation, proportional to p. Therefore 
during the acceleration, we may put 

= 2.6159 = 3.7 
Va 
where f, is the resonant frequency (in eps) of the vibrating system 
and q@ the angular acceleration of the machine in rounds per sec?. 


Deceleration Transient 


Let us suppose that, before we begin to reduce its speed, i.e., for 
i < 0, the machine rotates in a steady state with a constant angu- 
lar velocity wo. 

Starting from the time ¢ = 0 let us suppose that the machine 
reduces its speed with a constant angular deceleration equal to 2X. 
The equation of the vibrations is then given by Equation (84). 

Let us call t, the stopping time of the machine: 


2X 


Let us define the dimensionless variable 7 by means of the 
ratio 
t- ty 2M — Wo 
= 
lo Q 
Evidently 7 is still proportional to the time ¢ and takes the 
value —1 when the instantaneous angular velocity coincides with 
the resonance, and the value 0 at the time corresponding to the 
full rest. 
Let us define the new parameter: 
we! 


+ Yo 


function of the initial conditions for the deceleration transient 
and of the deceleration 2A. 

As a function of the new variable n, the equation of motion be- 
comes 


1 Wo 
= sin cos tp? | + 
-($) 
+ COS Sin rot (n + )] 
+ p'n? — +1" (8c) 


The J” takes the following expression: 


— cos (» 

— sin [ (n+ 5 + 


C(a") + Clao")! 


-¥ IS(a”) + 
) + [C(b") + C(bo")) 


+ [S(b") + It (Me) 


wo = 


where 
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a” = — 1) 
b” = p(n + 1) 


In the technical applications, and particularly in the case of 
machines elastically supported in order to obtain a vibration isola- 
tion, one often makes sure that the working speed is much larger 
than the natural frequency of the vibrating system. 

In this case the ratio wo/Q is great in comparison to unity; it 
is then clear that in equation (8c) we can neglect the first term of 
the second member since this, near the resonance, i.e., in the zone 
of greatest interest to us, takes values great in comparison to 
unity. 

Separating then the terms sin Yo and cos Y and observing that, 
for values of z great with respect to unity, Fresnel’s functions 
C(z) and S(z) approach the limit 1/2, equation (8c) becomes 


= [L” sin Yo + cos Yo} (11b) 


+ Clo(n + vit sin Tp? (» + 


2 ¢ 
2 py? (12b) 


) 


; + Clo(n vit con 


+ Slp(n — vit sin 


3 
| 


- + Clo(n + wit cos mp? 


3 
+ 


+ Sip(n + nit sin 1p? 


+ < 


in — (13b 
3 (13d) 


Following the same procedure used in the case of acceleration, 
we can deduce the equation of the envelope of the family of curves 
that are obtained from (11b) by varying the parameter y,,. 

We get 


= = (145) 


being 
®"(n) = (L"? + N“2)'/1 


In Fig. 6, for the same values of p, we have drawn the en- 
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RETARDATION TO REST 


Fig. 6 Envelope of vibration during retardation to rest 
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Fig. 7 Behavior of function ©"(n) during retardation to rest 


velopes obtained by means of equation (14). Also in this case 
we may see that the maximum amplitude of the vibration is 
lagging behind the resonance point. 

In Fig. 7 we have drawn the corresponding curves ®"(n). We 
can observe that, as in the case of acceleration, the maximum 
values taken by this function ©’, in the assumed range of the 
parameter p, vary little and go from the value 1.57 for p = 5, to 
the value 1.62 for p = 12.5. The average values of [®"(7)] max 
may be taken equal to 1.595. 

With a good approximation, for the technical application, we 
may then assume 

l&; (7) |max = 2.505p = 3.54 
Va 


where, as usual, f, is the resonant frequency of the vibrating system 
in cps and @ the angular deceleration of the machine in rounds per 
sec*, 
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Displacements and Stresses of a 


W. H. JURNEY 


Associate Professor, 
Department of Mathematics, 
Colorado School of Mines, 
Golden, Colo. 


Laterally Loaded Semicircular 
Plate With Clamped Edges 


A solution is obtained for the case of the clamped semicircular plate of « 
ness, subjected to a uniformly distributed normal load. 
superposition of solutions for a circular plate with fixed edges. 


mstant thick- 
The method employed is 
The technique in- 


volved could be extended to study more general types of loading of the clamped semit- 


circular plate. 


Results are based on the assumption that the Kirchhoff 


r small de 


flection, theory applies. 


* work in this paper arose in connection with the 
design of a large reinforced-concrete floor slab. The lack of a 
solution for a semicircular plate under the required conditions 
led to the present investigation. Computed stresses for the slab 
are given as an application of the theory. The notation for 
stresses and displacements is the same as that of Timoshenko! 
(except that replaces ¢, = M,,, and soon). Fig. 1 shows 
the polar co-ordinate system used in relation to a circular plate 
sustaining «a concentrated normal load at any point of the 
plate. Polar co-ordinates (r, #) are for the point at which dis- 
placement, and so on, is to be computed. 


Clamped Circular Plate Loaded Along a Diameter 


The fundamental solution used as a starting point is the dis- 
placement of a circular plate loaded as in Fig. 1 and was solved 
in a series form by Clebsch,? also by Michell,’ in finite form. The 


latter solution in polar co-ordinates is 


Fig. 1 Plan and cross section of a circular plate sustaining a con- 
centrated load P 

'S. Timoshenko, “Theory of Plates and Shells,” MeGraw-Hill 
Book Company, Inc., New York and London, 1946. 

Tbid., p. 266. 

‘J. H. Michell, “The Flexure of a Circular Plate,” Proceedings of 
the London Mathematical Society, vol. 34, 1903, p. 225. 
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l6rDw, + (a? — r2)(a? 


= r? — 2rs cos 6 + 3? 


where 


S = — 2rsa? cos + r?s* 


The next step is to obtain the displacement w, of a circular plate 
loaded along the diameter 6 =0 by an arbitrary load fs 
unit length), s as in Fig. 1. This is accomplished by replacing P? 
in equation (1) by f(s)ds and integrating the result with respect to 


lorce - 


s from —a to +a giving 
+ 
(a*R) (a? — r*)(a? — 
l67Dw = leg —— + 
' 


Stresses corresponding to displacements wy ©: ean be 
For the stresses corresponding to 


com- 
puted as in the reference cited.‘ 
w), the following forms are convenient: 


= 4 log — 9 + 
P S 


(a? — — 


as 


2s2(a? — — 
= 2 Log + 


S as 


Pa 


4s? sin? 8 (a? — s?)%(a? — r?)? 


RS? 


2\2/,.2 
— s*)*(a? — 


lé7D O 4s sin @ lat 
= 
P or\r 06 RS? 
— scos Wa? — 
1 — w)P 
a? — 


RS 


1 OV 
P r 06 


= 8s sin 6 (a? — s?) | 


— 
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— ltr 7 
}— Point of 
+ = We ul) 
|| 
(3) 
7 * Loc. cit.,' p. 259. 


oV*u 
cos + r?) — Rs cos 2a*rs? sin? 6 —167rQ, 
RS S? 


= Sia? — gs?) + 3s?) 


Another solution used, due to Poisson,’ is that for a circular 
plate subjected to uniform lateral pressure and clamped at the 

Denoting the deflection in the direction of the pres- 
the expression for this quantity is 


circular edge 
sure q by U's, 


Ws (a? — r?)? (4) 


64D 


The stresses associated and computed by use of (3) are 


[(a? — 3r?) + pla? — r*)] 


Mis 0 (5) 
qr 
Qs =0 


Positive M, and ./¢ are such as to produce compression in top 


elements of plate where displacement is positive downward. 


Uniformly Loaded Semicircular Plate With Fixed Edges 


It is now desired to determine the distributed load f(s) along a 
diameter which will produce the same displacement at every 
point of the diameter as that due to uniformly distributed pres- 
sure over the entire plate so that the two applied oppositely will 
the given diameter being fixed. This is accomplished 
displacement of equation (2), for 6 = 0, to the 


result in 
by equating the 


displacement ot equation (4); 


e+a 
<(r? — 2rs + s?) log 
64D liwD 


— 4 s?) (a? — — 
+ (6) 

per griget ( fisids 6 

L rs a 


Table 1 


0.125 0 25 
1.249 1 


0.375 


266 1.108 


or letting r = ap ands = aX 


+1 
4 
(1 — p*)? = ( 
+ (1 — p*) (1 - a» | fiaX)dX (7) 


It is convenient to let 


4f(ar ) 


g(A) 


then 


+1 
(1 — — (2 5) 


+ (1 — p*)(1 — a» | (8) 


is the integral equation for the determination of the required 
loading. All attempts to solve (8) in finite form or by a suitable 
series were unsuccessful. Apparently some new transcendental 
function is involved. A definite integral solution was obtained 
which seems to be of no value from a computational viewpoint 

Since no satisfactory solution of the integral equation in closed 
form could be obtained, an approximate solution was found as 
follows: 

Equation (8) was replaced by a system of linear equations ac- 
cording to the trapezoidal rule of integration. Successive division 
of the interval of integration into 8 and 16 intervals was used for 
the purpose of checking accuracy. The system of equations in 
each case was solved for the function g(A)-values at the division 
points of the interval of integration. The results are given in 
Table 1. 

Stresses for the semicircular plate were approximated as 
follows: 

1 g(A) was taken as 1.25 (1 — A*). Indications, from dif- 
ferences and g(A)-values, are that three-figure accuracy is ob- 
tained in this replacement. 

2 In the stress relations (3) ? was replaced by f(s)ds and the 
results integrated from —a to +a with respect to s; ie., from 
—1to +1 with respect to A (s replaced by ad). 


Forms for computing stress components are given in Tables 2, 


3, 4, 5, and 6. 


Approximate values for the function g(\) 


O 875 1 00 
0.218 0 00 


0 750 
0 554 


0. 625 
0.797 


0 500 
0.978 


(i — 


Table 2 M ts due to loading f(s) for 0 = O deg 
p 0 00 0 25 0.50 0.75 1.00 
+t Me) 
—3.111 -2.815 —1.722 +2 000 
(1 + 
SMe — pile 254 3.922 ~2 972 1 539 0 000 


(1 — w?)a’q 
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Table3 M ts due to loading f(s) for 0 = 90 deg 
p 0 00 0 25 0 50 0.75 1 00 
1465  —0.350 LO 474 +1 042 
—2 000 -1.722 —1.205 0 559 0 000 
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Fig. 2 Moments M, and My for 0 = O deg 


0.5 Loo 


Fig. 3 Moments M, and Mg for = 90 deg 


4 


30° 60° 


.4 Moments M, and Mg for » 


ding f(s) for p = 1 
30 60 


Table4 M ts due to | 
6, deg 0 
16(.M, + Me) 
(1 + 
—$2( Me — uM, 


+2 000 +1.406 +1.120 


0.000 0 000 0 000 


Table 5 Shear Q, for loading f(s) for p = 1 
6, deg 0 30 60 90 


4 —0.120 


—0.135 
aq 


0 625 206 


Table 6 Moments due to loading q (q positive down) 

p 0 000 0.25 0.50 0.75 
—16M, 13 + 1 + 3u Tu 
a’q 
—16M¢ 15 + 3S +u 7 — Illy 
a’q 


1.00 
—2.000 


An Application 


As has been stated, the present semicircular plate problem 
arose in connection with the design of a floor slab. The walls of 
the structure involved were conceived as transmitting the load 
supported by the floor slab in such a way as to fix the slab at its 
boundary, An upward hydrostatic load g was to act on the bot- 
tom of the slab. For this example the following data were as- 
sumed: 
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= 

6 
Fig. 5 Shear Q, for » = 1 


24 ft 

thickness of plate 

Poisson’s ratio = 

Young’s modulus = 3,000,000 psi 
= 9068 psi 


The stress components for loading f(s) along a diameter and 


those for loading g (uniform pressure) were combined to give the 
stress components for the semicircular plate with fixed edges 
The results are given in Figs. 2, 3, 4, 


under uniform pressure. 
and 5. 

The remaining stress components on the boundary of the semi- 
circular plate and for 6 = 90 for the most part vanish; i.e., if 


6 
p= 
That the results are reasonably accurate is indicated by the 
following features: 
1 The circular plate as a whole is in vertical load equilibrium. 
2 The semicircular plate part is in vertical load equilibrium. 
3 Moments at a fixed boundary behave properly. 
Each of these hold to the order of accuracy indicated earlier. 
By item 3 is meant that 4M, is a moment across a fixed boundary, 
and M, is a moment in a perpendicular direction; then 


M, = uM, 


Transactions of the ASME 


4 
| | A | | 
| a | | 
° 30° 60° 90° 
= | 
+1042 
0. 000 
\ 


PERICLES S. THEOCARIS 


Visiting Research Associate, 
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Direct Determination of Stresses in 
Plane Elasticity Problems Based on the 
Properties of Isostatics' 


An experimental method is developed for the calculation of stresses in plane elasticity 


problems. The method consists substantially in determining a function of the complex 
variable representing the field of isostatics. This function has a convenient form so that 
the boundary conditions can be expressed by simple relations. From the isostatics, 
which are traced experimentally, the differential parameter of first order h can be cal- 
culated all over the field. The components of stresses are expressed by relations de- 
pending on boundary conditions and the parameter h. The method is abplied to two 
pariicular problems of plane elasticity and a comparison of the results obtained by this 


I. this paper a new method is set forth for the de- 
termination of stresses in plane elasticity fields. The method con- 
sists in determining a function {(z) of the complex variable z = 
(x + ty) representing the field of the isostatics. For the choice of 
this function the boundary conditions of the examined field are 
used, so that the relations expressing these conditions are simple 
and can be deduced easily from the foregoing function. 

The directions of isostaties are known at every point of a free 
boundary and of boundaries subjected to purely normal loads. 
Furthermore, in the most common cases of loadings the isostatics 
neighboring a boundary along which shear stresses are present 
ean be accepted as coincident with this boundary for all practical 
purposes. Thus all the boundaries can be divided into two groups 
each of them belonging to one type of isostaties. This determina- 

! The major part of this paper, in particular the experimental work, 
was carried out at the Athens National Technical University during 
the academic vear 1956-1957. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30—December 5, 
1958, of Tue AMERICAN Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1959, for publication at a later date 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 17, 1958. Paper No. 58—-A-43. 


Discussion re- 


method and by analytic methods is provided. 


tion of isostatics along the boundaries makes it possible to estab- 


lish the function ((2). 

The representation of the field of isostaties by a function of the 
complex variable 2 = (2 + iy) enables the correlation of this 
field with analogous physical fields defined by the same function 
of the complex variable. We use, among other analogous fields, 
the electric potential field in a thin and homogeneous conducting 
plate for the tracing of isostatics. This choice is made because of 
the simplicity of the experimental conditions and the great aec- 
curacy obtained by using the electrical analogy. The graphited- 
paper method, as it has been already developed [10],* provides 
an easy means for this purpose. In this case only asmall number 
of electrodes is necessary for the tracing of one of two families of 
isostaties and, furthermore, this simplifies the experimental pro- 
cedure. The tracing of isostatics allows the determination of the 
value of differential parameter of first order h at every point in the 
field. The equations expressing the stresses have been transformed 
to a form depending only on the boundary conditions of the prob- 
lem, the differential parameter of first order h and the semi-sum 
of stresses go. On the other hand, the function @ is expressed in 
terms of the same parameter A and the boundary conditions and, 
therefore, it can be determined by integration over the field, 
From this function o the funetion ((2) can be found and the stress 


components can be deduced easily 


2? Numbers in brackets designate References at end of paper. 


Nomenclature 


an analytie function of the complex variable 
z=(z+ ty) 

h = differential parameter of first order at an 

isometric network of curves & = &z, y) = 

const and 7 = (2, y) = const 


ds¢, ds) = elementary ares contained between curves 
E(x, y) = const and n(x, y) = const, re- 
spectively 
ot, O = values of principal stresses 
0,, T,, Tz, = components of stresses in Cartesian co- 
ordinates 
20 = (o¢ + oy) = sumof principal stresses 
2r = (ot — on) = difference of principal stresses 
H = —r/h? 
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partial derivatives of H in a system of Car- 


tesian co-ordinates 


wm = an analytic function expressed by equae 
tion: 
m= wr, y) = —la + bx + cy + dx? + y?)) 
¢ = electric potential of a plane potential field in 


a system of curvilinear co-ordinates s = 


s(x, y) and n = n(x, y) 


Y = conjugate function of yg in the same field 
dl 
= density of current in the same field 
ds 
Y = conductivity of medium in the same field 
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The method is applied to two illustrative examples concerning 
The results obtained 
are compared with the results derived from existing analytical 


well-known problems of plane elasticity. 


solutions in order to illustrate the accuracy of the method. 

Finally, it should be mentioned that the domain of application 
of the properties of physical fields defined by the function ¢(z) to 
the fields of isostatics is limited and it cannot contain, in general, 
all the problems of plane elasticity. This is based on the fact that 
the field of isostaties, related to a given problem is not susceptible 
a priori to representation by a function ¢(z). But in these cases 
it is possible to obtain experimentally, by a judicious choice of the 
function ((2), an approximate solution of the problem and the 
approximation can be calculated to any desired degree of ac- 
curacy. 

Therefore we ean determine real practical solutions which are 
defined by « finite number of terms containing only elementary 
funetions. The numerical calculus for the solution of different 
problems of plane elasticity by this method is relatively simple in 
comparison with the classical methods based on the knowledge of 
the Airy stress function or the complex funetion |(A + 2W)A 4 
method is sufficiently good from a practical standpoint and the 


Furthermore, the approximation obtained by this 


results obtained are shown to be in good agreement with the 
theoretical or other experimental solutions. 


Theoretical Study of Equations of Plane Elasticity 


We consider « system of Cartesian co-ordinates 2, y and a sys- 
tem of orthogonal curvilinear co-ordinates & = &2x, y) and n = 
n(x, v) related to the first system, Fig. 1. Moreover, we suppose 
that the two families of curves & = const and 7 = const belong to 
an isometrie network of curves, that is, that their differential 
parameters of first order hand A, are equal [6,9]. These parame- 
ters are given by the relations [9] 


of \2 of 2 fo 2 
or oy / or oy 


The Lamé-Maxwell equations of equilibrium in curvilinear co- 


ordinates can be written as follows [1, 9]: 


Differential elements in an i 


Fig. 1 system 
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If we call 
= (ot + Gn) 
2r = (ot — On) 
then 
or =(o0+7T) 
= (9 — 
and :quations (2) become 


Ao + 7) 2r Oh 


of h o& 


Ao — 2r Oh 
+ 
on h on 


or 2r oh 
on h on 


By dividing both parts by 4? we obtain 


1 oc oh 


1 oa 2r oh 
on on h® On 


The second parts of these equations are the derivatives of the 
term 7/h? with respect to co-ordinates £ and 7, respectively. Thus 
we have the relations [4] 


re) ( T 
= —h? | 
at \ 


But we have also that [6, 7] 


1 


dg 
dss = —, 
h h 


where ds¢ and ds» are the elementary ares along the curves 7 = 
const and & = const, respectively. Then the relations (7) be- 


come 
If we eall 


then relations (8) become 
oo 
of 
We represent now with h, and h, the components of # in a system 
of Cartesian co-ordinates and H, and H, the partial derivatives 
of H in the same system. Then we have 
oo 


og 


= Hh, + Hh, (10) 
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Oot ot — Gy Oh =0 
h 
(2) 
+ of — Gy oh 
on h on 
(Sa : 
=0 
(4) 
or 
(5 
on 
= fh? 7) 
of On on h? 
(4a 
B oo Oo T 
“a = —h ( q =h ( ) (8) 
Ost \ h? on Osy \ h? 
. T 
H=- (9 
2G h2 
€+d€=C 
€-d€é=c €=C 
| x 
|_| 
\- 
| 
\ 


oa Oz 
= H,h, Hh, fiz)= — (7) 
(Cont. ) of oz of 


On the other hand, the function o = (o¢ + @,)/2 is a harmonic 


function of the complex variable 
E(x, y) + y) = F(x + iy) = vz 


Thus we have that its derivative 


z 
where & represents the real part of the function f(z) > dz 


oa _ oo 

-" i 5 and p is the constant of the integration. Taking into account 
§ ” Equation (12), Equation (18) can be written as follows: 

is also a function of the same complex variable. Herewith ot \2 
o=R (H, + in,)( Jae +p (19) 

f(z) = i (11) 

. on But from Equation (15) we have, by taking the complex deriva- 


tive of H in the x, y-svstem, 


If in this equation we replace the values of 00 /0& and 0a /On with 


those given in Equations (10) we obtain H, + iH, = —|b + ie + dz) 
f(z) = (Hh, + Hyh,) — (Hh, — Hyh,) Herewith, Equation (19) becomes 
or z / 2 
o= J (aus +0 + ier a (20) 
S(z) = + tH, Wh, — th,) (lla) dz 

But we have also that From Equations (3a) and (16) we can easily deduce that the 
¢ principal stresses o¢ and oy along the isostatics 7 = const and 
. (h, — ih,) & = const can be expressed by 
Oz 


Thus (21) 
On = (ao + 


f(z) = (H, + tH,) (12) where the values of o and w are taken from Equations (20) and 


(15), respectively. 


Equation (20) ean be written also in the form of a derivative 


From Equation (12) it becomes evident that the function (H, 


+ 1H,) must also be a harmonic function of the complex variable de j ot \") 
= —\(Qdz +b + tc) 


2 = (xr + ty) and, according to the Cauchy-Riemann conditions, —- 
we have 


and from Equations (7) we also have 


(14) 


We now express the stresses in Cartesian co-ordinates. We have 


From relations (13) and (14) and also by taking into account 


at 
the relation (9), it can be proved that the shear stresses are equal tha 
to zero along any curve of the isometric network of orthogonal T,, = Tin 2g, r) 
curves y) = const and y) = const. These curves, there- or 
fore, represent the isostatics. (o, — = 


Now we can express the function H as follows: 


H = Mr, 


where u(r, y) is an analytic function given by the equation 


B= wr, y) = —la + br + cy + d(x? + y?)] (15) 


where a, b, ¢, and d are independent arbitrary constants, the last 


three of which must not be simultaneously equal to zero. tun 2(g, 4) = =\s “eo 
The difference of principal stresses 27 can be expressed by ( i ) ( = 
or 
o¢ 2 
= —2yh? = Aa + be + cy + dr?) (16) Then 


Since the function ¢ is harmonic, it ean be the real component of a 
complex function S = S(r + ty) in the Cartesian co-ordinates (2, 
y) or S = SCE + in) in the isometric co-ordinates (£, 9). Thus r,, = —2Qu 
the relation (11) can be written 
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4 
oH, olf an 
= ¥ and (13) 
or OV oy or = Ou 
= h? 
From the second of the above relations we deduce that $ i (92) ; 
oH, oH, _ oF 
or on oy 
Hee 
and 
2 of of 
A? Or Oy 
» 
Oz 
9 0s ) ( 
J a j 
Or OV 
(24) 
of of 


From these equations one can deduce that 


oF of 
or Oy 
where 
w= plz, y) = —la + br + cy + d(x? + y?)) 
By taking the function 


of 
Gz) = 
Oy Ox 


( ay . ( \ 

oy Or or oy 
which is also an analytic function. We can express the relations 
given in Equations (25) in terms of the function [_—h*%z)] so that 


one obtains 


we have 
=o + 
— 
= 


where # and J- represent the real and imaginary parts of the 
function [—A*(z)], respectively. 

The components of the stresses expressed in Equations (21) or 
(25) contain five arbitrary constants a, 6, c,d, and p. The con- 
stants b, c, d are geometric constants. A variation of constant d 
means a change of the unit of measure. Variation of the geometric 
constants 6, ¢ means a parallel displacement of the system of 
curves which does not alter the geometric relationship of iso- 
statics. Letting the constant p equal zero corresponds to a super- 
position on the principal system of stresses of a secondary system 
characterized by the stresses: 


o, = +p, oO, = +p, 


which alters neither the form nor the geometric relationship of 
the isostatics. 

If we place the constant a equal to zero, the harmonic system 
of stresses 


o, = —aR-[hX{z)] o, = +aR-[hX{z)] = —al-[h*%(z)] 


is superimposed on the principal one without changing the form 
and the geometric relationship of the isostatics. 

The constants b, c, d cannot be simultaneously equal to zero. 
In the case where.b = c = d = 0 the function ¢ becomes a con- 
stant, as it can be easily found from relation given as Equation 
(20), and the stresses o,, 0,, T,, are reduced to the following: 


o& \? o& \? 
af (2 -(2 +o 
ox oy 
20 — 
of 
Try = 2a 
or OY 
It has already been shown that the curves {(z) can always rep- 
resent families of isostatics in plane elasticity problems. The in- 
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verse property is not always valid. This means that there exist 
some fields of isostatics not represented by families of curves 
¢(z). 

We can express generally the stresses in a plane field by the 
relations [5]: 


0, —r?R-[(F(z)] + 2F(2)dz + — R-[N(z)] 


r?R-[F(z)] + 2F(z)dz + + R-[N(z)] 


+ 1-[N(2)] 27) 


where the functions F(z) and N(z) are two arbitrary analytic 
functions. 

This field of stresses can be considered as a superposition of two 
plane fields of stresses of which one corresponds only to the fune- 
tion F(z) and the other only to the function N(z). Each of the 
two fields alone can be represented by a field of isostatics. We 
can choose for the two fields as complex functions of the differ- 
ential parameter of first order h the following: 


hy(z) = i[F(z)]'* = i[N(2)]'* 


Because of the quadratic form of these relations we cannot gen- 
erally represent the principal field of stresses as a superposition of 
these two analytic fields. 

The necessary and sufficient condition for the principal plane 
field of stresses to be represented by an isometric network of iso- 
statics is that, between the functions F(z) and N(z), the following 
relation is valid: 


— te + 2az) 


N(z) = 
(2dz + b + tc) 


where the constants b, c, d correspond to function F(z). 
We try now to express an easy criterion for the validity of this 


condition [7, 8]. It has already been found that along isostatics 


dé dn 


= - 29 
dst ds» ( 


Equation (29) means that the differential parameter of first 
order is inversely proportional to the corresponding distances be- 
tween isostatics. 

Along free boundaries where 7 = const the principal stress a» 
vanishes. Thus from the first of the Equations (2), we have 


re) oh 
(30) 
OE 

or, dividing Equation (30) by h, we obtain 


1 ot Oh 


h h? o& 


which can be written as follows: 


Equation (31) gives 


where J is a constant and 

ot = Ah (32) 
Thus along free boundaries the only existing stress is propor- 
tional to the differential parameter of first order h. 
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| 
2 (#) (31) 


On the other hand, we have from Equation (16) 
(of — Oy) = 2r = —2hXa + br + cy + dr?) 
and, along free boundaries where » = const, 
= (33) 


From Equations (32) and (33) 


h=— 
2u 
and 
a 34) 
= — 34) 
g Qu ( 


where @ is a new constant. 

If the existing stress along a free boundary of a plane elastic 
field fulfills this condition given by Equation (34), then the net- 
work of isostaties of this field can be represented by an isometric 
network of curves (z) = const and also this condition is sufficient. 

Every random selection of the five afore-mentioned constants 
on which the stresses depend generally yields two different solu- 
tions to the problem, one of which is the solution of isostatics. 
By a proper choice of the harmonic function ¢(z) and its five con- 
stants, which can be determined from the particular shape and 
form and the boundary conditions of a given problem, we can 
find a solution approaching the exact solution to any desired de- 
gree by using the general formulas given by Equations (20), (21), 
and (25), provided that the values of the parameter A can be cal- 
culated or measured throughout the field of the problem. 


Application of Properties of Isostatics to Experimental 
Determination of Stresses 


The orthogonal curves ¢(z) = const previously defined can 
represent a number of characteristic families of curves in different 
physical fields which are analogous among themselves. 

We set forth, among others, two important analogous fields, 
i.e., the field of isostatics in plates elastically deformed in their 
plane and the electric potential field in a thin and homogeneous 
conducting sheet. The analogy existing between these two fields 
has already been examined in a previous paper [10], and it has 
been found that 


di ldg oy 2 ( og 21'/s 
dani Y + ay = yh (35) 


where d//ds is the density of current, y the conductivity of the 
medium, ¢ the potential of the electric field, and h the differential 
parameter of first order of isostaties. 

On the other hand, it is also known that 


h= = = (36) 


and for the analogous electric potential field 


Ag Ay 
An As 


where ¢ and y represent the families of equipotentials and flow 
lines in the corresponding electric field. By always taking the 
distances AE and An or Ag and Ay constant we note that the 
yalues of h and h’ are inversely proportional to the sides of net- 
works of the curves £, 7 and ¢, yp. 

As the two physical systems are analogous, we can obtain the 
isostatics of a plane elastic field by tracing the equipotentials in 
the electric field for various values of Ag = const. From these 
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equipotentials the value of the parameter A can be determined for 
points equidistant from two adjacent isostatics according to the 


relation 


h= (37) 


where k is a constant and As» is the perpendicular distance be- 
tween the two equipotentials. For nonequidistant points the 
value of h is obtained by linear interpolation of the values of the 
two neighbor equidistant points. 

The value of the constant k can be determined by application 
of the relations (7a) and (37) to a suitable point on an isostatic. 
As such points we choose the intersections of axes of symmetry 
in the cases of symmetrical loadings or points situated in those 
parts of the isostatics parallel to one of the principal axes of the 
mode! [10]. 

The two analogous systems must have identical boundary 
conditions. The directions of isostatics are generally known at 
every point of the boundaries of the field. Indeed, it is well 
known that free boundaries coincide with an isostatic. The 
same occurs for loaded boundaries with normal loads. For 
loaded boundaries along which shear stresses are present, these 
boundaries do not belong to an isostatic. However, in the most 
common cases of loading, these boundaries are very close to the 
neighboring isostatics and the two lines can be considered as coin- 
cident for all practical purposes. For this reason all the bounda- 
ries of a model can be separated into two groups, of which each 
belongs to one of the two families of isostatics. Along each of 
these trajectories one of the two parameters & and 7 is constant. 
Therefore the electric potential, which simulates one of the two 
parameters £ and 7, must have a constant value on the cor- 
responding parts of the boundaries. 

In order to trace one family of isostatics the two extreme iso- 
statics of this family must be determined. If the examined field 
does not contain isotropic points or if it contains isotropic points on 
the boundaries, then the parts of the boundaries belonging to 
each trajectory must be separated, This can be done easily by a 
proper examination of the shape of the field and of the existing 
loading. Isotropic points on the boundaries are points of separa- 
tion of isostatics. These points correspond either to points of 
transition from one isostatic to its orthogonal, or to isolated points 
belonging to one type of isostaties surrounded by the two extreme 
isostatics of the other type [2, 3]. 

Isotropic points, for which o¢ 
For these points the following relation is valid 


dO», can be determined from 
Equations (21 
+ br + cy + d(x? + y*?)| = 0 (38 


From this relation we can determine the place of the existing 
isotropic points all over the field and thus separate the boundaries 
into two types, each of which belongs to one family of isostatics 

When isotropic points or isotropic lines oceur in the interior of 
the field, and these lines or points determine the extreme iso- 
statics of both families or the transition of isostatics from one 
family to the other, then these points or lines must be taken into 
account when tracing the isostatics 

For the construction of isostatics we apply the electrical 
analogy method using the graphited paper’ as the conducting 
surface for the tracing of equipotentials. The technique used 
for the preparation of models as well as the electrical arrangement 
for the tracing of equipotentials has been described already in a 


previous paper [10). 


Illustrative Examples 


In order to evaluate the method developed in the foregoing, it 


” 


3 Sold under the trade name ‘‘Teledeltos 
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Fig. 2 One of families of isostatics for a disk under di 


The first is that of a 
Because of the 


will be applied to two different problems. 
cireular disk subjected to diametral compression. 
symmetry of the problem, each of the models consists of a quarter 
Fig. 2 shows the one family of isostaties obtained 
Next, the principal stresses along the y-axis, 


of a circle 
using this method. 
perpendicular to the applied loads, are exleulated 

For this purpose the y-axis is divided into ten uniform intervals 
to establish a set of equally spaced points. From the isostatic 
adjacent to y-axis we determine the parameter A for these ten 
points, 

Consider now the Equations (21), (22), and (25): in the special 
case of the circular disk subjected to diametral compression the 
coefficients 4 and ¢ are equal to zero due to the symmetry of the 


problem. Thus Equations (23) become: 


Ae ja + dr? | 


+ dr? 


la 


On the circumferential boundary of the disk we have that r 
const and a, = 0. Herewith, 00/0& = 0 and o = const. 
But the parameter A is not constant on this boundary, as it can 
be easily checked from the variable distance of isostatics along 
the boundary. Therefore along this boundary we have that 
a0 = Oanda + dr? = Oforr = Rk. Thencea —dR? and the 


equations of the stresses become 


—dh*R? — r?) +0 
=20—- 0; 

—dh*R? — r?) cos 20 + ¢ 
20 — 


—dh*(R? — r?) sin 29 


—2dh?|r cos 26 + y sin 26} 


og 
oz 


oo 
or 


oo 


2dh?{ cos 26 — x sin 26) 
ov 

where the angle @ is the angle made by the normal of the curve & 
and the x-axis. With the exception of the constant d, the stresses 
can be determined in the case where we know the angle @ and the 
parameter A at every point. The angle @ can be measured easily 
graphically from the isostatic pattern and the parameter A is 
inversely proportional to the normal distances of the correspond- 
ing curves £ at the points under study. 

The function @ can be caleulated by graphical integration by 
applying the Equations (39). 

Along the y-axis of the disk the Equations (40) and (41) be- 
come 


—d(R? — r2)h? +0 


On 20 — 


~2dh2y 


The calculations are arranged in the manner presented in Table 1. 
The constant d is determined by the fact that the resultant of ¢, 
stresses along the y-axis must be equal to the applied load P. 
The stresses calculated by the analytic method are also presented 
in Table 1. The accuracy of the method can be established by 
comparing the experimental and analytical results. 


Values of principal stresses along y-axis 


o 
2Sh 


ht 
700 
650 
585 
470 
300 
132 
65 
794 
O64 
550 
458 


r = 0.780, d = 0.425. 


kh 
672 
650 
612 
556 
162 
367 
260 
145 
O48 
950 
870 


h 

306 
286 
258 
210 
140 
983 
802 
SIS 
741 
678 


S65 
852 
807 
733 
642 
532 
419 
306 
198 
O95 
0 


Point 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


Nore: Values of constants: 
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0 
0 
0 
0 
0 
0 
0 
0 
0 
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p 


(R? — 


3) 


Theoretical 
values 


(R? 
p*)h? 
1.700 
1.633 
1.522 
1.339 
1.092 
0 850 
0.618 
0.405 
0.239 
0.105 
0 


On 
2.00 
1.91 
1.69 
1.38 
1.05 
0.71 
0.438 
0.23 
0.09 
0 02 

0 


o¢/d 
—2.56 
—2.49 
—2.33 
—2.08 
—1.74 
—1.39 
—1.04 
—0.71 
—0.44 
—0.20 

0 
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(40) 
4 
and 
og 
Oz 
ometral compression 
= 
(43) 
oy 
dr 
Os dé 
(30) 
og ar 
= h? = 
on on dy 
Toble 
y hty PL on/d ot 
» 0 0 1.00 0 84 —6.02 1.98 —6.00 
1 | l l 0.1 0.165 0.99 0.79 —5 86 1.86 —5.85 
= | 0.2 0.317 0.96 0.71 —5.48 1.67 —5.42 
2 1 l l 0.3 0 441 0.91 0.60 —4.89 1.41 —4.74 
2 1 l | O04 0.520 0.84 0.45 —4.09 1.06 —3.93 
6 | l l 0.5 0. 567 0.75 0.32 —3.27 0.74 —3.14 
7 1 0 0 0.6 0.578 0.64 0.20 —2.45 0.47 —2.34 
ae | 0 0 0.7 0.556 0.51 0.10 —1.67 0.23 —1.62 
0 0 0.530 0.36 0.04 —1.04 0.09 —0.99 
% 2 0 0 0.9 0.493 0 0.19 0.01 —0.47 0.02 —0.43 
o.<6 © 0 0 1.0 0.458 0 0 0 0 0 


Electrode 


— 


p “Electrode 
i 
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Fig.3 Sketch showing deeply grooved strip in tension with locati of 
electrodes in model 


As a second illustrative example we calculate the stresses at the 
longitudinal edges and a transverse section of a strip with deep 
grooves subjected to an axial load, Fig. 3. The minimum trans- 
verse section of the strip is taken equal to one third of its width. 
The models for tracing the isostatics need only represent half of 
the strip because of symmetry. The two transverse edges of the 
strip belong to the one family of isostatics and the longitudinal 
edges to the other. 

Therefore each of these two types of boundary contains the 
supply electrodes for the tracing of each of the two orthogonal 
families of isostatics. Fig. 4 shows one family of isostatics. The 
determination of stresses is accomplished in the following man- 
ner: Because of symmetry the terms in y and r*? of the Equations 
(20) to (23) are equal to zero; therefore the components of stresses 
are expressed as follows: 
or =h*a+bri)+o 

(44) 
On = 20 — oF 


of \2 o& 2 
a, = (a + br) +o 
or oy 


= 20 <a, (45) 


O 
T,y = 2a + br) 
Or Oy 


and 


of \? og \? 
or or oy oy or OY 
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Fig. 4 Family of isostatics for a deeply grooved strip in tension. Iso- 
statics are symmetrical with respect to grooved section. The shown 
isostatics on two parts of strip are of different parameters in order to 
avoid crowding of curves. 


If, again, @ is the angle of the normal at « point of an isostatic and 
the £-axis we have 


of \2 2 
(2) 
or OV 


or OY 


(47) 
= h? sin 20 
Along the grooved edges of the strip where @ = w/2, we obtain 


oo 


= —bh? sin 20 = 0 (48) 


org = const. On the other hand, we have for this part of the 
boundary that the stresses o) = 0, or 


Oy = + bri +a<=0 (49) 


But, since A is not constant along this part of the boundary 
(which can be easily proved from the varying distances between 
the isostaties) it is required that: a = 0,0 = 0, and o¢ = 0 along 
the grooved parts of the boundary of the strip. 

Thus Equations (44) and (45) are reduced to the following: 


o¢ = bh?r +o 

On, = +a 
cos 20 + 
ao, = cos 26 + (51) 


T,, = bh*r sin 20 
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Table 2 Valves of semi-sum o and stress 7, along longitudinal edges of strip 


0. 
1.0 
* This value corresponds to the point of boundary with « = 0.25. 
Note: Values of constants: k = 0.745, b = 0.290. 


= 
— Shdr) 


(theoretical 


o= Shidr values) 


0 
0.005 
0.025 


55 


so 
On 


Table 3 Values of stress 7. along section GH of deeply grooved strip 


cos 20 


( 
0 
0 
0.870 
0 : 0.958 
0 


—bh? cos 26 


= bh? sin 20 


Along the longitudinal boundary DE of the strip we have 


Og 
or 


—bh? 


(53) 

It is already known that the value of o at the point D is equal 
to zero. By starting from this point and by graphical integration 
we can determine from Equation (53) the values of o along the 
boundary DE. The value of constant k, necessary to find the 
values of h, is determined at point F where the value of h must be 
equal to unity.4 On the other hand, the value of constant b is de- 
termined from the value of the only existing stress a, along DE 
which must be equal to the applied tension ¢,, = P/2g. The 
values of o us well as those of the stress o, along the longitudinal 
boundaries of the strip, are tabulated in Table 2. 

Values of stress o, along a transverse section GH at a distance 
g/2 from the y-axis are calculated next. The corresponding 
values of a, and @ at the points G and H are taken from Table 2. 
The values along this line are tabulated in Table 3. The same 
table also contains the values of the stress a, calculated analyti- 
cally. The diserepancies presented are rather small and both 
groups of values are practically identical. 
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* This results from the Equation (7a). 
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sin 20 


Sh} 
sin 26dy 


—O0.114 
—0.100 
—0 041 
0.011 
0.039 
0.045 


oz 
rh? cos 26 


0.405 
0.368 
0.266 
0.187 
0.134 
0.123 


h? sin 20 


0 
0.423 
0. 666 
0.420 
0.160 
0 


(theory ) 


. 600 
.200 
410 
282 


h? cos 26 


620 
471 
064 
744 
535 
490 


1 
0. 
0 
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Stresses in a Stretched Slab 
Having a Spherical Cavity 


This paper presents an analytic solution for an infinite slab having a symmetrically 
located spherical cavity when it is stretched by an all-round tension. The required stress 
function is constructed by combining linearly two sets of periodic biharmonic functions 
and a biharmonic integral. The sets of biharmonic functions are derived from two 


fundamental functions specially built up for the purpose. The arbitrary functions in- 
volved in the biharmonic integral are first adjusted to satisfy the boundary conditions on 
the surfaces of the slab by applying the Hankel transform of zero order. Then the stress 
function is expanded in spherical co-ordinates and the boundary conditions on the 
surface of the cavity are satisfied by adjusting the coefficients of superposition attached 
to the sets of biharmonic functions. The resulting system of linear equations is solved 
by the method of successive approximations. The solution is finally illustrated by 


Tuc stresses in an infinite circular cylinder having a 
spherical cavity when the cylinder is under torsion at its ends or 
under tension along its axis have been investigated by the author 
in two previous papers [1, 2].!. In the present paper the stresses 
in a slab of infinite size having a spherical cavity when it is 
stretched by an all-around tension will be investigated. The 
cavity is assumed to be located symmetrically between the sur- 
faces of the slab. The theory of symmetrical strain for solids of 
revolution [3] is used in the analysis. 

The required stress function is constructed by combining 
linearly two sets of periodic biharmonic functions and a bihar- 
monic integral. The boundary conditions on the boundary at 
infinity are automatically satisfied. The boundary conditions on 
the surfaces of the slab are satisfied by adjusting the arbitrary 
functions involved in the biharmonic integral. The stress func- 
tion is then expanded in spherical co-ordinates and the boundary 
conditions on the surface of the cavity are satisfied by adjusting 
the coefficients of superposition attached to the sets of biharmonic 
functions. The resulting system of linear equations is solved by a 
method of successive approximations. 

The method of solution is first described. Then the solution is 
illustrated by numerical examples for two radii of the cavity. 
In particular, the maximum stresses in the slab are computed to 
show the effect of the nearby boundary on the cavity. 


Method of Solution 


Denote as usual the cylindrical and spherical co-ordinates of a 
point by (r, 6, z) and (p, @, 8), respectively. They are connected 
with each other by 


=pcosd, r=psing (1) 


' Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, November 30—-December 5, 1958, New 
York, N. Y., of THe American Society oF MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 30, 1958. Paper No. 58—A-45. 
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numerical examples for two radii of the cavity. 


For convenience, r, z, and p henceforth will be regarded as di- 
mensionless quantities referring to a typical length a. 

Consider an infinite slab of thickness 2a having a spherical 
cavity of radius Xa located symmetrically between the surfaces of 
the slab. Let the origin of the co-ordinates be at the center of the 
cavity and the 2-axis normal to the surfaces of the slab. The sur- 
faces of the slab are thus represented by z = +1 and the surface 
of the cavity by p = A. In the absence of the cavity, a uniform 
all-around tension of 7’ per unit area acting in the plane of the 
slab would be given by a basic stress function, 


— — v)z* — 3(1 — (2) 
6(1 + v) 


Xo 
where vy is Poisson’s ratio. The method of satisfying the 
boundary conditions when the cavity is present is to construct 
an auziliary stress funetion x, by using suitable biharmonic func- 
tions such that it gives no traction on the surfaces of the slab and 
at the same time gives no stress on the boundary at infinity. 
This is added to xo so that the required stress function is given by 

+D (3 
The remaining boundary conditions on the surface of the cavity 
are satisfied by adjusting the coefficients of superposition at- 
tached to the biharmonic functions. The biharmonice functions 
have singularities at the origin. 


The Auxiliary Stress Function 


The auxiliary stress function will be constructed by combining 
linearly two sets of periodic biharmonice functions which are 
derived by differentiation from two fundamental functions [’> 
and V, to be defined below. The function Uy and V» have a series 
of singularities along the z-axis. 

First, consider a function U) defined as follows: 


l 1 + (1 + 2z 
= —~ log Il exp(- fe 


2 (1 — — p 
(4) 
2 z — 2p (5) 
where = = cos @, _= 5 
Me™ — + 4p)'” 


It can be shown readily that the function satisfies the harmonic 
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equation V7U) = 0, where VY? stands for the Laplace operator 


op de 

p? Op Sul 9) 


Again, the function possesses logarithmic singularities along the 

z axis at the points z = 0, +2, +4, .. ., and in fact, represents a 

series of centers of radial tension along the z axis at these points. 

The exponential factor exp( —2z/p) is introduced to render the 
function convergent. 

Define a set of harmonic functions U’, by 

(—1)* 

(7 

(s — 1)! 

each of which is periodic in z of period 2 and has singularities 

along the z axis at the points z = 0, +2, +4,.... The functions 

U2,, save Uo, vanish identically on the planes z = +1, +3, +5, 


The preceding definition gives, when s = 1, 


I 
"7 
(p? + 4ppu + 4p?) 


which may be expanded near the origin in the form 


> Wen 
“ 


where P,, is the Legendre function of the first kind of order n and 


(10) 
With the aid of the relations [4] 


’ 


{ (n + ) 


the subsequent functions take the following forms for s > 1, 


Po 


n=0 


=0 


p = 


where (13) 


For uniformity in notation, the two initial functions may be re- 
written as follows: 
a 


Uy = 
n=] 


(14) 


n=1 


where, in particular, 
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It is noted that the expansion of U) can be obtained readily from 
that of U, by integration with respect to z. 
Next consider a function V» defined as follows: 


ut > (mu, + 
p=l 


+2 


J z — 2p 
— 4ppu + 4p?)'” 
<p 


+4 (16) 
(p? + + 4p? 


This function can be shown to satisfy the biharmonie equation 
V'Vo = (). 
Define a set of biharmonic functions V, by 
23 +1 av, 
(s +1)! oz 


V, = (-1) (17) 
each of which is also periodic in z of period 2 and has singularities 
long the z-axis at the points z = 0, +2, +4,. The functions 
\., for s > 1 vanish identically on the planes > = +1, +3, +5, 
..., While Vy becomes a constant on each such plane, which is dif- 
ferent on a different plane. 
The function Vp may be expanded near the origin in the form: 


Vo = Pi(u) + Pan (pb) — 


n=1 


(18) 


and the subsequent functions in the forms: 


1 


2s | Pol) — 


V2, = 


n=1 


2s 1 fn+s-—1 Wars 
2n 1 


It will be seen later that the two sets of biharmonic functions 
U, and V2, thus defined give no tangential stress on the surfaces 
of the slab in question. This will simplify considerably the subse- 
quent analysis. 

Now, construct the required auxiliary stress function as fol- 


where (20) 


lows: 


ao 


= Ta? + 2.) 
s=0 


+ re f Wilk) sinh kz + Yo(k)z cosh kz} Jo(kr dk (21) 
0 


where A», and B,, are coefficients of superposition; the factor Ta? 
being introduced to render the coefficients dimensionless. /,, 
are the Bessel functions of the first kind of order n and y,, are 
arbitrary functions. The function thus constructed satisfies the 
biharmonic equation. The integral is added to annul the trac- 
tions on the surfaces of the slab derived from the preceding series 
of functions. The function is odd in z or uw as required by sym- 
metry. Besides, it satisfies the conditions of single-valuedness of 
stresses and displacements throughout the slab. 
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+ r 
z | 
+ 
p \(p 
1 
(8) 
ps 
— 
p 
n=1 (19) 
Von = peti Pool 
(11) 
| 
(12) 
a = naan! (15) 
‘| 


With the aid of the relation 
TV, = + (22) 
the following normal and tangential stresses on the surfaces 2 = 


+1 are derived: 


Ifo | 
= om > 
= 1] 240 + + + U 


+ >: Js + 2)(48 + 1)Bs, — ass 


(28 +328 +4). 
V2.4 4 
ie + 4 ( 
(23) 
cosh k + sinh k 


— (1 — 2v) cosh kf | Jo kr dk 


kjk sinh k + WAk cosh k 
+ 2v sinh J idk 


The latter vanishes identically for all values of r provided that 


nh hk + cosh k + 2vsinhk) = 0 (24) 


Again, the former vanishes identically for all values of r provided 
that the Hunke transform of order zero [5 


Wilkjk cosh — sinh k — (1 — 2) cosh kt 


(28 +3028 +4). 
rd dkridr (25) 


Cord 


Jo (Zs + 


the integrals can now be evaluated by using the expression of U, 
derived trom Equation (8) and that of V» given in Equation (16) 
With the sid of the following integrals of the Hankel type [6] 
valid for > Gand ¢> 0, 


Jd ikki e~*t rJ of kr dy kt 
oon, - » (27) 
‘ 
we find dlkrjdr = 


(2s + 2)! sinh & 
| [ ol ker dr 
0 


(4s + 7)k?*! 


(26) 


(k coth k — 2s 3) (28 


(2s + 4)! sinh 4 
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Consequently, we solve from Equations (24) and (25), 


Wilk) = —(2v + k coth k)Welk)/k, 


of hk) Ao - 
sinh 2k + 2k | 2s — 1)! 


s=1l 
—~ (4s + 1)B2,k2 
(28 1+ 2» —keothk)? (29) 
(2s + 1)! 
which are the conditions ‘of. zero tractions derived from the 
auxiliary stress function x, on the surfaces z = +1. 

However, since A», and /., are coefficients independent of k, it 
appears that the integral it Equation (21) with the values of yy 
and Ye given by Equations (20) becomes divergent at the lower 
limit, for the integrand of the integral becomes of the order 
O(k~') as k tends to zero, Nevertheless, the divergence can be re- 
moved by subtracting a term + (1 — from the 
integrand. The resulting integrand then vanishes as & tends to 
zero and the new integral is‘now convergent. This modification 
is permissible for it does not affect the stresses in the slab as well 
as the convergence at the upper limit. 

It is readily seen that the auxiliary stress function x, thus ob- 
tained gives no stress on the boundary at infinity. 


Boundary Conditions on Surface of the Cavity 


To adjust the boundary conditions on the surface of the cavity 
it is necessary to expand the stress function x in spherical co- 
ordinates valid near the origin. The expansion of x. is simple 
The series in x, can be expanded by using Equations (12), (14), 
(18), and (19), while the integral in x, can be expanded by using 


33 


the following relations 


(kp) 
kr) sinh kz = >» Pans 


' 
+ 1)! 


2n +1 
J dkrikz cosh kz = (30 
(2n)! l4n +1 


n=O 


(2n + 1X4n + 


The resulting expansion is expressed in the following condensed 


form: 


X= Xo +X 


Tain? 

+ v) 

14+ Bas + Boyp? 


+ (C's, De, 429" \p?" Pas (p) (31 
where, fora > 1, 
(2n)! f Qn +1 in + 1 
(4n + 1) 2n — 1)! Jo 


in which yy and We are given by Equations (20). Here the co- 
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we 
Rh 
4 
| 240", + > + 128 + 
- + 1 B,, ++. 2 
In viv the relations 
2,4 x 
0 (Za + 2)! Oz J0 = a4 
| | 


efficient Co is not defined. This is immaterial, for it is the coeffi- 
cient of the trivial term py or z. 

The stress function gives the following normal and tangential 
stresses in spherical co-ordinates [8], 


a® Op? op p oO 

27 27A 


+7 {2n(2n + 1)(2n + 2) 


n=0 

2(2n + 1)(2n + 2)(6n — Snv + 1 — 

An(4n — 3)(2n? + 3n — 2 
(4n — 

4n(4n — 2)(3n — 4nv + 1 — vr) 

4n — 1 

(4n + 2)(4n + 5)(2n? — n — 1 — v) 

4n +3 


1 — y?)'/s 


aa 


Amn Ban 


p™ +3 


— 2n(2n — 1)(2n + 1)C2,p?"~? 
2 


(33) 


p Ou 


+2(42)( 
Op \p Ou op 


7 


+ 7(1 — p?)'2 2n(2n + 2) An 

n=1 pP 
2(2n + 2)(6n — 8nvy + 1 — 2v)Bo, 

(An + 3)p?"*3 
2(4n — 3)(2n? — 1 + v)Ban-2 
(4n — 
2(4n — 2)(3n — 4nv + 1 — v) 
sins 
(An + 5)(An? + 4n — 1 + 2p) 
y 4n +3 


+ (2n — 1)(2n + 1)C2,p?"~? 


The remaining boundary conditions to be satisfied are that on 
the surface of the cavity these »ormal and tangential stresses 
vanish identically. By inserting p = A into Equations (33) and 
(34), and equating separately the coefficient of each Legendre func- 
tion or its derivative to zero, a system of linear equations is ob- 
tained. The system of equations may be replaced by the follow- 
ing system: 

4 
bn — 2n(n + 1)(4n — 1)C,' 
7 — Sv 
— 2(4n + 1)(4n4 + 4n3 — n? — n + 1 — v?)Denye’, (n > 0) 
(35) 


5 
3(7 — 
+ (2n — 1(2n + 1)(4n + 


By = bin + (4n + 1)Con’ 


(n > 1) 


where 6,,, = 1 or 0, according as m = norm # n, and 
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2n(2n + — B2,.) 


A;,’ = 


2(2n + 2)(6n — ier — 20) Ban 
(4n + +8 
2(4n + 1)Ban_ 
(4n + 


(2n 1)(2n + 1)C 
4n? + 2n — 4nv +1 

(4n — 1)(4n? + 2n — 4nv + 1 — pv) 
(4n + 5)Don+2d™ 


— 36) 
(4n + 3)(4n? + 2n — 4nv +1 — 


Dons! 

and in particular, 

Ao’ = 2Ao «4. 401 2v)B 
3A 


By Equations (32) and (29), C2,’ and D»,.’ may be expressed 


in terms of Ag,’ and B;,’ as follows: for n > 1, 


s=0 


D:,' (2°62,A 2,’ + Bo,’ 
s=9 


where 
9 De 
27 2s 
2s 
QnT 


2s + 2)(4n — 1)(4n? — 6n — 4nv + 3 + By)Q**t2%-1 


2n + 2s 2n — 1 
2s (2s + 2)(4n? + 2n — 4nv + 1 — p)Qin +e 


f2(4n? — 4n — 1 + 2p) 


1 4n — 1 
+ 2s 4s +3 
2s + 1 J (4n — 1)(4n? — — 4nv + 3 + 


2(4s? + 4s — 1 + 2p) 


4s +3 


— (2n + 2s + 1 


+ 2s (2n — 1)(4s + 3) 
2s + 1 / 2n(4n? + 2n — + 1 — v)2*"*% j 


§(4n? — 4n — 1 + + 40 — 1 + 
(4n — 1)(48 + 3) 
n(2n + 3 — 4p) (2s + 1s — 1 + 2p) 
( dn — 1 
— 1 + 2 4s? + 4s — 1 + 2p 
4s + 3 ) 
2n + 28 + 1 es (2n + 2s + = + 2s + 2) 


(38) 
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The coefficient w,, is defined by Equation (10) and the remaining 


coefficients by 
> 
ss n! Jo sinh 2k + 2k’ 


(39) 
2k + 2k’ 


K 2 © k" coth? k dk 
“nf Jo sinh 2k + 2k 
each of which tends asymptotically to unity as n tends to in- 
finity. 


The system of equations in (35) may be solved by a method of 
successive approximations as follows: Write, for n > 0, 


Ax,’ = Az,’’, = > (40) 
p=0 p=0 
where 
2 4 
3 7 — Sv 
(41) 
5 
3(7 — 
and for p > 1, 
= —2n(n + 1)(4n — 1)C2,'°-! 
— 2(4n + 1)(4n* + 4n* — n?—n +1 — (n >0) 
(42) 
= (4n + 
+ (2n — 1)(2n + 1)(4n + 3)Danse’?~, (mn > 1) 


in which and are computed from and 
by Equations (37). 

Obviously the foregoing method of solving the linear equations 
is valid as long as the series in Equations (40) are both con- 
vergent. From physical considerations alone, it seems likely that 
there will be convergence if \ is less than unity. The convergence 
can be established over a considerable range of \ by the method 
used by Howland [9] and Knight [10]. However, for the sake of 
brevity, no proof will be shown here and the convergence will only 
be illustrated by the numerical examples which follow. 


Numerical Examples 


Numerical examples will be given for the cases X = 1/2 and 
1/4. The coefficients in Equations (38) are first computed for a 


Table 1 


The coefficients 


given value of vy. The values of w, have been tabulated by Glai- 
sher [11] and those of /, and L,, by the author in two recent 
papers [12, 13], one with the collaboration of Nelson. The in- 
tegral K, may be evaluated by splitting the integrand into the 
following and then integrating both sides from zero to infinity: 


kn coth? k 
sinh 2k + 2k sinh 2k + 2k 2sinh*k 
coth k 
(43) 
sinh 2k + 2k 


This leads to 
K,, = I, + 2AWa-1 — La-s)/n (44) 


The values thus obtained together with the known values are 
shown in Table 1. Table 2 shows the values of the coefficients in 
Equations (38) corresponding to vy = 1/4. 

The coefficients Ao,’, Ben’, C2,’, and D.,’ are then computed 
by the method of successive approximations for the cases \ = 1/2 
and 1/4, respectively. The results are shown in Table 3. In the 
former case, the computation has been carried out up to the fifth 
approximation. The convergence becomes more rapid when d is 
smaller. The coefficients thus found are converted readily to 
Ax, Bon, Cn, and D2, by Equations (36). 

It is now rather straightforward to compute the stress at any 
point in the slab. The most important, however, is the maximum 


stress occurring at the poles of the cavity, i.e., at (p, w) = (A, 
+1). Since 
4 + l+v oO 45 
o = - (45) 
p ¢ 6 a dz x 
and at the poles 
0, =0, = oe, = 1, (46) 
we find 
l+v] 
max 0% = 
2a* E x}, +1 
+ 4n + 1)B:, 
>> 
n=0 
{ 


+ (2n + 1)(4n + 


n=0 


+ (2n + 1)(4n? + 2n — 4nv + 1 — v)Donse’| (47) 


Lansi Kan +2 
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0.767847 

2 0. 883507 1 036928 0.951644 0 982620 
3 0.954192 1.008349 0.979538 0.991327 
4 0.984124 1.002008 0.992746 0.996775 
5 994922 1.000494 0.997654 0. Y98933 


998460 1.000123 
7 0.999549 1.000031 0.999789 0.999902 
8 0.999871 1.000008 0.999939 0.999971 
9 0.999964 1.000002 0.999983 0.999992 
999990 1.000000 0.999995 0.999998 


999997 
0.999999 
000000 


202057 


.000000 
000000 
000000 


0.943138 1 012066 


0. 999283 0. 999669 


0.999999 999999 
1.000000 1.000000 
1.000000 1.000000 
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Table 2. The coefficients, for v 


2n = 
&X 
2522 xX 
1604 
7398 
2423 xX 
5020 & 
$372 X 
& 
W237 
5517 
4 
x 
x 
x 
x 
x 
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—2. 3083 
6507 
1741 
O827 
0336 
11438 
6082 
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The coefficients, for 


1660 
797 


405 


— 6478 
—7 
1. 783 
619 
073 


x KK KK KK KK KK 


~ 


a2 06 as 


x 


Fig. 1 Maximum stress versus radius of cavity 


The following values are obtained: 


\ 0, 
4 


7 ‘(max 2.087, 2.101, 2.232 
The value in the limiting case X = 0 is the known result of a large 
solid having « spherical cavity under an all-around tension, that is, 


12/(7 — 5). The results are also shown graphically in Fig. 1. 


1 ©. B. Ling, “Torsion of Circular Cylinder Having a Spherical 
Cavity,’ Quarterly of Applied Mathematics, vol. 10, 1952, pp. 149 
156. 
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2n = 8 
3805 
1081 
1622 
7884 
9328 
6524 
1579 
9331 
3965 
1453 
2691 
7326 
1602 
0652 
9105 
4758 
6846 
5.4943 

3943 

3777 

0200 

1225 


2n = 10 
5.8475 10 
2462 10 
8800 10 
9205 10 
3683 10 
4536 10 
7.4381 10 
1583 10 
5584 10 
3383 10 
5557 10 
2481 10 
8036 10 
10 
2.0242 10 
1126 
4550 10 
1557 10 
10 
5. OO40 10 
6883 10° 
2902 


10 
10 
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10 
10 
10 
10 
10 
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10 
10 
10 
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10 
10 
10 
10 
10 
10 
10 
10 
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10 
10 
10 
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10 
10 
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13, 1956, pp. 381-291. 

3 A. E. H. Leve, “Mathematical Theory of Elasticity,”’ fourth 
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4 R.C. J. Howland, ‘Potential Functions With Periodicity in 
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5 I. N. Sneddon, ‘Fourier Transforms,” 
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"95, —4 10° 
2 - 10 —2 
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2 -7 5612 4 6.438 —1. 958 
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Influence Coefficients for Edge-Loaded 
Short, Thin, Conical Frustums 


An exact solution is obtained in terms of Kelvin functions for axisymmetrically edg: 


loaded, short, thin, conical frustums. Expressions for the edge-deflectional and rota 
tional influence coefficients are presented in matrix form. Approximate expressions 
for the influence coefficients are evolved by using one-term asymptotic expansions for the 
Kelvin functions. It is shown that the range of validity is somewhat larger for this ap 


Introduction 


& history and development of the problem of 
axisymmetrical deformations of edge-loaded conical shells are 
not repeated here, having been covered by Taylor and Wenk.* 
These authors calculated the deflectional and rotational influence 
coefficients resulting from axisymmetrical edge loading at the 
edges of a frustum of a conical shell. However, their considera- 
tion was restricted to long conical elements; i.e., frustums of 
cones which are long enough so that the edge loadings do not in- 
teract. Recently, Horvay, Linkous, and Born! presented an ap- 
proximate solution to the general problem of the short, thin, 
axisymmetrical shell under axisymmetrical edge loading. This 
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the Society. Manuscript received by ASME Applied Mechanics 
Division, April 1, 1958. 


proximate solution than for the solution by Horvay, Linkous, and Born.' 


solution was obtained by asymptotic integration of the gover: ing 
differential equation. By specialization of these results, an ap- 
proximate solution can be obtained for an edge-loaded conical 
frustum short enough so that the edge loadings will interact In 
the present paper, an exact solution for a conical frustum with 


interacting edge loadings is obtained by using a general so'u‘ion 
in terms of the Kelvin functions. Expressions fcr the edge ce- 
flectional and rotational influence coefficients are presented in 
matrix form. 

From these results, an approximate solution is obtained bh) 
using one-term asymptotic expansions for the Ke'vin functions. 
This solution is restricted to thin conical frustums in which the 
semivertex angle is not close to 7/2. It will be shown, however, 
that the range of validity is somewhat greater than for the solu- 


tion by Horvay, Linkous. and Born. 


General Equations 


The exact general solution for the axisymmetrical deformatio: s 
of a conical shell was obtained by Watts and Burrows? in terms cf 
bers, bei:, kers, and keis functions. It was subsequently re- 
peated in a somewhat different form by Taylor and Wenk.? 
Following these results, the stress resultants, stress couples, 
deformations, and rotations are as follows: 

cot 
Q, = (Cc ber, + Cs beis & ker, & + (', kei, & (la) 
7] 


2G. W. Watts and W. R. Burrows, “The Basic Elastic Theory 
of Vessel Heads Under Internal Pressure,” Journal or APPLIED 
Mecuanics, vol. 16, Trans. ASME, vol. 71, 1949, pp. 55-73 


Nomenclature 


co-ordinate distance from apex of cone 


6 = circumferential co-ordinate varia! le 
@ = cone semivertex angle 
Q, = shear-stress resultant 
H = radial-stress resultant 
N,, Ne = meridional and circumferential normal stress re- 
sultants, respectively 
M,, Me = meridional and circumferential bending-stress 
couples, respectively 
6 = radial deflection measured along perpendicular 
to axis of cone 
V = rotation of tangent to meridian 
E,v = elastic modulus and Poisson’s ratio of shell ma- 
terial 
= 12(1 — 
h = wall thickness 
= m'/h? tan? 
f= AVy 
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(& — &)/V2 
Cs, Cy. Cy = constants of integration 
H,, He = radial-stress results, externally applied at edges | 
and 2 of the conical! shell, respectivels 
M,, M. = meridional bending-stress couples, externally ap- 
plied at edges 1 and 2, respectively 
= radial-stress deflectional influence coethcient 


radial deflection of edge j due to unit radial 
stress resultant applied at edge 1 

6,.,, = bending-stress deflectional influence coefficient 
radial deflection of edge j due to unit bending- 
stress couple applied at edge : 


= radialand bending-stress rotational inflience 
efficients, respectively 
= generalized load, Equation (3b 
6,,, = generalized influence coefficient, Equation (5« 
6,,,* = dimensionless influence coefficient, Equations (4) 
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H = ——— (C, ber: + beis + Cy ker: 
u 


N, = - (C; her, & + C, heis + C; ker, + kei, 


(6, E bers’ + Caf bein’ E + Caf 
2y 
+ CE kei,’ §) 


(CWE bei,’ + 2v bei.é) CLE ber,’ 


+ 2her, &) + keig’ + 2v kei, 
— ker,’ & + 2v ker, 

h 

Mo = ~~~ (C\(2 beis + bein’ — C(2 bers + 

2mty 

vt bers’ &) + + kein’ &) 
— ker, & + v& ker,'&)] 


( bein’ — v beis :) + C; ( ker,’& 
— v + C, kei,’ — v kei (1g) 


= = Eh? (C, C; hers 4 C; kein 


— Cyker, §) (1h) 


where the primes indicate differentiation with respect to &. 
These expressions differ only in notation and sign convention from 
those of Watts and Burrows, and Taylor and Wenk. The present 
notations and sign convention, as shown in Fig. 1, are essentially 
those of Timoshenko.‘ 


‘S. Timoshenko, ‘‘Theory of Plates and Shells,’””’ McGraw-Hill 
Book Company, Inc., New York, N. Y., 1940, p. 450. 


Ny (£2 beig’ 
Fig. 1 Notation and sign conventions 
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+ Cy keig (1b) 


ber: 

(8;;] on bei,’ 


i+ 2p beis £,) 


Edge 2 
Fig. 2 Edge-loaded, short, conical shell 


Influence Coefficients 


The problem to be considered is set forth in Fig. 2. It is as- 
sumed that the edge loadings will interact so that all four con- 
stants in the general solution must be evaluated. The boundary 
conditions for this purpose are given by 


H(y:) = +H, (2a) 
H(y2) = +H, (2b) 
M (yw) = (20) 
My) = (2d) 


Substitution from Equations (1b) and (le) into Equations (2) 
results in 


B,C, = = |], 2, 3, 4) (3a 


where summation is implied over the repeated dummy index p 
and 


2m?y; 


0 
h 
2m 

h 


& bei. ker kei, & 


(& ber,’ 
+ 2p bers 
—(& ber,’ & 
+ ber, &) 


(& kei,’ 
2v keis £,) 


(& 
+ 2p 
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—(& kere’ & | (3a) 
+ ker, &,) 
—(& ker,’ 
+ 2v &) 


/ 
\ 
i 
fea \ 
e 
(1d) Hy ‘ 
M, 
M2 
F,] 31 
[ M, (90 
M, 
ee 0 0 0 
esca 
h y 
0 0 
esca 
: [fij] = (Se 
H 6 
M w 
Qy 
y Vv 
Q My Ny 
y lok 
H 


We now solve Equation (3a) to get 
C= (= 1,234) (4) 


where 8 = |G,,| is the determinant of B,; and 8" is the cofactor of 
B;;; i.e., (—1)'~’ times the determinant obtained from the deter- 
minant 6 by striking out the ith row and jth column. Once again, 
in Equations (4) summation is implied over the dummy indexes p 
and gq. Equations (4) give the values of the constants of integra- 
tion which satisfy the boundary conditions. Substituting in 
Equations (1), all necessary quantities are determined. 

The edge deflections and rotations may be written in terms of 
the edge deflectional and rotational influence coefficients, as 
follows: 


6; = F,6;,, (i = 1, 2,3, 4) (5a) 
where 
6 
=| 5b 
= ) 
V; (9 


and 
= 
Any Any Ami Amy 
Anis Amis Amo 


For example, the rotation of edge 1 ean be obtained from Equa- 


tion (5a), as follows: 


6, = F,6;,, 
= + + + Fibs, (5d) 
and, from Equations (3b), (5b), and (5c), 
= + + + MrOing (Se 


We must now calculate the 6 and @ in Equations (5c). 
From Equations (1g) and (1h) we can write the edge displace- 
ments and retations as follows: 


6, = 


(6a) 


where 


&, kere’ & 


— 2p kere 


kers’ £2 


— 2p ker, & 


bei,’ 


— 2v & 


ber.’ 
— 2p bere 
& ber2’ & bei,’ &, 


beis 


bei, & 


— ber, &, 


— bere kelp 


sin @ 
0 — 0 0 
2Eh 
= (Ge) 
mn? 
0 0 — 0 
Eh? 
m? 
0 0 


Substituting from Equation (4) into Equation (6a) results in 


P (7) 


Equating the right-hand sides of Equations (5a) and (7) gives 
rp 


= 


Piller 


and comparing coefficients of like F; gives 


B PiGan (8) 


From this relation the sixteen radial and bending-stress deflec- 
tional and rotational influence coefficients can be calculated 
through the use of Equations (3c), (3d), (5e), (6b), and (6c). 
The influence coefficients defined by Equations (8) can be dis- 
cussed for a specific problem only, since the material constants 
and shell geometry must be given. In order to establish dimen- 
sionless influence coefficients which can be discussed in general, we 
ean nondimensionalize Equations (8) to obtain 


where 6,;;* are the dimensionless influence coefficients given by 


(Ma) 


2Eh 2ZEh Eh? Eh? . 
An he mi = mo 
b sin asina mb ma 
2Eh 2Eh Eh? Eh? 
sin a@ a sin @ mh mea 
Eh? Eh? 
Eh? Eh? Eh 
Ah Gin - 
mb meta 2m'y; 


Equations (9) give the exact solution for the influence coefficients 
in the present problem. The labor involved in their determina- 
tion is simplified somewhat by the reciprocity relations which re- 
quire that the matrix of influence coefficients, Equations (9b 

must be symmetrical. Thus ten independent influence coeffici- 


ents must be calculated. 
&, 
— 2p kei. 
keie’ & 


‘ 
2v kei, (64 


— kerz & 


— ker, & 


An Approximate Solution 


The computational difficulties involved in the exact solution 
given in the preceding section are severe principally because of 
the presence of Kelvin functions, ber, bei, ker, and kei. It is well 
known that these functions may he replaced by their asymptotic 
expansions when the argument is sufficiently large; for example 
greater than about 6. The arguments of the Kelvin functions 
involved in the present problem are always & or &. Of these, & 
is always the smaller. However, for thin shells, i.e., for radius to 
wall-thickness ratios ranging from 10 to 20, &, is greater than 6 
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> 

V2 

= 
‘oe 
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- 0 0 0 

2Eh 
/ uh } 
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even for semiapex angles as large as 75 deg. Hence it would 
seem possible to get a reasonably good approximate solution by 
replacing the Kelvin functions by their asymptotic expansions in 
the exact solution previously given. 

If only the lowest order terms are retained, the asymptotic ex- 
pansions for the Kelvin functions of second order and their first 
derivatives are given by 


V2 
€ 
ber, = cos ) (10a) 
V/2 
bei, & = : i sin ( = (10h) 
V2 
V2 
ber,’ & = — con ( + (106) 
V2 8 
V2 
bein’ = — sin ( (100d) 
(29g) 8 
2E v2 
2 
V2 
keis = (=) ¥ sin ( ) (10h 


By replacing the Kelvin functions in Equations (3d) and (6b) 
by the appropriate asymptotic expansion from among those in 
Equations (10), the nondimensional influence coefficients can be 
calculated by means of Equation (9a). The ten independent in- 
fluence coefficients thus obtained are as follows: 

(lla) 


286,,* = [xi(2u) — + 


= &)'/* [xo cos w — cosh 
(11d) 


2B6,,,* = 2B6,,,* = —[xi(m) sinh + sin (lle) 


286,,,° = —286,,* = ) sin wp + sinh 
(11d) 

= - ™ [xx(2u) — + (lle) 


265 ,,, 


= ( ) sin wp + sinh 


(ip) 

285,,,* = = sinh w + sin (11g) 

= [xi(2u) + | (11h) 


286,,,° = —286,,* = ) sin — sinh 


(112) 


2Vv\ & 


9 
[xe(2u) + 


= 2¢ 


(119) 
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where 
(& — &)/V2 (11k) 
28 = sinh? uw — sin? p (112) 
and 
= sinh p + cosh (12a) 
xu) = sinh wp — cosh (12h) 
Ss! 
si 
2/2 
P.(u) = sin — COs (12d) 


Equations (11) and (12) were obtained by neglecting terms which 
were obviously negligible compared to those that were retained. 
In Equations (12) the second terms were retained since they are 
not, in general, negligible compared to the first terms. For ex- 
ample, when w = 1.0 and & = 10, 2(2v)'? cosh p/& = 0.115 
Which is not negligibly small compared to sinh w = 1.175. By 
omitting these second terms we get exactly the solution obtained 
by Horvay, Linkous, and Born.' However, xs we have just 
pointed out, this omission is subject to question. 


Properties of the Approximate Solution 


One of the first questions that arises with regard to the analysis 
of truncated conical shells is: “Under what conditions must 
interaction effects be considered?’’ 
three of the dimensionless influence coefficients are plotted in 
These co-ordinates 


In answer to this question, 


Figs. 3, 4, and 5 as functions of w and &, or £5. 
were used for simplicity since if, for example, the axial length of 
the shell and radius of its smaller edge were used as co-ordinates, 
a family of such plots would be required to reproduce these re- 
sults. As uw increases for a given value of & or &, the slant length 
of the shell must increase. Thus we expect that as uw increases, 
the values of the influence coefficients should level off at con- 
stant values. These values should agree with the long-shell 
theory presented by Taylor and Wenk.? 


This, in fact, is the case in Figs. 3, 4, and 5. We see that, in 


3.5 
soL LL, | 
_ 2.5 = 20 
an | | 
2.0 = 200 
1.5 
1.0 
0.5 
0 


0 1 2 3 4 5 6 


Fig. Variation of 5/,,* with u and £, 
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Fig. 4 Variation of 5,,,* with u and £, 


— 


0 2 : 4 6 


Fig. 5 Variation of 5;,,* with and 


each instance tor w > 4, the value of the influence coefficient no 
longer increases with mw, regardless of the value of & or &. The 
values at which the influence coefficients leveled off compared 
favorably with the long-shell theory of Taylor and Wenk. 

As a result of these considerations, we conclude that for uz > 4 
long-shell theory may be used, while for uw < 4 short-shell theory 
must be used for satisfactory results. 

The next logical question that arises concerns the accuracy of 
the approximate solution. The influence coefficients under dis- 
cussion are usually used to compute edge displacements and rota- 
tions so that « jogical discussion of the approximate theory should 
concern the edge displacements and rotations. These latter 
quantities are given as sums of products of the influence co- 
efficients and the edge loads and moments as shown by Equations 
(5). Thus the aecuraey of edge displacements and rotations can 


only be diseuissed on specification of the edge loading or, what is 
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Fig. 6 Comparison of exact and approximate solutions: 5,,.*. uw = 


—- Exact Solution 

1.10 --- Present Approximate 
Solution 

—--— Approximate Solution 


1.05 per Horvay, Linkous, 
and Born 
1.00 
6 8 10 12 14 #16 18 £20 
1 


\2 


0.26 — Exact Solution 


\ --- Present Approximate 
Solution 
Approximate Solution 
0.22 \ per Horvay, Linkous, 
and Born 


0.10 
6 


Fig.7 Comparison of exact and approximate soluti w= 2 


equivalent, on definition of a specific problem. Here we shall re- 
strict ourselves to a consideration of the accuracy of the influence 
coefficients only. 

In Figs. 6 and 7, values of two of the dimensionless influence 
coefficients are plotted as calculated (a) by the exact solution 
(b) by the present approximate solution, and (¢) by Horvay 
Linkous, and Born. We see that when & has increased to a value 
of 16 the present approximate solution differs from the exact 
solution by about 2 per cent. The difference between the Horvay 
Linkous, and Born solution and the exact solution is somewhat 
greater in each instance. For large values of & ~ i00, the dif- 
ference between the two approximate solutions is insignificant 
and the agreement with the exact solution will be excellent 
Therefore, for smaller values of £), the present approximate solu- 
tion may be used with greater accuracy than can the Horvay, 


Linkous, and Born solution. 


yune 1959 245 


1.35 
1.30 
‘ 4 
1.154 
q 
| ah 
| 
—| 
= 
10 14 18 ic, 
= 
\ 


F. C. APPL 


Assistant Professor, Department of 
Mechanical Engineering, 

Carnegie Institute of Technology, 
Pittsburgh, Pa. Now, Research 
Engineer, Jersey Production 
Research Company, Tulsa, Okla. 
Assoc. Mem. ASME 


Upper and Lower Bounds for 
Special Eigenvalues 


A method for finding upper and lower bounds for the fundamental eigenvalue in special 
eigenvalue problems is presented. 


The method is systematic and is shown to provide 


convergence from above and below to the exact eigenvalue under certain conditions. 
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ture. 


0... of the simplest methods of finding upper and 
lower bounds for a class of boundary-value problems, known as 
special eigenvalue problems, is based on the relatively well-known 
comparison or enclosure theorem of Collatz.? Using a trial fune- 
tion which satisfies the boundary conditions, but not necessarily 
the differential equation, one performs a few simple operations 
These 
bounds may not be very good, however, unless the trial function 
is close to the exact solution of the problem. The fact that the 
method is relatively simple to apply for any given function in- 
dicates that it might become much more useful if a systematic 
procedure were added for “choosing’’ these trial functions. 


and obtains upper and lower bounds for the eigenvalue. 


' Submitted in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy at the Carnegie Institute of Technology by 
Ir. C. Appl. 

2L. Collatz, “Eigenvertaufgaben mit technischen Anwendung,” 
Akademische Verlagsgesellschaft M.G.H., Leipsig. 1949, p. 126. 

For presentation at the Summer Conference of the Applied Me- 
chanics Division, Troy, N. Y., June 18-20, 1959, of THe AMERICAN 
Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 20, 1959, for publication at a later date. 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, April 24, 1958. Paper No. 59—-APM-18. 


Discussion re- 


The method is based on the relatively well-known enclosure or comparison theorem of 
Collatz, and makes use of a power series to approximate the eigenfunction. 
applied to two examples concerning the critical-elastic buckling load of variable-section 
columns with pinned ends. 
solution, which is known; the second example is presented as an additton to the litera- 


The method is 


Results for the first example compare well with the exact 


. 


Proceeding in this direction, this paper develops a systematic 
method of generating upper and lower bounds for problems in 
which the enclosure theorem is valid, and shows that under cer- 
tain conditions these bounds converge from above and below to 
The method is particularly attractive in 
that no integration is required as it is in so many of the current 
methods. 


the exact eigenvalue. 


Special Eigenvalue Problems 

In solving special eigenvalue problems’ it is necessary to deter- 
mine constants A, and corresponding functions @, such that a dif- 
ferential equation 


= (1) 
is satisfied throughout a domain D, and boundary conditions 
= 0, = 1,2,3,...m (2) 


The s\ mbol Lem 
denotes a linear homogeneous differential operator of order 2m, 


are satisfied at each point on the boundary of D. 


and the function g is positive and continuous in the domain D. 
Although the complete solution consists of both the eigenfunc- 
tion and its corresponding eigenvalue, often only the eigenvalue 


38. H. Crandall, ‘Engineering Analysis, A Survey of Numerical 
Procedures,’’ McGraw-Hill Book Company, Inc., New York, N. Y., 
1956, p. 285. 
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in one dimension 
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umn material 


a finite, simply connected do- eigenfunction for one dimen- I = moment of inertia of column 
main sion; deflection of column cross section 
@ = eigenfunction in domain D g(x) = agiven function of x P = critical elastic buckling load of 
A = eigenvalue Wr) = afunetion of z column 
> i ti 
m = number of boundary conditions . bounding function L = length of column 
at each point on boundary of € = error function P , f(z) = functional variation of moment 
D of inertia of column cross 
g = agiven function in domain D gn p ~~ section 
y a function which satisfies neces- ‘ 
Lom{ | = linear, homogeneous, differen- : “ie a, b = problem parameters associated 
sary boundary conditions 
tial operator of order 2m 2 : a with shape of column 
for special eigenvalue prob- 
B,{ | = equation for ith boundary con- le : 
dition em eek Unusual Notation 
Vn nth degree approximation for 
x = independent variable pertain- eigenfunction min, max = subscripts indicating mini- 
ing to domain D in one di- A; coefficient of ith degree term of i ° mum and maximum values 
mension; axial distance Wn with respect to x 
along column r,s integers min, max = subscripts indicating mini- 
2), %2 = boundary points of domain D E modulus of elasticity for col- B mum and maximum values 


with respect to, 8 
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| 


is essential. This is true, for example, in such cases as the 
buckling or the vibration of elastic members, where the eigen- 
value is associated with the critical buckling load or the frequency 
of vibration of the member. The method which follows is applica- 
ble to problems of this nature. 


Determination of Bounds 


Consider the solution of equation (1) in one dimension 


= Ag(x)O(x), for 2<2 (3) 


where $(z) has a convergent Maclaurin’s series expansion in the 
closed interval 7, < x < x, but does not vanish in the open inter- 
val z, < x < x.: and where g(x) is positive in the closed interval 
<2. The solution (x) must also satisfy the boundary 
conditions (2) which become 


= fort = 1,2,3,....m (4) 


B = 0, 


A “bounding” function P and an “error” function € are defined as 
follows: 


Lom W(x) 


(8,0, 7) = — (6) 
It is noted that 
x) =X (7) 
eX, x 0, for m<2r<S ae (8) 
For development of upper and lower bounds it is convenient to 
define a function y,(7) in series form 


y,(r) = ¢=0,1,2,...n (9) 
1=0 


This function y,(2) is made to approximate closely the exact 
eigenfunction (x) by requiring that it satisfy the following con- 
ditions; these conditions consist of a set of linear simultancous 
equations, whieh will be used to determine the unknown co- 
efficients A;: 


Byly,(21)] = 0 (8, = 0 


d 


Yn, 2) 


= 0 = 0 


ad 
= 0 — 3, yn, = 0 
dx’ 


= 0 (8, Yn) 22) = 0 (10) 


d 


Yn, = 0 
dr 


B,[y,(x2)] = 0 


ds 


Balua(22)] = 0 — 8, = 0 


where 


n — 2, 
r=¢= —m, for neven 
= ™ 
r= —m 
2 


for n odd 
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The first 2 m equations of this set insure that y,(z) will satisfy the 
boundary conditions (4), while the remaining (mn -- 2m) equations 
cause the error and several of its derivatives to vanish at each 
end of the interval. The importance of these last equations will be 
considered later in the development. 

There is now a total of n equations in the set (10) in terms of 
the (n + 1) unknown coefficients A, plus the unknown 8; making 
n equations in (n + 2) unknowns. Since the solution of problems 
of this nature can be determined only to within an arbitrary con- 
stant,‘ there is no loss of generality in assigning an arbitrary value 
to one of the A;. The unknown @ is treated as a parameter, which 
if given a value leaves n equations in n unknowns, which then 
can be solved for a corresponding set of A,. Thus the coefficients 
A, become functions of 8, which means the approximate solution 
y, becomes a function of both x and 8, which satisfies the neces- 
sary boundary conditions of the problem. Equation (9) be- 


comes 


n 


y(8,2z) = Af{B)x', «= 0,1,2,...20 (11) 


Upper and lower bounds for \ are now obtained by substituting 
this function into equation (5) and looking for the maximum and 
minimum values® of 2 with respect to z, in the closed interval x, < 


x<za,. This yields the relation 
z Pa 


Since y,(8, x) now depends on the parameter 8, the upper and 
lower bounds will also be functions of 8. The nature of de- 
pendence will become clear if equation (5) is written in terms of 
the error defined by equation (6). This leads to 


eB, 2) 
Ry, 7) =B+- (13) 
g(x)y,(x) 


Formal expansions of the error into Taylor's series about the 
points 2, and x, respectively, are now substituted into equation 
(13). The following equations for R(y,, x) are the results: 


R(y,, z) = B 


d 
+ — CB, Ya, — m1) +.... 
dz 


+ 
)y, (2 


(14) 


R(y,, 2) = 8 


d 


Yn, 22) + 
d. 


a 


jy, 


In view of the fact that the error and its derivative with respect 
to x have been made to vanish at x; and xe, equations (10), it is 
seen from equation (13) that the bounding function R(y,, 2) be- 
gins with the value @ at x, and ends with the value 8 at 2». 
Furthermore, the form of equations (14) suggests® that as more 
derivatives of the error are made to vanish at the end points, 
the bounding function R(y,, z) will deviate less from the value 


8, and consequently the bounds Ramin and Rimax will move closer* 
z =z 


* The amplitude of the mode is arbitrary 

* These are known to be bounds by virt .« of the enclosure theorem 
of Collatz?; the essentials of this theoren. are discussed by Crandall,* 
p. 291. 

A more detailed argument for convergence is presented in the 
Appendix. 
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Table 1 Values for elastic buckling load for compressed column of example | 


n= 11 

Lower 

a bound 
0.00 9. 86956 
0.25 12. 40379 
0.50 15. 06999 
0.75 17. 86676 
1.00 20. 78599 


Upper 
bound 
9. 86967 
12. 40400 
15 .07167 
17. 86904 
20. 80142 


Maximum 
possible 

(%) error 
0.021 
0.021 
0.026 
0.026 
0.057 


I = + az)? 
Mean 
value 
9. 86961 

12. 40390 
15.07083 
17. 86790 
20. 79370 


Exact? 
9.86960 
12. 40391 
15. 07084 
17. 86792 
20. 79229 


* Exact values according to solution given by Bleich.* 


together. It becomes clear then, that 8 should be assigned 
values in the neighborhood of A, and that n should be sufficiently 
large to effect acceptable accuracy of the bounds. The bounds 
for a particular value of n can be improved by observing Rmin and 


z 
Rinax for a few values of 8 to ascertain which value or values of 8 
z 


give the best bounds; determine the maximum of /?(y,, 2)min 


with respect to 8 and the minimum of /?(y,, 7 )max With respect to 


B. This leads to the most accurate upper and lower bounds for 
the nth degree approximation y,(2). Hence the final bounding 
relation 


T min max < < Ry, max mon (15) 


x 8B 8 


To calculate upper and lower bounds for the eigenvalue in a 
specific problem, the procedure is to set up the necessary equations 
(10) for a particular value of n, and solve for the corresponding set 
of bounds (15); if the aecuracy of this set of bounds is not ac- 
ceptable, the procedure is repeated using an increased value for n. 


Examples 


In the examples which follow, the problem is to determine the 
smallest elastic buckling load P? of a pinned-pinned column with 
variable moment of inertia /, as shown in Fig. 1. Defining the 
co-ordinate system shown in Fig. 2, and making the assumptions 
of simple beam theory leads to the classical equation? 


op 


dy? 


—EI(r) = Pdr), for 0O<r<l (16) 
where @(r) is the deflection, E the modulus of elasticity, and L 


the length of the beam. Introduce the following notation: 
Ir) = 
PL? 
A= — 
El, 
Substitution into equation (16) vields for the differential equation 


* The equation is written in terms of the dimensionless variable 2 


L 


L 


Fig. 1 Compressed column with variable moment of inertia 


Fig. 2 Co-ordinate system for compressed column 
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*p 


d 
—f(x) = = for 
dx? 


The pinned ends require the boundary conditions 
= 0 
1) =0 


The problem is reduced to finding the lowest nontrivial value 
for \ according to equations (18) and (19); henee the preceding 
method can be applied to determine upper and lower bounds for 
A. 

The first example treats the case of a column with moment of 
inertia given by 


(19) 


I(x) = + ar)? 
(20) 


f(z) = (1 + ar)? 


where J) and a are constants. In Table 1, the bounds for this 
problem are compared with the exact solution, as reported by 
Bleich,* to demonstrate the accuracy and validity of the method. 


Table 2 Values for elastic buckling load for compressed column of 
example Il 


T= 1(1 + ar + 
Maximum 

Upper Mean possible 

bound value error 

4975 6.3556 2 30 
3571 9 3335 27 
6700 12.6575 12 

3363 16.3277 O73 
4008 20) 3640 20 
8155 24.7375 34 

1701 055 
2098 032 
6161 O75 
3755 OSU 
5058 
0433 
S697 
3954 
0100 
7160 

>. 5023 


Lower 
bound 
2137 
6449 
5.3190 
3290 
6595 
1643 
2070 
6000 
3500 

2 4405 
8224 
866 
3938 
0070 
7090 

4980 
3321 
4878 
9283 
4999 
7534 
3003 

22. 2002 
4986 
9833 
3.1146 
4493 
0702 

6 24. 0248 
8 28 4011 
0 32.9989 


1672 
2OS4 

3627 

731 

>. 9320 

3946 
OOS5 
7125 

3351 
5199 
7565 

3262 

2387 

S112 

1540 

1349 

1164 

1004 

4380) 

1905 


Structures,”’ 
1952, p. 189. 


‘Friedrich Bleich, “Buckling Strength of Metai 
MeGraw- Hill Book Company, Inc., New York, N. ¥ 
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BOUNDING FUNCTION 


n=6 
I=le 
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Fig. 3 Characteristics of bounding function for uniform column 
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Fig.4 Convergence properties of bounding function for uniform column 
The second example deals with a case which does not appear in 


the literature; namely, 


I(x) = + ax + 


f(r) = (1 + ar + br?) 


Results for this example are shown in Table 2. 

The numerical work for these examples was done on an IBM 
650 digital computer. Therefore, owing to the arithmetic opera- 
tions involved, there is a small error inherent in the computed 
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a—n*8 
| le(constant) 
9.6 97 98 9.9 10.0 10.1 
B 
Fig. 5 Co h teristics of b ds for elastic buckling load 


for uniform columa 


values of the upper and lower bounds. This error was estimated 
to be of the order of 0.01 per cent, and is included in the values 
of the maximum possible error of the mean value of the bounds, 
given in Tables | and 2. 

To clarify the effects of the degree n and the parameter 8 on the 
convergence of the bounds, a study was made for various values 
of 8 and values of n = 6, 8, and 11 for several specific examples. 
A graphical representation of the convergence properties of the 
bounds for the uniform column of Example I are presented in 
Figs. 3, 4, and 5. 


Discussion 

At first glance, the method seems somewhat lengthy in that a 
relatively large amount of arithmetic is involved. For this 
reason, a computer is very useful, for then the application is es- 
sentially reduced to algebraic manipulations for the necessary 
equations, and the formulation of a program to execute the 
arithmetic. In fact, it is possible to construct a program which is 
completely automatic; that is, the machine ean be made to alter 
its own instructions in such a way that when specific values of the 
problem parameters are supplied, the machine automatically will 


compute the best values for the upper and lower bounds Rimas mio 


2nd Risin mas. Such a program represents, for all practical pur- 
+ 8B 
poses, the solution of the problem. 

It is also to be noted that the operations needed to establish the 
necessary equations require nothing more elegant than algebra 
and differentiation. This simplicity, together with the fact that 
results can be obtained to a high degree of aecuracy, seem to con- 
stitute the major advantages of the method. 

The method worked quite well for the two examples, giving 
values which check very well for the ease with a known solution 
The convergence becomes slightly worse as the column becomes 
more tapered, but this is thought to be no serious limitation, since 
the simple beam equations do not remain valid for large taper 
ratios, 

The computer time necessary to obtain a set of bounds cor- 
responding to a given value of 8 was found to be in the neighbor- 
hood of 7 min. And since the mean value of the bounds for a 
trial value of 8 was soon found to be a fairly reliable indication 
of how to change 8, acceptable bounds were consistently obtained 
in a reasonable length of time 

Finally, it should be noted that the number of significant 
figures in the resulting bounds depends on the number of places 
carried in the arithmetic of the procedure. It was tound for these 
examples that solutions of higher degree require that more places 


be carried. 
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Conclusions 


The results obtained in the two examples indicate that the 
convergence properties of the method are well within the range of 
present-day computers, such as the IBM 650, and that the method 
will become even more practical as larger and more efficient com- 
puters are developed. Therefore, this method, when used with 
such machines, becomes a powerful tool for obtaining essentially 
exact results for many practical as well as theoretical problems, 
which have not yet been solved with such accuracy. 


APPENDIX 
A Note on Convergence 


In the consideration of convergence it will be necessary to de- 
termine if there exists a limiting solution of equations (10) as n 
becomes large, for some value of 8 in the neighborhood of A, such 
that the error approaches zero, throughout the closed interval 
<x < a8 n approaches infinity. Then, according to equa- 
tion (13), the bounding function 2 would approach the constant 
value 8; and hence the bounds would be convergent, in the limit 
as n becomes large, to that value of 8. The following argument 
indicates that such a solution exists only for a unique value of 8. 

It is known, from the general theory of eigenvalue problems, 
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that corresponding to the unique eigenfunction @(x) there exists 
a unique eigenvalue A. By definition the error corresponding to 
this solution is identically zero in the closed interval x, < z < 22, 
equation (8). In thinking of the expansions of this error func- 
tion €(A, ¢, x) into Taylor’s series about the points 2; and 22, re- 
spectively, it is noted that if the error is to be identically zero, as 
required, then the following equations are satisfied: 


eA, = 0 


d 
dx 


d? 


By definition, the solution ¢(2x) also satisfies the boundary con- 
ditions (4), so that equations (22) together with conditions (4) are 
identical with the limit of the set of equations (10) as n ap- 
proaches infinity. Hence the limiting solution, which causes the 
error to vanish, is known to exist for the unique value of 8 equal 
to A; it is concluded that the bounds are convergent to the exact 
eigenvalue A, as n approaches infinity and 8 approaches \. 
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introduction 


I. recent years, a number of investigations have 
heen made with a view toward arriving at an analytical description 
of the mechanical behavior of granular aggregates. Relations 
between quantities descriptive of applied forces and quantities 
measuring deformation were sought by various authors who stud- 
ied models of granular media in which the individual granules 
were assumed to be in direct, elastic contact. Initially, only the 
normal stiffness of contact was accounted for, as in the work of 
Hara [1],? lida [2] ,Takahashi and Sat6 [3], and Gassmann [4], 
whose models consisted of like spheres in regular arrays, and of 
Brandt [5], who analyzed an irregular assemblage of spherical as 
well as nonspherical particles. 

Consideration of tangential stiffness of contact in addition to 
normal stiffness complicates the problem by introducing load- 
displacement relations which, in general, are not only nonlinear 
but also inelastic. That is, such relations at any instant of the 
loading cycle are affected by the history of loading. As a con- 
sequence, if a stress-strain law is sought, it must be written in in- 
cremental (or differential) form. For regular arrays of like 
spheres, this was done by Duffy and Mindlin [7] for the face- 
centered cubic, Deresiewicez [8] for the simple cubie, and Duffy 
(9] for the close-packed hexagonal lattices. Such incremental 
relations are useful in discussing behavior of the medium under 
variations of stress which are small compared with the initial 
state, as in problems of small vibrations or of elastic wave propa- 
gation. However, when the response of the medium is sought 
to stresses whose variation is of the order of the initial stresses, 
as in static loading tests, it is necessary to employ a total (or 
finite) stress-strain law. This may be obtained by integrating 
the incremental form of the law, but the operation can be effected 
only after the loading process is specified. An example of this 
procedure is afforded in [8] where the integration was carried out 


1 This investigation was supported by the Office of Naval Research 
under Contract Nonr-266(09) with Columbia University. 

2 Numbers in brackets designate References at end of paper. 

2 A detailed discussion of the general problem may be found in a 
recent survey of the field [6]. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, November 30 December 5, 1958, New York, 
N. Y., of Toe American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, February 10, 1958. Paper No. 58—A-48. 
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Analysis of a Compression Test of 
a Model of a Granular Medium 


A granular medium is idealized here by a model composed of contiguous like spheres 
arranged in a face-centered cubic lattice. 
are derived by integrating incremental relations, given previously by Duffy and Mindlin, 
for a loading program which consists of a uniaxial compression applied conc urrently 
with a related isotropic pressure. Further, the failure stress in uniaxial compression 
is determined as a function of initial pressure. Results of experimental work are re 
ported which agree with predictions of the theory. 


Total stress-strain relations for this model 


in closed form for homothetie loading from an arbitrary initial 
state. 

The present paper is concerned with the prediction of the varia- 
tion of strain with stress in an axial compression test of a granular 
bar. The model of the medium is chosen to be a face-centered 
cubie array of like spheres, and the appropriate incremental rela- 
tions [7] are taken as the starting point of the computation. 
The coefficients in these relations are functions of the instantane- 
ous stiffnesses of contact which, in turn, depend on the contact 
forces and the instantaneous relative rates of change of their 
tangential and normal components. But the expressions for the 
contact forces already contain the compliance 8, 30 that the in- 
tegration involves, in general, solution of a system of simul- 
taneous, nonlinear, integrodifferential equations. To cast the 
problem in tractable form, a simple variation of the instantaneous 
tangential, relative to the normal, component of contact force is 
chosen. and a loading history determined for which the inere- 
mental stress-strain relations are directly integrable, The 
loading corresponds to a uniaxial compressive force imposed 
simultaneously with an isotropic compression, but such that the 
two force systems are related in a prescribed manner 

The paper contains, further, a description of an experiment 
designed to check the theoretical work and carried out on a spe- 
cially constructed granular bar. It is found that the stress-strain 
relations obtained in the laboratory correspond closely to those 
predicted by the theory. 

In addition, the problem of failure of a granular bar under 
uniaxial compression is investigated and the least stress which 
causes gross relative displacement of the constituent granules 
determined as a function of the initial isotropic pressure Again, 
results of experiments indicate agreement with theoretical pre- 


dictions. 


Incremental Relations 


According to the Hertz theory, if two elastic spheres, each 
having radius R, shear modulus 4, and Poisson’s ratio ¥, are 
mutually compressed by normal forces \, the resulting surface of 
contact is a plane bounded by a circle of radius | 10) 


a = [3(1 (1) 


and the normal compliance of the contract, obtained from the 
relative approach @ of the spheres, is 

C = da/dN = (1 — v)/2ya (2) 

When, instead, the spheres are subjected to a system of com- 


pressive forces consisting of an initial normal force N» and a sub- 
sequent, monotonically increasing, inclined force, the relative 
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displacement of the centers of spheres has a tangential component 
6 as well as a normal component a. For a loading sequence in 
which the rate of change of the tangential component 7 with 
respect to the normal component N of the additional force is 
constant, the compliance in the normal direction is still given by 
(2), and in the tangential direction by S = d6/dT, or [11] 


, 1+ OL 


6> 


where L = 7 No, f is the coefficient of friction of the contact, 
and @ = fdN The constancy of @ implies a 
constant obliquity of the additional inclined force. The con- 
tact radius a appearing in (2) and (3) is determined from (1) 
by replacing Vi by Vy +N. Itshould be noted that, although the 
(3) is valid only for a loading process, the second of (3) 


d7 is constant. 


first of 
is applicable for loading and unloading. 

Consider now a unit cube of like spheres in a face-centered cubic 
Each 


arrangement, loaded by external forces, as shown in Fig. 1. 
sphere in the array is in contact with twelve others; there are, 


18) 


x 


Fig. 1 Unit cube of a face-centered cubic array of equal spheres sub- 
jected to incremental forces 


Fig. 2 Forces acting on a typical sphere of the array shown in Fig. 1 
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then, in general, thirty-six independent rectangular components 
of contact forces per sphere. For a homogeneous state of stress, 
the forces on diametrically opposed contacts are equal and oppo- 
sitely directed. As a result, the number of independent com- 
ponents is reduced to eighteen, and of these eighteen components 
six are normal and twelve are tangential (Fig. 2). All contacts 
occur at points on the sphere at which the normals lie in the co- 
ordinate planes. Accordingly, it is convenient to identify the 
various components of normal forces by N,,, the subscripts 
corresponding to the planes in which the components lie. The 
two tangential foree components at each contact are chosen to lie 
in and normal to the co-ordinate planes, and are identified by 
7T,;, and 7, respectively. 7, j, and k each assume the values 
x, y, and z (except that ¢ # 7 # k), and the order in which they 
appear is immaterial. Moreover, at all contacts at which the 
normal has direction cosines of unlike sign, the foree components 
are further distinguished by primes. 

The product of each component of incremental contact force 
and the associated instantaneous compliance yields the corre- 
sponding component of the incremental relative displacement 
between centers of spheres: 

da;; = (;dN;, da 
d6,;' = S,;'dT;,' (4) 


= SyadT yy 


These expressions‘ permit the transformation of all equations in- 
volving incremental displacements into equations involving in- 


ij 


= S,AT,, 


Su "AT 


crements of contact forces. 
The incremental strains in the array, expressed in terms of the 
relative displacements of centers of spheres, are 
de;; = (da,; + db;; + da;,;’ + db,,")/4AR 
(5) 


dy;; = 2de,; = — da,;')/2R 


Substitution of (4) into (5) vields the strains in terms of com- 
Hence 


the incremental stress-strain relations are determined when the 


pliances and components of incremental contact forces. 


incremental contact forces are found in terms of the stresses ap- 
plied to the unit cube (provided that the compliances appearing 
in the equations can be evaluated ). 

The applied foree increments, dP;; = 8%do,;, acting on the 
faces of the unit cube are assumed distributed among the spheres 
cut by each face in proportion to the intercepted sectional areas. 
They are related to the incremental contact forces bet ween spheres 
by nine independent equations of equilibrium. The simul- 
taneous solution of these nine equations together with nine addi- 
tional independent equations expressing the compatibility of 
relative displacements of neighboring spheres yields the eighteen 
incremental components of contact forces between spheres. 

Duffy and Mindlin [7] have solved these equations for two 
initial states of stress for which symmetry considerations reduce 
the number of unequal compliances. For an initial isotropic 
pressure, denoted by a) and attained by loading homotheti- 
cally, all initial contact forees between spheres are purely normal, 
their magnitude being Vy = VY 2 R%e,). For additional general 
incremental loading which is small compared to the initial load- 
ing, the normal compliance at all contacts is given by (2) and the 
In each of these, a 
The ex- 


tangential compliance by the second of (3). 
is determined from (1) in which N is replaced by Vo. 
pressions for the components of incremental contact forces and 
the general incremental stress-strain relations, appropriate to the 
case of initial isotropic compression, are given, respectively, by 
(14) and (18) of [7]. 


For an initial state of stress whose (compressive) components, 


‘ They are given by (12) of [7]. It should be noted that the sum- 
mation convention on repeated subscripts daes not apply here. 
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referred to the co-ordinate axes of Fig. 1, are o,, = oy, = oo, 
= + and o,, = = = 0, and which was 
attained by variations in o» and a, alone, symmetry arguments 
may be invoked to show some of the components of contact 
forces to be equal to each other and some to be equal to zero: 


N,, Ty = Ty’ = = 0 
Vy: N,,' N,,' = \; 
(6) 


Moreover, contacts with identical load histories have equal 


compliances: 


S, =S,'=5, 8S, =S8,,' = = = 5 


a vu tr 


The expressions for the components of contact force and the en- 
suing incremental stress-strain relations appropriate to the initial 
state of stress specified above are given in [7] by (22) and (23), 
respectively. The general form of such stress-strain relations, 
valid for arbitrary initial loading, has been given elsewhere [12]. 


Total Relations 


To arrive at total, or finite, stress-strain relations, it is neces- 
sury to integrate (5) after they have been put in suitable form. 
This form would appear to be obtainable by the substitution of 
(4) in (5) and the subsequent insertion of (22) of [7], resulting in 
expressions relating increments of strain and increments of ex- 
ternal load. This procedure, however, leads to complications 
arising from the fact that the tangential compliances at the con- 
tacts depend on the loading history. 

Attention herein will be confined to loading consisting of hydro- 
static plus uniaxial compression specified by the components 
dP,, = dP,, = 8R%do, dP,, = 8RX do, + do, 

dP,, = aP,, = dP,, = 0 


imposed on « similar initial state. For this case, (22) of [7], 
which furnish the expressions for the increments in components 
of contact force, become 


AN, 


+ + (C2 — 
AN», = + S2ddoo + (C, + S2)do,) 
dT, = 0 

dT, = — + (C2 + 


where = 2 #?/(2C, + C2 + S2) and the subscripts refer to 
forces and compliances identified, respectively, by (6) and (7). 
The remaining tangential components of the incremental contact 
forees are zero. The normal compliances (; and (Cy depend on 
the instantaneous values of V,; and No», respectively, and are de- 
termined from (2). However, for arbitrary increases in a» and 
o,, the tangential compliance S. depends not only on the instan- 
taneous values of Ne and 7» but also on their relative rate of 
change [11]. Since each of the latter quantities depends, in 
turn, on Ss, the difficulties involved in the integration of (9%) and 
the subsequent determination of the stress-strain relations for 
finite loading are, in general, considerable, involving the solution 
of simultaneous nonlinear integrodifferential equations. 

The present discussion is limited, further, to loading for which 
the form of the contact compliances is known. Accordingly, it 
is assumed at the outset that the external forces give rise to con- 
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tact forces of constant obliquity, ie., at each contact, d7 dN = B 
(constant). Moreover, the loading is assumed to result in posi- 
tive increments dN, and, to facilitate the computation, the con- 
stant @ is taken to be less than or at most equal to’, the coeffi- 
cient of friction of the contact. The appropriate tangential 
compliance is, therefore, given by the second of (3 

Finally, the discussion is limited to an array subjected to initial 
isotropic pressure, a» (due to which the forces at all contacts 
are purely normal and of magnitude Vy = y 2 P*a,” It is as 
a result of this and the preceding restrictions that the integro- 
differential system is reducible to a set of quadratures. If, now, 
the additional hydrostatic plus uniaxial loading, given by (8), is 
such that 


= BSS (10) 

then (9) may be written 
dN, = + + (1 — kido,| 

dN, = + kiday + (E + kido, | 


(11) 


aT, = (0 


dT, = ni(l — + (1 + Enda, ! 


where 


= ((No + N2)/(No + Ni) (12) 


With the aid of (10), the increments da and do, may be elimi- 
nated from (11) to vield 


AN,/dN, = AE (13) 


where X = (1 — 43)". Insertion of (12) in (13) and subsequent 
integration results in a relation between the norma! components 
of the finite additional contact forces: 


(1 + ok + (1 Bki(t + NaN 14) 
Further, 7, = Oand 7. = BN. so that all foree conponents are 
expressible in terms of a single one. 

Equations (11) may also be integrated to furnish « relation 
between the force components N, and Nz, and the additions! uni- 
axial stress o,. This is done by eliminating da, from (11), in- 
serting (10) and (14) in the result, and subsequently integrating 


The resulting expression is 


1+ N,/No = + 4 5° i 15) 


An expression for 7, may now be found, from (12 $, amd (15 


in terms of the parameter €: 
20,/a. = (1 + | 33 (16) 


\ similar process of substitution, elimination, sod integration 


vields a companion expression for the additional tsetropie com- 


ponent a: 


fer 


2 (7 


The parametric equations (16) and (17) prescribe the required 
interdependence of the additional components of isotropic and 


uniaxial stress, The relation is shown in Fig. 3 for» = 0.28 and 


for two values of 8. The range of values of & may be seen, from 


despite the complicated appearance of (16) and (17), the relation 


It is of interest to note that, 


between o» and o, is very nearly linear, because the influence of 


the &? term in each increases rapidly with increasing § 
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Fig. 3 Relation between additional isotropic compressive stress (co) 
and additional uniaxial compressive stress (7) governed by (16) and (17) 


The incremental strain components may be expressed as func- 
tions of only the contact foree component N, by inserting (4), 
(10), (12), and (13) in (5), with the result 


= dey = de,/M1 + kB) = (C,/2R)dN, 


(18) 


de,, = de,, = = 0 


ve 


The nonzero components in (18) may, in turn, be expressed, 
with the aid of (11), in terms of the increment da,: 


1 — ke 
de,, = de,, = 
K [a9] £2)! 2 


— d 19) 
(A — 1)/7{(1 + 3B)AE — 1] (19 


where 

K = [21 — v)?/3u2j'/* 
Integration of (19), accomplished through the use of (16), re- 
sults, finally, in 


1 — kp 3K 
4 [oo] x) (20) 


Equations (20), in conjunetion with (16) and (17), furnish a 
parametric form of the integrated stress-strain relations.5 The 
variation of €,, with the corresponding additional (dimension- 
less) stress is shown in Fig. 4 for two values of the initial pressure. 

The special case of additional purely isotropic compression may 
be extracted from the preceding result by letting ¢, > 0. How- 
ever, since £, \ — 1, the latter by virtue of 8 ~ 0, the expression 
for the strains, (20), becomes indeterminate. It may be evalu- 
ated by noting, from (12) and (14), that 


* Because of the elastic nature of the special form of the tangential 
compliance [the second of (3)], these relations are equally valid for 
the corresponding unloading process. 
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10° 
Fig. 4 Relation between components of additional stress and strain in 


the direction of the uniaxial compression; comparison of theory with 
experiment 


(€? — 1)/(A — &) = (1 + 1 


Moreover, in the limit, N,/No = o@o/o. [from (17)], so that 
the nonzero components of strain now read 

= Eyy = = (3K/4) [oo + — 1] (21) 
Failure 


Let the face-centered cubic array of spheres, initially under 
isotropic pressure, now be subjected to a monotonically increas- 
ing compressive force directed along a principal axis of the array. 
Depending on the value of the initial pressure, there is a limiting 
magnitude of the axial force beyond which rearrangement of the 
spheres within the structure occurs. The process of rearrange- 
ment consists of a series of shearing displacements of individual 
layers of spheres, and is initiated in lavers containing planes in 
which the density of sphere centers is greatest, ive., the {111} 
planes. The spheres in such a layer undergo a homogeneous 
displacement (with respect to a parallel contiguous layer), in a 
<121> direction, of magnitude equal to one third of a lattice 
spacing. This displacement is followed by a similar relative dis- 
placement of an adjacent layer, the process being repeated in- 
definitely. In crystalline materials the analogous rearrangement is 
called ‘‘twinning’’ [13], and is seen to be such that the magnitude 
of the displacement of any given layer is proportional to its dis- 
tance from the initial shearing (twinning) plane. Because 
the displacements of the spheres in this process are of magni- 
tudes several orders greater than the elastic displacements ac- 
companying static loading, the onset of twinning is herein con- 
sidered equivalent to failure. It may be noted that the structure 
which results from twinning is again a face-centered cubic array 
differing from the original one only in spatial orientation. 

One of several equally likely twinning motions may be described 
in terms of the displacement of sphere B, Fig. 1, this being a 
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Fig. 5 Forces acting on a typical sphere, B, and path of B during twinning 


typical sphere in a layer of spheres having centers in a (111) 
plane. A “deformation twin” is produced by a homogeneous 
(111) [121] shearing displacement of this layer through a distance 
R V/4/3 relative to the layer containing spheres A, C, and J. 
(The movement of B takes place from the hollow between the 
mutually contiguous spheres E, F, and G to the hollow between 
spheres A, E, and F.) The distance between the planes contain- 
ing the centers of the spheres in these layers varies during the 
twinning, its magnitude being R +/8/3 at the start and the end of 
the process and reaching a maximum of R +/ 3 as B rides over the 
valley between E and F. 

The twinning then progresses by virtue of a shearing of the layer 
containing spheres A, C, and J relative to the layer containing 
spheres D, K, and H, followed by similar relative displacements 
of successive layers. The resulting spatial orientation of the unit 
cube is determined by a linear transformation (from the axes of 
Fig. 1) whose matrix is 


—1/3 2/3 2/3 
2/3 —1/3 2/3 
2/3 2/3 -1/3 


The path of sphere B in the course of twinning is depicted in 
Fig. 5 in which the 2, 9, and g-axes are the [101], [121], and [111] 
directions, respectively, of Fig. 1. Referred to these axes, the 
locus of the center of B during motion is an arc of the circle 
3? + 2% = 3R* in the plane = 0. In terms of the 9-co-ordinate 
of the center of B, the direction cosines of the normal force of 
E on B are 


ly = 1/2, my = 9/2R, ny = [3/4 — (9/2R)*)'”; 


those of the normal force of F on B are the same except that ly’ = 
— 1/2; and those of the (Coulomb) friction forces of each of E and 
F on Bare 


lp = 0, mp = [1 —(9/RV3)'4, np = —5/RV3 


In its initial position (0, R 1/3, R 8/3), in addition to be- 
ing in contact with spheres E, F, and G, sphere B is in contact with 
nine other spheres, six in its own (111) layer and three in the layer 
above. Each of these nine spheres exerts a normal force Ng = 
V 2 R*a. on B due to the initial isotropic pressure, a. Be- 
cause neither o> nor the relative position of the nine spheres 
with respect to B changes during the twinning, the resultant of 
the nine normal forces is a constant force of magnitude Q = 
2/3 R%o. acting in the negative z-direction. 

Under an axial compressive stress o,, parallel to the y-axis, 
there is a force of magnitude 8R’c, exerted on the zz-face of each 
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Fig. 6 Failure stress o,.* as a function of the initial pressure o,“°’; com- 
parison of theory (23) with experiment 


elementary cube. This force is distributed to all spheres on a 
given {111} plane that project on the loaded face, the distribu- 
tion being in proportion to the magnitude of the projected area 
of each sphere. The force per sphere, given by L = 2R*o,, has 
direction cosines = 0,m, = —V/2/3,n_, = —V1/3, a8 shown 
in Fig. 5, and these do not vary during twinning. 

When motion impends, and thereafter, sphere G breaks con- 
tact with, and hence exerts no force on B. The magnitude of 
the frictional forces of E and F on B is assumed equal, in each 
case, to the product of the corresponding normal force and the 
coefficient of friction f in accordance with Coulomb's law. 
These frictional forces are tangent to the surface of B and di- 
rected so as to oppose the twinning. The torque they exert on 
B is opposed by tangential forces exerted by each of the nine 
other spheres in contact with B. In the equations which follow 
the latter forces are assumed to be statically equivalent to a pure 
couple whose moment is sufficient to insure rotational equilibrium 
of B. 

Consideration of the equilibrium of forces acting on sphere B 
at any point in its path (as specified by the §-co-ordinate of its 
center) leads to the value of the force L which causes impending 
motion: 


L — +t 3} 
6 — (1 V3 +2V 2S) 


where t = 9/R»/3. This force attains its maximum value when 
sphere B is in its initial position (i.e., 9 = R/V 3); the failure 
stress, 7,*, is, accordingly, given by 


= (V6 + — 4f), (23) 


the relation between the failure and initial stresses being illus- 
trated in Fig. 6. Since L assumes its maximum value when B is 
in its initial position, it is seen that, once initiated, the twinning 
will proceed to completion. 

The foregoing computation may be generalized by considering 


the force L imposed such that it is inclined at angles a, 8, y with 
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Fig. 7 Over-all view of experimental setup of compression test of granular bar 


the 2%, 9, Z-axes instead of being applied parallel to a principal 
(y)-axis of the cube. For twinning to occur in the [121] direc- 
tion of the (111) plane (as in the case discussed above), the 
force causing failure is given by 


3+4V76f 


—f) cos B -(V3 + 2f) cos 
(24) 


L* 


and its line of action must be confined to the region of space 
bounded by the (100), (111), and (001) planes. 

Since the face-centered cubic is a packing of maximum density, 
for all intermediate positions during the twinning process, the 
array will have a lower density than initially. The increase in 
bulk volume accompanying shearing distortion has been termed 
“dilatancy”’ by Reynolds [14]. It is evident that, if the bounda- 
ries of a volume of spheres in face-centered cubic array were 
unyielding, so that no decrease in density could be accommodated 
within their confines, the twinning described above would not 
be possible. 


Experiments 


To test the foregoing theoretical results, experiments were per- 
formed on bars made of steel bearing balls arranged in face- 
centered cubic array. The arrangement of the balls was main- 
tained by confining them under pressure inside a thin rubber 
“skin.’’ The stress-strain relations for hydrostatic plus uniaxial 
compressive loading were checked by load-deformation tests. 
Other tests were performed to determine, for a range of initial 
pressures, the axial compressive stress at which twinning occurs. 

The balls used in the test bars were stainless-steel spheres 
(AIST No. 440C) having a diameter of 0.125 + 20 & 10> in. 
They were cleaned by successive baths of carbon tetrachloride, 
toluol, and acetone immediately before use. The bars, a modi- 
fication of the ones used by Duffy and Mindlin [7], were con- 
structed by lining an open-top rectangular box with a loose rubber 
sheet 0.007 in. thick, placing hardened steel bearing plates at the 
ends of the box, and then carefully stacking the spheres in the 
space between the plates in such fashion that the [010] direction 
of Fig. 1 was parallel to the longitudinal axis of the box. Upon 
completion of this process, the rubber sheet was sealed, enclosing 
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the array and the sides of the bearing plates, and the air inside 
evacuated through an aperture in one of the end plates. In this 
condition, the external atmospheric pressure locked the spheres 
in position so that the relatively rigid “‘bar of spheres’’ could be 
removed from the box. When supported on a flat surface, the 
bar preserved its shape under pressures as low as 0.25 psi. 

Fig. 7 affords an over-all view of the testing arrangement. The 
granular bar (b) was supported on a polished lucite surface (s) 
lubricated by ‘“Molycote.’’ The end of the bar through which 
the air was evacuated via a hose (h) was clamped to a fixed sup- 
port (f) and the other end was unrestrained but subjected to the 
horizontal pull of both ends of a slender nylon line (n). These 
ends were fastened to the sides of the free end-bearing plate at 
mid-height, and the line was led horizontally along both sides 
of the bar, over two pulleys (p) at the fixed end, thence vertically 
downward, and finally looped under a third pulley supporting a 
weight pan (not shown). All pulleys were grooved, miniature 
precision bearings with low torque characteristics. Before the 
test bars were constructed, the weight of the line and the third 
pulley and its housing was adjusted to balance the horizontal 
frictional force exerted by the lubricated lucite surface on the free 
end-bearing plate. During tests the axial component of stress 
on the bar was applied by adding measured amounts of size 
“DD” lead shot to the weight pan. 

To correlate the test results with theory, it was necessary to 
consider a mathematical model of the actual bar. This model 
consisted of 216 of the unit cubes of Fig. 1, arranged 3 wide by 
3 high by 24 long, containing (the equivalent of) 864 spheres. 
Each real bar differed from the model in that the portions of 
spheres on the boundary were replaced by full ones, making the 
outside dimensions of the bar (exclusive of end plates) 4.368 in. X 
0.655 in. X 0.655 in. (compared with 4.243 in. & 0.530 in. X 
0.530 in. for the model). Although this replacement increased 
the number of spheres in the bar to 1201, it did not alter the 
number of individual contacts (5796). When converting from 
axial loads to axial stresses, the cross-sectional area of the test 
bars was taken to be nine times the area of one face of a unit 
cube because the load applied by the end-bearing plates to the 
spheres at each end of the bar was transmitted only through con- 
tact points interior to the boundary of the mathematical model. 

The axial component of strain in the loaded bar was calculated 
from the displacement of the outside face of the free end-bearing 
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3 frames (0.00379 sec.) 
before onset of twinning 


1 frame (0.00126 sec.) 
after onset of twinning 


4 frames (0.00506 sec.) 
after onset of twinning 


14 frames (0.01771 sec.) 
after onset of twinning 


plate as measured by a micrometer screw (m) (accurate to within 
+20 X 10~* in.) mounted in line with the test bar. One end of 
a flexible reed (r) was fastened to the anvil of the serew and the 
other end left free to vibrate. The serew was rotated manually 
by means of a pinion gear (100:1 reduction of angular motion) 
until a vertical ridge on the center line of the outside face of the 
bearing plate damped the vibrations, indicating the serew had 
made contact. 

This method of determining the displacement of the plate was 
chosen because it added no measurable axial load to the test bar, 
and yet was sufficiently reliable to enable readings to be repeated 
to within the calibrated accuracy of the screw. But because of 
the difference of the boundaries of the test bar and those of the 
model for which the stress-strain relations were derived, it was 
necessary to adjust the measured displacements before they were 
used to calculate the components of strain. The micrometer 
screw measured the contraction not only of the model but also of 
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Fig.8 Motion picture sequence of failure by twinning in a granular bar due to axial compression 


2 frames (0.00253 sec.) 
after onset of twinning 


8 frames (0.01012 sec.) 
after onset of twinning 


65 frames (0.08222 sec. ) 
after onset of twinning 


the end-bearing plates, and, in addition, the relative approach of 
each plate and the centers of the contiguous spheres. The com- 
pression of each plate was negligibly small compared with that of 
the model, but the approach was not. For isotropic com- 
pression beyond an initial isotropic state of stress, the sum of 
both approaches, as calculated from Hertz theory, was 9.37 per 
cent of the total axial displacement between centers of the end 
spheres of the test bar [as computed from (21)]. For isotropic 
plus uniaxial compressive loading, this percentage was only 
slightly lower. Accordingly, measured displacements were re- 
duced by an amount equal to the sum of the calculated ap- 
proaches at each end, and only the balanee was considered in 
computing the axial strain in the bar, 

Isotropic pressure, initial as well as additional, was applied to 
the test bar by adjusting the vacuum within the rubber sheet. 
Although this arrangement limited the maximum total pressure 
available to 1 atm, it avoided using special equipment which 
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would both house the test bar under greater pressure and yet per- 
mit measuring displacements with reasonable facility and accu- 
racy. The source of the vacuum was a continuously operating, 
two-stage, eccentric cam pump, connected to the bar via a surge 
chamber. The vacuum was regulated by a variable-setting 
control which was sufficiently sensitive to hold the pressure at 
the test bar (as measured by a mercury manometer) to within 
+0.1 psi. 

At the start of all tests, the bar was preloaded with a full 
atmosphere of pressure to permit alignment of the bar when it 
was most rigid and to compensate partially for the frictional re- 
straint of the support. Upon release of the preload the rubber 
skin on the bottom of the bar did not return to its initial position, 
but to a semicontracted, intermediate one. This partial con- 
traction tended to eliminate an intermittent “stick-slip’’ type 
of motion of the rubber over the support which would have been 
present otherwise. 

In the first group of tests, after an initial isotropic pressure had 
been imposed, hydrostatic and uniaxial loads were applied at a 
relative rate predetermined in accordance with (16) and (17). 
This was accomplished approximately as follows: Corresponding 
to the constant 8 = 0.1, companion increments of additional 
isotropic and axial stress were computed, the increments in iso- 
tropic pressure being taken at 1 psi. Then while the isotropic 
increment was building up to its full value, the amount of lead 
shot causing the corresponding axial increment was gradually 
added to the weight pan, After both load increments were fully 
applied the accompanying displacement was measured. 

Test results are plotted in Fig. 4 for two values of initial stress 
together with the corresponding theoretical stress-strain rela- 
tions. For both tests, measured strains are in good agreement 
with predicted results in the range examined. It is of interest 
to note that erratic results were obtained in similar tests for which 
the loading program was based on 8 = 0.2, a value known to be 
in excess of the coefficient of friction, f, between the spheres. 
Tests based on other permissible values of 8 were not conducted 
because preliminary investigations pointed to results having a 
maximum difference from those for 8 = 0.1 no greater than the 
minimum displacement which could be discerned by the microme- 
ter screw, 

A second group of tests was performed to determine, for a 
range of initial isotropic pressures, the axial failure stress. Axial 
load was applied to the bar by adding lead shot slowly to the 
weight pan until twinning occurred, and the failure stress was 
calculated from the weight of the shot which initiated twinning. 
In Fig. 6 this stress is shown as a function of the corresponding 
isotropic pressure on the bar. 

Twinning occurred as predicted on one or more {111} planes 
and then, in rapid succession, on several contiguous planes. 
Multiple twinning also occurred, more frequently for low initial 
pressures (3-5 psi) than for high ones (10-14 psi). Photographs 
of the twinning were taken with a 16-mm Fastax camera at a 
speed of approximately 790 frames per sec. A typical sequence 
is shown in Fig. 8. 

According to (23), the failure stress is a function of both the 
initial isotropic pressure and the coefficient of friction between 
spheres. A comparison of theoretical curves with the test 
curve, Fig. 6, indicates that the coefficient of friction during tests 
was approximately 0.12. An independent evaluation of this 
coefficient was undertaken and a wide range of values obtained. 
While it was possible to prepare contacting surfaces with the 
same degree of surface finish and cleanliness as in the twinning 
experiments, the exact conditions of test were not duplicated. 
Thus tests in which a spherical surface tended to slide over a 
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plane surface yielded values of 0.18-0.19, while tests in which a 
spherical surface tended to rotate in the hollow between three 
mutually contacting spheres furnished values of 0.06~-0.09. 
Consequently, it is not possible to state with certainty what the 
actual value of the coefficient of friction was in the twinning 
experiments. 

Some known souives of error were present in the latter experi- 
ments. Thus it was impossible to add lead shot to the weight 
pan without some jarring, and this jarring may have triggered 
the sliding before the maximum frictional force between spheres 
was mobilized. Such a reduced value of frictional force would 
be reflected in the results as an apparently lowered friction 
coefficient. Further, the presence of undersize or oversize 
spheres in the array may have been a source of error; in fact, since 
the normal approach between centers of contacting spheres was 
of the order of magnitude of their dimensional tolerance, some 
of the contacts may not have even “‘made’’ during tests. No 
significant difference in data was encountered, however, when 
the test was performed on a bar constructed of spheres having a 
dimensional tolerance two and one half times greater than that 
of the spheres in the original test bars. 
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A Reassessment of Deformation 
Theories of Plasticity 


It is shown that deformation theories of plasticity may be used for a range of loading 
paths other than proportional loading without violation of general requirements for the 
physical soundness of a plasticity theory. The extent to which deviations from propor- 


tional loading are admissible on this basis is calculated quantitatively for the simple 
deformation theory of Nadai. It is shown that the lower the strain-hardening rate of 
the uniaxial stress-strain curve, the greater are the permissible deviations from propor- 


tional loading. 


= state of strain in a plastically deformed element 
of strain-hardening material may depend on the entire history of 
stress to which the element has been subjected. However, for the 
particular type of stress history known as proportional loading, in 
which the components of the stress tensor increase in constant 
ratio to each other, the strains obviously can be expressed in terms 
of the final state of stress, for in this case specification of the final 
stress state also specifies the stress history. The so-called defor- 
mation, or finite, theories of plasticity, which relate total plastic 
strain to final stress, are therefore applicable to proportional load- 
ing. On the other hand, it has been shown repeatedly, by means 
of physical arguments, that a deformation theory cannot have 
general validity for all stress histories. 

Unfortunately, these two characteristics of deformation 
theories—validity for proportional loading, and lack of general 
validity for all types of loading—seem to have led to the wide- 
spread but unjustified belief that the predictions of a deformation 
theory are physically unsound for any stress history except pro- 
portional loading. This belief ignores the possibility that the 
law governing plastic strain might exhibit independence of the 
stress history for a limited range of loading regimes that includes, 
but is not restricted to, proportional loading. Such limited path 
independence is a feature of the slip theory of plasticity [1, 2]' 
and of the theory of Sanders [3, 4]. Furthermore, both of these 
theories are fully consistent with the basic postulates and as- 
sumptions used by Drucker to establish the general incremental 
theory of plasticity [5], which relates increments of plastic strain 
to stress increments and stress history. 

In the present paper, satisfaction of Drucker’s basic require- 
ments is assumed to be the criterion for physical soundness of a 
plasticity theory. It is shown that deformation theories are con- 
sistent with these requirements for a range of loading paths in 
the vicinity of proportional loading. The well-known simple 
deformation theory of Nadai is particularly amenable to assess- 
ment on the basis of Drucker’s requirements, and a quantitative 
study is made of the extent to which deviations from proportional 
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loading are permissible for this theory. It is already known that 
the incremental theory of Sanders coincides rigorously with the 
Nadai theory for certain nonproportional loading paths; it will 
be seen from the present results that the use of Nadai’s theory may 
be permissible with deviations from proportional loading con- 
siderably wider than those established by Sanders. 


Review of Basic Concepts 


The present discussion is restricted to initially isotropic ma- 
terials with all time-dependent effects (e.g., creep) ignored. The 
strain tensor €;; is assumed to be the sum of an elastic part €,;" 
and a plastic part €,;;”, with €,;* related by Hooke’s law to the 
stress tensor o,;. The fundamental problem of the theory of 
plasticity is the determination of €,;” in terms of the history of o,,. 
Alternatively, one may seek to relate the plastic strain rate €,/” 
to the history of stress, and the stress rate o,;. (This latter rela- 
tion, of course, would be homogeneous in the stress and strain 
rates, since the time scale has been assumed irrelevant.) 

A concept basic to all plasticity theories is that of the yield 
surface in stress space. It is convenient to deal with the six- 
dimensional space having co-ordinates 0,, V2 Tey, V2 Ty» 
and +/27,,; then every state of stress o,; is represented by a 
point in this space, and the distance from the origin to the point is 
simply (¢,,;0,;)'/*. It is sometimes useful to regard o,, as a six- 
dimensional vector ¢. A loading history o,,(t) is represented by a 
(curved) line in the stress space. It is assumed that to each in- 
stant of a given stress history there corresponds a connected 
region E—the elastic region—in stress space having the following 
properties: (a) The current state of stress is contained in £; 
(b) continuation of the loading path into E produces no additional 
plastic strain and leaves EF unchanged; but (c) penetration of the 
loading path into the exterior of FE does produce a change in the 
plastic strain and, as a consequence of (a), changes the region E. 

The yield surface S at each instant is defined as the boundary 
of E. 

If the material is plastically incompressible, €,,” always vanishes. 
Furthermore, if the plastic strain is supposed to be independent of 
hydrostatic stress, the yield surface is perpendicular to the hyper- 
plane o,; = 0 (since if o,;* is in E, so is the point o,,* + ké,; for 
all k—and the line k6,;; is normal to the plane o,, = 0). The pro- 
jection of the point ¢;; on the plane o,; = 0 is the stress deviation 


1 
and so, when hydrostatic stress is irrelevant, the stress deviation 
path s,,(0) in the five-dimensional space o,, = 0 determines the 
plastic strain and the yield surface. 
Incremental plasticity theory seeks to relate the strain rate 
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é,,” to the history of stress and the stress rate ¢,,(= g) imposed at 
& given point o,, of the history, Fig. 1. Clearly, €,;” vanishes 
whenever is in the interior of E; also vanishes when is 
on S, but the stress rate vector g (with origin at o,,) points 
toward the interior of 2. But for ¢,;; on S, and ¢;; pointing to the 
exterior of S, “loading’’ is said to occur, and plastic flow—non- 
vanishing €;;/—occurs. By continuity arguments, it also is 
reasonable to demand that €,;;” vanish when ¢;; is tangential to S. 


Drucker [5] has postulated a definition of work-hardening on 
the basis of some quasi-thermodynamic arguments. This 
definition led to the following two inequalities concerning the 
strain rate €,;” produced by a “loading” ¢;;: 


;¢," > 0 
(o;, — > 0 


where o;, is the current stress state (on S) and o;;* is any other 
stress state in E. (The second inequality is called the principle of 
maximum plastic work by Bishop and Hill [6], who prove it for 
single crystals that deform plastically by slip, and use arguments 
of a statistical character to extend its applicability for poly- 
crystals composed of such single crystals.) 

The following facts are shown by Drucker to be immediate 
consequences of inequality (2): 

(a) The yield surface is convex. 

(b) Suppose the current stress state o;; is on S, Fig. 1(b), and 
suppose S is smooth at o,;; i.e., there exists a unique hyperplane 
through o;; that does not enter E. Then, for any loading ¢;; 
the direction of the strain-rate vector ¢€? (having components 
Vey? / V2, / V2, and must be that of 
the exterior normal to the yield surface at 9; ;. 

(c) But suppose S is not smooth at o,;; that is, there is not a 
unique normal at o;, to surface elements of S. Then €;;” must 
merely point toward the (convex) region bounded by the cone of 
normals to S at o,;, Fig. 2. Statements (a), (6), and (c) are, in 
fact, equivalent to inequality (2). 

The possibility of sharp corners in the yield surface, and the 
consequent relaxed restriction in the direction of €,;” described in 
(c), will be exploited in the discussions that follow. 


(a) € =0 b) €..%¢ 
j 


Fig. 1 Loading and unloading conditions 


REGION BOUNDED 
BY CONE OF NORMALS 


< 


Fig. 2 Direction of é;;" for o;; at a corner of the yield surface 
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Prager [7] has formulated the following general relation be- 
tween plastic strain and stress for the case of proportional loading: 


This equation applies to small strains of initially isotropic ma- 
terials, the plastic deformation of which is without change of 
volume and is unaffected by hydrostatic stress. ‘‘Proportional 
loading”’ is now understood to mean that the components of the 
stress deviation tensor s;; vary monotonically in constant ratio to 
each other; that is, = A(0s;,°, with A(O) = 0, and \ > 0. The 
only restriction that need be placed on the forms of f and g is that 
implied by the so-called condition of irreversibility [8]; that is, 
for proportional loading, the specific plastic power s, ,€,;” must be 
positive. Differentiation of (3) gives 


(2 Jj, + + S85; 


dg 
i.) gt; (4 


During proportional loading, &;; = \s;,° = (A/A)s,;, and also 4, 
= (2K/A)ti;, Je = (2/A)J2, Js = (3K/A)J3; hence 


of of og ) 
85 ;€i; J» + ( I, + I, 


+ + + wr] (5) 
3 


and so the bracketed quantity in (5) must be positive. [Equation 
(3) would be identical with a stress-strain relation of small sirain 
nonlinear elasticity if, in addition, the condition 
of og 


- = (6) 

ods 
were fulfilled; for then there would exist a function H(J2, J3) 
such that 


In small-strain nonlinear elasticity, H would represent the com- 
plementary-energy-density of an incompressible material. But if 
(3) is only supposed to apply to plastic strains, there is no evi- 
dent reason to insist upon the fulfillment of (6).] 

It is important to note that the statement of the stress-strain 
law (3) for proportional loading does not automatically deter- 
mine the vield surface associated with proportional loading up to 
the current stress state, nor does its use for proportional loading 
require any hypothesis concerning the yield surface. As will be 
seen, the freedom of choice available for the specification of the 
shape of the vield surface will permit a consistent extension of (3) 
to certain nonproportional loading paths. 

Suppose that after proportional loading to s;;, a stress rate §,, 
not proportional to s,;; is imposed; does the strain rate €,,” cal- 
culated from (4) violate Drucker’s requirements? Consider, first, 
condition (1), which, for incompressible materials, requires 
&;,€;;" > 0. For proportional loading the condition of irreversi- 


Transactions of the ASME 


= 
oH _, 
and (3) could be written | 
| oH 
or = 
\ 


bility s;,€;;” > O is satisfied; but therefore §;,€;;” > 0 when 4,; is 
proportional to s;;. Consequently, by continuity, there must 
then be some set A of &,,; for which &;,€;;" > 0. 

Next, consider condition (2); whether or not this condition is 
fulfilled by the €;;” produced by some &;; depends on the shape of 
the yield surface. We must certainly assume that the yield surface 
is convex, but its shape in the vicinity of s;, is not known. Sup- 
pose the yield surface were smooth at s;;; then, in accordance 
with (6), the unique normal to the surface would have the direc- 
tion of the plastic strain rate associated with proportional loading. 
But the directions of €,;” given by (4) for &; # (A/A)s,, are dif- 
ferent, and hence violate condition (+), which requires a unique 
direction of plastic strain rate for all &;;. 

But now suppose that the yield surface S has a corner at s,;; 
then, according to condition (c), the €,;” associated with propor- 
tional loading must lie within the cone of normals to S. Further- 
more, again by continuity, there will exist a set B of 8; for which 
the corresponding €,;;? given by (4) would also fall within the 
cone of normals, thus satisfying condition (c) [and hence (2) ]. 

Consequently, after proportional loading up to s;;, the strain 
rate €,;;” given by (4) is consistent with Drucker’s requirements 
for each &,; that is contained in set A as wellasin set B. The hy- 
pothesis of a corner in the yield surface at s,; insures the existence 
of such an admissible set of 8, ;. 

Let us now consider the conditions under which the €;,” all 
along some curved loading path can be considered to be consistent 
with Drucker’s requirements. Suppose we postulate (tenta- 
tively) that at each instant the yield surface in the vicinity of the 
current stress state is the same as it would have been after pro- 
portional loading to the current stress state. Then Drucker’s 
conditions are satisfied if, at each s, ;, 4,; is a member of both of the 
sets A and B previously defined for the case of proportional load- 
ing up to s,;;. But now a new requirement must be satisfied be- 
fore the postulated behavior of the yield surface can be con- 
sidered acceptable. It is implausible to suppose that the elastic 
region would not continue to include the stress point s;; when the 
stress is changed to s;; + 4;,dt. Consequently, the assumed de- 
pendence of the yield surface on s;; is admissible only if &;; always 
lies in the external (forward) cone of the tangents to the yield 
surface, Fig. 3. Denote the set of 4;; in this forward cone by C; 
then, finally, for every stress history s,;(¢) such that &,; is always 
in all three of the sets A, B, and C, the predictions (3) of deforma- 
tion theory are physically sound, in the sense that neither 
Drucker’s condition nor any other obvious plausibility considera- 
tion is violated. 


STRESS 
HISTORY 


STRESS 
HISTORY 


INSTANTANEOUS 
YIELD SURFACES 


Fig. 3 Yield surfaces (locally) dependent on s,; only 


(b) NOT ACCFPTABLE 


ACCEPTABLE 


Such acceptable loading paths will be called ‘total loading” 
paths; the total loading paths for Nadai’s deformation theory 
will be discussed in detail in the next section. 


Total Loading Paths for Nadai’s Theory 


The stress-strain law of Nadai’s deformation theory (also called 
simple deformation theory, J; deformation theory, octahedral 
shear deformation theory, Ilyushin’s theory of small elasto- 
plastic deformations) is given by the following very special case 
of the general relation (3): 
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= S(J (7) 


This stress-strain relationship can be stated equivalently, but 
more explicitly, as follows: 


3 1 1 
€,;° = ( x) 83; (8) 


3 Va 


in the same way that the secant modulus depends on the stress in 
a uniaxial tension test, Fig. 4. 
Differentiation of (8) gives 


where E, represents the tangent modulus (as a function of @,), 
and use has been made of the relationship 


(+ (11) 
dt \ E, 
Consider first the conditions under which the inequality (1) is 
satisfied. From (10) 


‘4 


But, from (9) 


= 8,4 (12) 
Hence 


3 1 1 (6)? (13 
= 2 E, E (8 E, = E, 0.) 


is certainly positive as long as E > E, > E,—which holds (in the 
plastic range) for all materials having the (usual) monotonically 


Fig. 4 Uniaxial stress-strain curve; 
secant modulus 


Fig. 5 Assumed yield B 
surface (in oj; = 0) B 
after proportional load- ° 

ing 
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where E, depends on the effective stress & 
; 

,3 4 (1 

acs 

i 
| S 4 
| 
iff 
‘ 

a 
\ 


increasing, concave downward, stress-strain curve. Thus every 
4,; is a member of the set A. 

The satisfaction of inequality (2) is a much more stringent re- 
quirement. It is to be emphasized at the outset that the loading 
criterion ¢, > 0 often used in conjunction with (8) or (10) must 
be abandoned. The assumption will be made instead that (in the 
hyperplane o,, = 0) the tangents to the yield surface at s;; after 
proportional loading generate a hypercone about the axis s,; with 
semivertex angle 8 < m/2, Fig. 5. The precise shape of the yield 
surface away from the current stress state s,; will not be specified, 
but, of course, it must be convex. The magnitude of 8 may de- 
pend on 8,;. 

With 8 specified, one immediate restriction on 8; is that it be 
contained in the set C; i.e., that the angle between 4,; and s,; be 
not greater than 8. Let a be the angle between &,; and s;;, Fig. 6; 
then 


If we define the unit vectors 2 = 3/|s| and + = 3/]8| in the direc- 
tions of s;; and 4,;, respectively, then 


(13) 


cos @ = (14) 


and we must have a < 8. 

Now impose the final requirement that 8,;; be in set B; i.e., that 
it produce an €,,? that lies in the cone of normals to the yield 
surface. Define the unit vector 

\e?| 
in the direction of €;,”, and let 6 be the angle between €,;? and s;;. 


Then 


and (see Fig. 7) we must have 


<— 
6+B< 


cos 6 > con( 3) = sin 8 


(cos? 6) > (1 — cos? 8) 


Since, from (9) and (12) 


Equation (10) for the plastic strain rate can be rewritten in the 

convenient vector form 
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) + (N — 1)@-r)2} 


1 
t 


E 


r+ (N-1@-7r)@) 
[1 + 2(N — 1)(2-r)* + (N — 


_F + (N — 1)(cos 
{1 + (N? — 1) cos? a]'/* 


N cos @ 
[1 + (N® — 1) cos? a]'/* 


z-e = cosé = 


and, by (16), we must have 


N?* cos? a 
> 1 — cos? 


1 tan? 
1+tan? 6 1+ 


(23) 


To summarize, then, a total loading path must satisfy both 
a<B (24a) 


and 


N one 


< 
tan 


For given N and 8, the smaller of the right-hand sides of (24a) and 
(24b) determines the largest admissible a. 

An alternative point of view is useful; suppose N is known (as 
it would be if s,;-—and hence o,—is specified); what value of 8 
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a 
-P 
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3 1 1 1 
(18) 
2 E, 
where 
N = ‘all (19) 
Then 
Then 
tan? a + N? 2 
cos 6 = whence 
tanta 
tan? 8 
or 
or N 
— 
re (17) 


55° \ \4 
45° \ 


a, DEGREES 


30 60 90° 
8, DEGREES 


Fig. 8 Dependence of admissible directions of stress increment on semi- 
vortex angle of yield surface 


would permit the largest a, i.e., the largest deviation from pro- 
portional loading? On the basis of (24a), we would like 6 to be 
as large as possible; but the limit on @ prescribed by (24b) de- 
creases with increasing 8. The optimum 8 = B is therefore de- 
termined by the equation 


N 
= tg 1 
B tan ( tanB ) 


tan? 8 = N (25) 
Consequently, as long as 
a<B (26) 


a value of 6 exists for which @ is admissible. The admissible a 
must satisfy the inequality 


tanta < N 


( 1 Vs 


Hence the condition (26) can be written in terms of s,;; and 8; as: 


From Equation (25) 


~ 1 
(27) 
l 1 


To repeat: If we are willing to assume that 8 may attain its 
optimum value B, a loading path is admissible if at each instant 
a < B, which will hold if inequality (27) is satisfied. Note that 8 
depends only on g, and that since N 2 1, B is always at least 45 
deg. 

On the other hand, if @ is assumed (or known) to be different 
from 8, the limitations on a are given by (24a, 6), which may be 
rewritten 


(28) 
as tan 4 


tan 8 
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Fig. 8 shows, for several values of 8, how the maximum admissible 
@ varies with 8. In each case, a must lie below the line a = 8, 
and the dotted curve, obtained from (28), for the appropriate 
value of B. Also, for a given value of a, the interval between the 
solid line and the appropriate dotted curve (corresponding to a 
given B) defines the range of 8 for which the a@ is admissible. 

It is of interest to study the variation of B with the stress level 
and the shape of the uniaxial stress-strain curve. Suppose first 
that in pure tension the Ramberg-Osgood relationship 


= + Ko* (29) 


applies. Then 


1 1 
- = K 
1 1 
E = nko," 
and so 
tan B = (n)'/* (30) 


independently of the stress level. Thus the more sharply the 
stress strain curve bends, i.e., the higher n is, the greater is the 
permissible deviation from proportional loading. 

A modification of the stress-strain relation (29) that corresponds 
to a material with a definite elastic limit o, is given by 


€=— for o<a, 


E 
= — + K(o for 


For this case 
1 _ 1 _ K@, 
E, E 

1 


1 


E, 


and so 


—— 32) 


tan B =|nz 


In this case, therefore, B varies from 90 deg at the virgin yield 
surface o, = a, down to B = tan~!(n)'/* for o, very large. Thus 
the permissible deviations from proportional loading are even 
greater than for the material without a definite yield point. 

A direct comparison, in this second case, is possible with the 
criterion for total loading obtained by Sanders for his incremental 
theory [4]. In this theory, the semivertex angle 8 at the corner 
of the yield surface produced by proportional loading is given by 


sin Bs = (33) 


and for the simple deformation theory to remain valid, Sanders 
finds that a must be less than 6g. 
From (32) 


sin B =| - (34) 
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Fig. 9 Diagrams for the determination of the angle a between §;; and s;; 
for the cases (a) tension-shear and (b) biaxial tension 


and it can be verified without difficulty that, for all values of ¢,/a, 
> landn 21, B> Bs; hence the permissible deviations from 
proportional loading, according to the present study, are greater 
than those permitted in Sanders’ theory. 

The criterion (27) for total loading will now be exemplified in a 
concrete fashion for the case of combined tension o, and shear 
T,,. In this case: 


4 
3 + 3T zy”) = 3 
(9,6, + = — 


+ 37,,%) 


Hence if the loading path is plotted on a diagram of o, versus 
V 3 Tey, Fig. 9(a), the radius vector to any point is o,, and @ is 
the angle between this radius vector and the tangent to the load- 
ing path. If @ is less than 6 at each point on the ioading path, 
values of 8 exist for which the criterion for total loading can be 
satisfied. 

A convenient diagram for the case of biaxial tension is also 
available for the purpose of checking the possibility of total 
loading. In this case, let 


1 
E == (a. + %) 
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1 
%) 


= + 39? 


and, analogously to the case of tension and shear, the angle a@ is 
that between the radius vector and the tangent to the loading 
path in the (£, 3 7) plane, Fig. 9(4). 


Conclusion 


The present analysis does not pretend to demonstrate that the 
predictions of a deformation theory for total loading paths neces- 
sarily constitute a correct description of the plastic behavior of 
any given material; only experiment can determine the accuracy 
of the predictions. What has been shown is that, for a total load- 
ing path, a deformation theory is a respectable competitor to 
other theories (such as incremental theories with smooth yield 
surfaces) and should not be subjected to a priori rejection on 
physical grounds. 
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Collapse Loads of Rings and Flanges Under 
Uniform Twisting Moment and Radial Force 


Limit loads are found for rigid-plastic rings of arbitrary cross section subjected to 
uniform twisting moments and radial forces distributed over the circumference. It is 
shown that the interaction curves for limiting values of twisting moment and radial force 
have the same shape as interaction curves for limiting berding and stretching of straight 


beams. For rings of small uniform thickness the collapse loads are found to agree very 
well with those predicted by thin-plate theory. The theory is applied to find the col- 


1 Introduction 


I. THIS paper the toroidal collapse (or inversion) of 
rigid-plastic circular rings due to the action of twisting moments 
and radial forces uniformly distributed over the circumference 
shall be considered from the limit-analysis point of view. Aside 
from the intrinsic interest of such an analysis, the collapse load 
of a ring is frequently required in the analysis of more com- 
plex structures. Typical situations where such information is 
required are illustrated in Figs. 1-3, where the rings in question 
are attached to symmetrically loaded cylindrical shells. 

The elastic analysis of ring-reinforced structures has been un- 
derstood for some time [1].2- However, in the consideration of 
the rigid-plastic limit analysis of such systems, the appropriate 
boundary conditions are not as readily formulated as in the 
purely elastic case. If collapse of the supported shell occurs be- 
fore collapse of the ring, then the shell may be considered to be 
built in at the ends and the limit loads can be found [2, 3, 4]. If, 
on the other hand, the rings tend to collapse first, the boundary 
conditions can only be determined from a limit analysis of the 
ring. 

In what follows the stress resultants (hoop force and bending 
moment) acting on a cross section of the ring shall be considered 
the generalized stresses of the problem [5, 6]. These generalized 
stresses are in equilibrium with the applied surface loads; how- 
ever, just as in the case of beam or plate theory, the use of gen- 
eralized stresses prohibits «a too detailed specification of the man- 
ner of distribution of the surface loads. 

Thus the present analysis will be concerned with a set of in- 
ternal hoop forces and bending moments in equilibrium with a 
given set of surface loads which are statically equivalent to a 
uniformly distributed radial force and twisting moment as il- 
lustrated in Fig. 4. The foregoing choice of generalized stresses 
will naturally eliminate the possibility of predicting failure in 
modes where generalized stresses of a type neglected herein are 
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lapse load of thin-waled corrugated tubes under axial thrust. 


predominant. For example, collapse due to shearing forces or 
internal radial stresses (such as given by the solution of Lamé 
for an elastic disk) cannot be predicted by the present analysis. 
Nor can collapse due to radial bending moments, such as that 
illustrated in Fig. 3, be predicted. However, the neglect of shear 
stresses has proved to be very reasonable in the case of shallow 
beams [7] and is assumed to be of equal validity in the present 
case for rings having small ratios of depth to diameter. Although 
collapse due to formation of hinge circles cannot be predicted by 
the present analysis, the portion of the ring below the hinge 
circle shown in Fig. 3 can be analyzed by the methods of this 
paper. This will be illustrated by an example in Section 3. 

In the next section the toroidal collapse load of a rigid-plastic 
ring, of arbitrary cross section, subjected to a uniform radial force 
of Q Ib per in. and twisting moment M in-lb/in., as illustrated in 


RING 


PLASTIC 
HINGE 
CIRCLE 


FLANGE 


SOFT GASKET 


Fig. 2 Flanged shell Fig.3 Flange with yield hinge 


1959 / 265 


. 
sHeLL~ 
Fig. 1 Ring-reinforced shell 
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Fig. 4 Loads on ring 


Fig. 4, will be determined. In Section 3 the special case of a ring 
of uniform thickness will be treated. It will be shown that for 
rings subjected to various surface loadings the present analysis 
agrees very well with thin-plate theory, wherein a much closer 
view is taken of the actual distribution of surface loading. In 
Section 4 the ring analysis will be used to find the collapse load of 
a corrugated tube subjected to a uniform axial force as shown in 
Fig. 12. The final section will contain conclusions. 


2 Determination of Collapse Loads 


A velocity field is said to be kinematically admissible if it 
satisfies all geometric boundary conditions and the condition 
that the work rate of the external forces be non-negative. A 
stress field is said to be statically admissible if it is in equilibrium 
with prescribed surface loads and nowhere violates the yield in- 
equality. 

According to the theorems of limit analysis [6, 8] the unique 
collapse load of « structure can be determined by finding a 
kinematically admissible velocity field associated, by means of 
the plastic potential flow law, with a statically admissible stress 
distribution. 

A suitable velocity field is provided for the present problem by 
the assumption that all cross sections of the ring rotate without 
distortion, through a small angle 3 in their respective planes, 
about an axis O located a distance d from the centroid ¢ of the 
cross section, as shown in Fig. 5. A generic element of the cross 
section, located a distance — from the center of rotation, under- 
goes a pure circumferential strain €. The strain rate is given by 


é = td/a. (1) 


The plastic potential-flow law requires that all circumferential 
fibers undergo a normal stress ¢ which is equal to the tensile yield 
stress in magnitude and whose sign is the same as that of (€d). 
Retaining the spirit of beam and plate theory the radial normal 
stresses and all shearing forces are ignored. 

Thus the state of stress is essentially uniaxial and given by 


(0 < &¥), 
< 0), 


o= Y/Y 
o=-Y 


where Y is the yield stress in tension. 

If the cross-sectional shape of the ring is known the resultant 
circumferential (hoop) force 7’ acting on any cross section, as well 
as the resultant bending moment M, with respect to the centroid 
may be obtained as functions of the parameter d. The relation- 
ships between these stress resultants and the external loads may 
be found easily from the free-body diagram in Fig. 6, which shows 
the force and moment vectors acting on an elementary sector of 
the ring. These relationships are 


T(d) = Qa, 
M,(d) = Ma. 


(3a) 
(4a) 
The external work rate W is given by 

W = 2ra(Md + Qdd) = 2nd(M, + Td). (5) 


The quantity (M, + 7d) is simply the bending moment of the 
circumferential stresses o with respect to the axis OO’. It follows 
from Equations (2) that this quantity is either positive or nega- 
tive according as 0 is positive or negative. Thus the work rate W 
of the external forces is necessarily positive, as required for 
kinematic admissibility. 

By eliminating the parameter d from Equations (3a) and (4a), a 
relationship between M and Q may be obtained which is asso- 
ciated with a kinematically admissible velocity field. If the func- 
tions 7'(d) and M,(d) have been computed on the assumption 
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Fig. 5 (a) Undeflected cross section. (b) Defected state (? > 0; d > 0). 
(c) Deflected state (9 < 0; d> 0). 
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Fig. 6 Ring sector 
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that M, > 0, a set of equations analogous to (3a), (4a) may be 
derived upon assuming M, < 0. These will take the form 


—Qa, 
— Ma, 


T(d) = (3b) 


M,(d) = (4b) 
where the functional forms of 7(d) and M,(d) are identical with 
those in Equations (3a), (4a). 

The stress (resultant) field given by Equations (2), (3), (4) is 
evidently statically admissible. Therefore any combination of Q 
and M satisfying Equations (2), (3), and (4) will produce collapse 
of the ring. 

Equations (3) and (4) are the parametric representations of a 
closed curve in the (Q, M)-plane, known as the interaction curve. 
Any point within the interaction curve represents a safe loading 
condition and any point on the curve represents a collapse load- 
ing system. Onat and Prager [9] have discussed the interaction 
curve for a straight beam subjected to the simultaneous action of 
bending moment and axial force. The stress distribution at a 
fully plastic cross section of such a beam is the same as that in the 
circular ring under discussion, hence the interaction curves are 
identical. However, the point of view adopted here is to treat 
the radial force Q and twisting moment M as generalized stress 
variables (rather than axial force and bending moment) so that 
the associated generalized strain variables [5, 6] are the radial 
deflection 3d and angle of twist 3 (rather than extension and 
curvature). The interaction curves may be nondimensionalized 
by writing 

q = Q/Qo = aQ/YA (6) 
m = M/M, = aM/2YS (7) 


where A is the cross-sectional area and S is the first static moment 
of the cross-sectional area on either side of the centroid (i.e., to 
the left or right of point ¢ in Fig. 5a) about an axis through c. 
Using this notation, the interaction curves for a right triangular 
cross section, a rectangular cross section, and an ideal H cross 
section can be represented, respectively, by 


+m = 


l 
27/8)(1 g) 41 (1 q) > (8) 


+m lq| 


where the upper signs are to be used for m => 0. 
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Fig. 7 Interaction curves 


Equations (S8)—(10) are illustrated in Fig. 7. The curves for 
rectangular and H cross sections are symmetrical with respect to 
both co-ordinate axes and are therefore shown in part only. This 
symmetry is typical of any cross section having a line of sym- 
metry or skew symmetry. When bending of a beam takes place 
in a principal plane such symmetry usually will prevail and, as 
noted by Onat and Prager [9], the interaction curves for most 
structural sections will fall in between the parabola and the 
broken straight line shown in Fig. 7. 

The triangular cross section is of interest as an approximation 
to a tapered flange, Fig. 2, or to a transition section of pipe. For 
such a cross section it is seen that the interaction curve is bounded 
by the parabola and the broken straight line in only two of the 
four quadrants. 


3 Comparison With Theory of Plates 


A ring of small uniform thickness may be thought of as an an- 
nular plate. Since the manner of surface loading may be specified 
with greater precision in the theory of plates than in the foregoing 
analysis of rings, it is desirable to compare the predictions of the 
two theories in a few representative cases. 

The limit analysis of symmetrically loaded thin circular plates 
has been treated fully by Hopkins and Prager [10], and affords 
a very useful check on the theory presented in this paper. In 
view of the assumptions which underlie the present theory, exact 
agreement with the theory of plates cannot be expected for a 
purely arbitrary loading system. However, it will be demon- 
strated that the two theories concur exactly in a wide variety of 
cases and can, in any case, be expected to compare very favorably 
as the ratio of ring depth to diameter becomes smaller and smaller. 

Let M,, My, Q, represent the radial bending moment, circum- 
ferential bending moment, and lateral shear force per unit length, 
respectively, acting as shown in Fig. 8, on an element of a sym- 
metrically loaded thin flat plate of width 2h. 

The equation of moment equilibrium [10] takes the form 


Tr 


d 
— (rM,) — M, = rQ, = ~f rp(r)dr (11 
dr 0 


where p(r) is a radially symmetric surface loading. It may be 
shown that the interaction curve for M,, M,, based on the 


Tresca yield condition [10, 11] takes the form shown in Fig. %, 


where M, = Yh*. The flow law requires that the curvature rate 


vector (x,, K,) must necessarily have the direction of the exterior 
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Fig. 9 Interaction curve for plate 
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Fig. 10 Manner of loading and supporting plates 


normal to the interaction curve for any plastic point in the plate. 
If w designates the rate of lateral deflection in the direction of 
positive z (see Fig. 8) the following relationships prevail: 
x, = —d*w/dr*? 
(12) 
Ky = —dw/rdr 


In general, it may be shown that no finite region of the plate 
can be in the plastic regimes represented by line segments AF and 
CD of the interaction curve. If the entire plate lies in regime AB 
or DE the flow law requires that 


k, = 0; w = cr + 2 (13) 


where ¢, ¢: are constants of integration; that is, all radii of the 
plate remain straight in the deformed state. This corresponds to 
the same kinematically admissible deformation assumed for the 
ring, therefore the collapse loads predicted by both plate and ring 
theory wili coincide exactly. A typical loading pattern corre- 
sponding to regime AB is shown in Fig. 10(a@) where the inner 
boundary is loaded by a moment of intensity 7 in. lb per in. It 
may be verified by substitution into Equation (11) that for this 
case a statically admissible stress distribution is given by 


M, = M, = Me 


(14 
T = —M,(1 — a/b) 
where 7 is the collapse load according to both plate and ring 


theory. 

A typical case of loading such that the entire plate corresponds 
to corner B of the interaction curve is shown in Fig. 10(b), A 
statically admissible stress distribution is given in this case by 


M, = 0; My = 
P M,/b. 


(15 


In this case, the form of the deflected plate is indeterminate, but 
it is to be noted that, once again, the plate and ring theories both 
predict the same collapse load. 
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As a final example of loading where the two theories agree per- 
fectly, consider the case shown in Fig. 10(c). The plate theory 
predicts a plastic hinge circle at the built-in edge. This case can 
be treated by the ring theory developed in the foregoing if the 
fully plastic hinge moment Mp, at the outer boundary is treated 
as an external moment acting on the ring. This corresponds to 
the case shown in Fig. 3. It may be verified that a statically ad- 


missible stress distribution corresponding to the loading of Fig. 
10(c) is given by 


M, = M, = 
= 


(16) 


where 7’ is the same collapse moment predicted by both plate and 
ring theory. 

All of the previous examples shared a common characteristic 
in that the same kinematically admissible velocity field served for 
both ring and plate theories. If, however, part of the plate hap- 
pens to be in plastic regimes BC or EF, the vector (x,, K,) must 
satisfy the relationship 


K, = —Ky. (17) 
Therefore 
dw 1 dw 
—- (18) 
dr? r dr 
or 
w = + C2 log r. (19) 


Obviously, the deformations of ring and plate theory cannot 
agree in this case. Typical 0° such situations is the loading pat- 
tern shown in Fig. 10(d). It can be verified that a statically ad- 
missible stress-resuitant field for the plate is given by: 


M, = (Mo — bP) log (r/b) (20) 
M, = M, (21) 
P = Mo[l + log(a/b)}/b log (a/b). 22) 
The associated velocity field is given by 
W =clogr/a 23) 


where ¢ is a positive constant. 

To treat this problem by means of ring theory the hinge 
moment must be considered as an external load acting on the 
ring. Consideration of Fig. 11 will show that the total moment WV 
per unit of centroidal circumference is given by 


(24) 


M = [2Pb(a — b) — 2Mea]/(a + b) 


} RIGID CAP 


Fig. 11 Loading on ring 


268 / sune 


1959 


Thus the ring theory leads via Equations (7) and (9) to the col- 


lapse load 
P = M,(2a — b)/b(a — b). (25) 


Although Equations (22) and (25) are superficially different it 
can easily be shown that for rings having small ratio of depth to 
diameter, both theories lead to the same resu!t; that is, if 


a/b = 1+ 4, 
A<1, 


(26) 


both Equations (22) and (25) lead to the collapse load 


P = M,/bA. (27) 


4 Collapse Load of Corrugated Tube 


The previous analysis may be used to derive the approximate 
collapse loads of corrugated tubes under axisymmetric loading. 
Fig. 12 shows a corrugated tube, consisting of any number of 
constant-width conical frustrum shell elements. The tube is 
closed by rigid caps supporting a total axial load of 27aP pounds. 

A kinematically admissible collapse mode is provided by the 
assumption that plastic hinge circles form at each crest and 
trough, and that between hinge circles each conical section under- 
goes a toroidal deformation with cone generators remaining 
straight lines. Thus each conical frustrum may be thought of as 
a ring loaded by the forces shown in Fig. 12, where M4 and Mz are 
the plastic hinge moments per unit length at crest and trough, re- 
spectively. 

The total twisting moment M per unit of centroidal cirecum- 
ference acting on a ring is 


/ 
M = [Pa(a — b) — M,b — M,a] / = (a+b). (28) 


Since the radial force Q is zero, the collapse load may be found 
from Equations (9) and (7) to be given by 


1 
2vs/3 (a + b), 29) 
where 
S = h(a — b)* cot? (a@/4) cos a. (30) 


In order to determine M, and Mg, it must be noted that the 
conical frustum is actually a shell of revolution, and as such is 
governed by the yield surface derived by Onat and Prager [12]. 
By consideration of the discontinuity of slope in the meridional 


‘direction at a hinge circle it may be concluded that the pertinent 


portion of the yield surface is given by the first line in Table II 
of reference [12]. Noting that the meridional stress resultant V, 
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Fig. 13 Regions of static admissibility 
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Fig. 12 Corrugated tube 


at a cross section of radius r for the present problem is, 
N = —P(a/r) cos a (31) 


it follows from [12] that, at a plastic hinge circle, the merid- 
ional bending moment M, is related to N, by 


+M,/Yh? = 1 — (N,/2Yh)? (32) 


Upon appropriate interpretation of symbols, Equation (32) re- 
duces identically to Equation (9). 

Although no conceptual difficulties arise if Equation (32) is re- 
tained, the limitations of the analysis are somewhat easier to 
formulate if Equation (32) is linearized in the same manner that 
Equation (9) is linearized to form Equation (10). In the event 
that the corrugated tube consists of an ideal sandwich or H cross 
section, no approximation is involved. 

With this simplification the hinge moments may be expressed 
by 


M,/Yh? = 1 — P cos a/2YVh, (33) 
M,/Yh? = 1 — P(a/b) cos a/2Yh, (34) 

where 
0 < P < 2Yhb/a cos a. (35) 


Equations (33) and (34) are analogous to Equation (10). The in- 
equality (35) stipulates that the generalized stress point remains 
on the required interaction curve (or remains within the first 
quadrant of the analogous broken-line curve shown in Fig. 7). 

Equations (28)—(30), (33), (34) may be combined to give the 
collapse load 


P (h/a)(1 + b/a) + (1 — b/a)* cos @/2 sin? a@ 36 

(36) 

Yh (1 — b/a) + (h/a) cos a@ 

In order to consider the limiting case of a perfect evlinder it 

should be noted from Fig. 12 that L sina = a — b. If the slant 

height L is held fixed and the angle @ decreased, Equation (36) 
leads to 


Pan = 2Yh(1 + L?/4ah) (37) 


This result seems reasonable in view of the fact that a perfect 
evlinder may be thought of as the limiting case of a corrugated 
tube with any L whatsoever. Since the cylinder will actually 
collapse in the kinematically admissible mode associated with 
the lowest value of P, it will collapse in that mode for which L = 
0; that is, failure is due to pure compression with no bending 
effect. 

Equation (37) also indicates in a qualitative manner that small 
wave-length axisymmetric deviations of initially cylindrical shells 
will produce only second-order effects on the limit load (ignoring 
stability effects). 

The collapse load given by Equation (36) is associated with a 
statically admissible stress-resultant field if Inequality (35) is 
valid. Equation (36) shows that the absolute maximum merid- 
ional stress resultant 


Nomax = P(a/b) cos a 


is a linear fractional form, in (h/a), which is monotonically in- 
creasing or decreasing accordingly as 


2(1 + b/a) 2 (1 — b/a) cot? a. (38) 
Furthermore, |Ny|msx = 2¥h, when 


(h/a) cos? a sin? = (b/a)(1 + sin?’ a@) — cos?a@ (39) 
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Therefore in order to have a statically admissible stress field it is 
necessary that 


i — b/a 
-22 2 40 
i+ 2 2tan’?a (40) 


and 


h\ _ (b/a)(1 + sin? a) — cos* a@ 
2 (41) 


a cos* sin? 

where the upper signs are used together, and the lower signs are 
used together. These inequalities limit the range of the three 
geometric parameters (b/a, h/a, a) over which the solution is cor- 
rect. It may be verified that the satisfaction of the lower of 
Inequalities (41) guarantees the satisfaction of the lower of In- 
equalities (40). 

In Fig. 13 those values of (h/a) and (6/a) for which the lower of 
inequalities (41) is valid for a given angle @ lies to the right of an 
inclined line labeled with the given value of a. These labeled 
lines will be referred to as demarcation lines. Fig. 13 shows only 
the region of physical interest 0 < h/a < 1/2; however, the fol- 
lowing comments apply to the entire range 0 < h/a < 1. 

Obviously, a sufficient condition for the present solution to be 
statically admissible is that the point (b/a), (h/a) lie to the right 
of the appropriate demarcation line. It may be shown further by 
use of the upper of inequalities (40) that this is also u necessary 
condition for static admissibility if a > 34.2°. For lower values 
of @ the present solution is valid for all values of b/a < (1 — 3 
sin? a)/(1 + sin?'a@). These values of 6/a, however, are (except for 
very small values of a) so small that they are of no interest for 
the problem under consideration. 

In short, the collapse load predicted by Equation (35) is both 
statically and kinematically admissible for what should prove to 
be the greatest range of practical interest of the three governing 
geometrical parameters h/a, b/a, a. 


5 Conclusion 


The interaction curve for simultaneous extension and flexure of 
a straight bar may serve as the interaction curve for the toroidal 
deformations of a ring, provided that the associated generalized 
stresses and strains are interpreted accordingly. Although the 
choice of twisting moment and radial force as generalized stresses 
prohibits a distinction between any two statically equivalent 
surface loadings of the type under consideration, it has been 
shown that in the limiting case of thin rings of uniform thick- 
ness, the resulting inaccuracies approach the vanishing point as 
the ratio of depth to diameter decreases. What inaccuracies do 
arise seem well compensated for by the increased generality of the 
theory which, contrary to the limit analysis of plates outlined in 
[10], can treat rings of arbitrary cross section and include the 
effect of radial forces. 

It is to be understood that the present theory is not applicable 
if the hoop stress is of sufficiently large negative value to intro- 
duce instability effects. 

The foregoing application to an axially loaded corrugated tube 
is to be considered only a typical example. The present theory 
also can include the effect of internal or external fluid pressure. 

The application of the results of this paper to the problem of 
reinforced pressure vessels will be considered elsewhere. 


Acknowledgment. The author would like to thank Prof. P. 
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Creep of Thick-Walled Tubes Under Internal 
Pressure Considering Large Strains 


Using the generally accepted assumptions of constant density, zero axial strain, and 
the distortion-energy law, equations are derived for the creep rates, strains, and stresses 
of a thick-walled, closed-end, circular, hollow cylinder under internal pressure and 


made of an isotropic and homogeneous material. The strains are considered large, 
requiring the use of the finite-strain theory. A known creep rate versus stress relation 


I. problems concerned with the deformation in the 
elastic and primary creep ranges it is sufficiently accurate to as- 
sume that the strains are small and that the deformations can be 
referred to the original dimensions of the cylinder rather than the 
instantaneous deformed values. The magnitude of deformation 
during secondary and tertiary creep, however, may reach values 
where infinitesimal strains can no longer be assumed. 

In order to obtain a pressure-versus-creep rate relation, the 
usual assumptions used in the theory of creep for combined stress 
will be made. It will be assumed that during creep: 


1 The cylinder is made of an isotropic and homogeneous ma- 


terial and retains its circular shape. 
2 The volume of the material remains constant, or 


(1) 
3 The axial strain rate is zero 
é: = 0 (2) 


It can be shown that this assumption yields the correct value for 


the axial force. 
4 The ratios of the principal shear-strain rates to the principal 


shear stresses are equal; that is 


— € é—€ é,—€ 
(3) 


— O, — Se 
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is then used to solve a specific problem. 


5 There is a significant stress-versus-rate of true strain rela- 
tionship, which coincides with the true stress-versus-creep rate 
relationship in simple tension; that is 


= (4) 


The foregoing assumptions also were made by Bailey [1, 2],' 
Soderberg [8], Marin [6], Nadai [3], Johnson [4], and Weir [5], 
with the exception that equations (3) and (4) are expressed in 
terms of true stress and true strain in the new theory in place of 
the nominal values. 

As the magnitude of the creep deformation increases, a condi- 
tion is soon reached where an analysis of the state of stress and 
creep rate demands the application of the finite-strain concept. 

The present paper, making use of the foregoing assumptions, 
extends the finite-strain theory developed in a paper by Mac- 
Gregor, Coffin, and Fisher [9], for application to the creep of 
thick-walled, closed-end cylinders under internal pressure. 

The results of this study show that the creep rate of a cylinder 
subjected to a constant internal pressure increases with deforma- 
tion, when the creep rate of the same material in simple tension 
under constant stress is constant. They are intended to warn the 
design engineer that the customary assumption of infinitesimal 
strains in the study of creep of thick-walled cylinders leads to re- 
sults (e.g., in determinination of the wall thickness) on the unsafe 
side. They should aid the design engineer in predicting the 
correct creep rates, strains, and stresses in cases where large creep 
deformations of cylinders are permissible. 


Derivation of Basic Equation 
The radial equilibrium in a deformed cylinder, as shown in 
Fig. 1, requires that 


' Numbers in brackets designate References at end of pape! 


Nomenclature 
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B = a material constant é€ = natural strain, also significant b = at external radius 
T = a function of time natural strain r = radial 
a = original internal radius é€ = rate of natural strain, also rate of z = axial 
igni j ¢ = tangential 
— go = true stress, also significant true Constants Used in Example 
stress 
n = a material constant B = 510-" 1/day 
= a constant n=6 
= internal pressure , 
P p = 40,000 psi 
t = time ubscripts 
radial displacement a = at internal radius a = 1000 psi 
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x 
at 
r = 70, — Jd, (o 
dr’ 


Element of deformed cylinder 


DRIGINAL STATE DEFORMED STATE 
Fig. 2 Cross section of thick-walled cylinder 


Fig. 2 shows the cylinder in its original shape and its deformed 
shape. The cross section of the cylinder with the inside radius 
a and the outside radius b expands to the inside radius a’ = a + 
u, and the outside radius b’ = b + u,. An arbitrary element at 
the radius r has moved to the position r’ = r + u. The natural 
tangential strain becomes 


+ *) (6) 
rdg r r 


= In 


and the radial strain 


or’ ou 
, = — = 1 
€ n in( + =) 


After elimination of u in equations (6) and (7), the equation of 
compatibility of the strains is arrived at, 


(8) 


If use is made of the relationships given in equations (6), (7), and 
(8), the equilibrium equation (5) can be obtained as 
oa 


(9) 


The closed-end cylinder under internal pressure is one of the 


cases where the use of significant strain leads to the same result 
as the use of the significant strain rate. The derivation of the 


212 / suNE 1959 


basic equation therefore may be based on either quantity. The 
significant strain, which will be used here, is defined by 


2 
— + — €,)? + (e, — (10) 


By using equations (1) and (2), the significant strain becomes for 
the eylinder 


(11) 


2 


The significant stress is defined as 


1 
l(a, — o,)? + (0, — + (a, — (13) 


Observing that ¢, = '/:(0, + o,) because of the conditions ex- 
pressed by equations (2) and (3), equation (13) becomes 
v3, 


(14) 


It is found that for the thick-walled cylinder ao, > ¢,, such that 
the significant stress ¢ is always a positive quantity 

Substitution of o, — a, in the equation of equilibrium (9) by 
the expression of equation (14), and of €, and €, by the expressions 
given in equations (12) and (11), results in 


(15) 


The compatibility equation (8) may be integrated. Replacing 
€, and €, by € as given in equations (12) and (11), the integral of 
equation (8) is found to be 


T(t) 
€ n 


where 7(t), the integration constant for the integration with re- 
spect tor, is a function of time. 
Equation (16), solved for r?, is 


(16) 


T(t) 


and solved for the square of the inside radius a, 


a’ 


(18) 


The strain at any radius r may be evaluated from equations (17) 


and (18) as 
2 
In +. (*) (eV Sea »| 
3 r 


By differentiating equation (19) with respect to time, the creep 
rate € at any radius r is obtained as function of a given creep rate 


€, at the inside radius a, 
( a eV 
r 


fo 
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(19) 


Pa 
| 
wa. 
— or 
ig) 
T 
— 
oo, 2 v(3)e 
or V3 = 
(7) 
” Or | 
(20) 


With the help of equations (17), (18), (19), and (20) a relation be- 
tween creep rates and strains can be established. It is 


1 — e~ Vie 


€= é, (21) 


Determining the partial derivative of €, as given by equation (20) 
with respect to r, and making use of the relation expresssed by 
equation (19), leads ta 


or r 


The radial stress is 0 = f(€), and the creep rate isé = f(r, t), 
hence 


(23) 


do, 
(24) 
dé Vv (3)€ 


By selecting appropriate limits, the internal pressure is eventually 
obtained from equation (24) as a function of the creep rate as 


where 


= (26) 


is obtained from relation (20). 


Time Dependence of Strain 
An inspection of equation (25) will show that the pressure p 
can be obtained as a function of the creep strain € and the creep 


rate €, provided the stress-versus-strain rate relation ¢ = f(€) is 
given 
Placing ¢ = f(€) in equation (25) and integrating gives 
Pp = €,) (27) 


If €, can be obtained explicitly and €, and p can be kept separate, 
equation (27) may be rewritten to give 


= (28) 


Equation (28) can be integrated by separating the variables. 


Then 
€a t 
f, = (29) 


After carrying out the integration in equation (29), the strain at 
r = ais available as a function of time, 


Silt) (30) 


and the strain at any other radius may be obtained by employing 


equation (19). 


Stress Distribution During Creep 

For a given significant natural strain €, and creep rate €,, both 
at r = a, the significant true stress is obtained as a function of the 
radius r by equation (4), 
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o = (4) 


where, from equation (20), 


2 
a eVVa 
r 


(20) 


The radial stress is obtained from equation (24) by integration 
between appropriate limits as 


€ 


The tangential stress is given by rewriting equation (14), 


1 dé 2 
= —p+—,; —d + —- fie) (32) 
The axial stress is the average of o, and ay, or 
— on — de + —- fle) (33) 


Application 


Let us now make the assumption that the cylinder is made of 
a material which creeps according to a power function 


(2) (34) 


in which B, oo, and n are constants, which are determined in a 
simple tension test. Assumption 5 will now have to be applied 
to relate the results in simple tension to the complex state of 
stress in the cylinder. A more detailed discussion of the use of 
significant stress and strain is given in [7]. Equation (34) re- 
written states that 


ar 
RB} n € (35) 


This expression for o can now be inserted into equation (25), 
where, after integration, the following expression is obtained, 


where €, is given by equation (26). 
During creep under a constant pressure, the internal cross sec- 


+ 


1/pDaY 
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Fig. 3. Significant natural strain rate versus significant natural strain, 
both at the internal radius a 
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tion of the cylinder is increasing and the wall thickness decreasing, 
both causing a continuous increase of the creep rate. The creep 
rate €, at r = a is found as a function of the strain €, by rearrang- 
ing equation (36), 


a\?2 “I/n\ —n 
( e V(3)«a 
V/(3)"Bp" | b ) | 


€ 
| 


1+ (*) (eve — 4) 
b 


This dependence is shown in Fig. 3 for a typical case. 
In order to establish the strain as a function of time at a con- 
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Fig. 4 Significant natural strain at internal radius versus time 
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Fig.5 Stress distribution before onset of creep (elastic-stress distribution) 
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stant internal pressure, one obtains after rearrangement and in- 
tegration of equation (37), 
( a 
b 


3 )*Bp* 
Oe"n" 


(*) (eV ee 


The integral on the left side of the equation may be solved either 
numerically or graphically. The latter involves the familiar 
construction of a time-position curve from a velocity-position 
curve, and has been used to obtain the diagram in Fig. 4 from the 
diagram in Fig. 3. 

Figs. 5, 6, and 7 show successive stress distributions in the wall 
of the vessel. Fig. 5 is the elastic distribution of stress, which can 
be assumed to prevail immediately after the application of the in- 
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ternal pressure, and is given by the well-known equations of the 
theory of elasticity. After creep has become effective the stresses 
will rearrange themselves to the pattern shown in Fig. 6, obtained 
from equations (4), (31), and (32), by assuming that the deforma- 
tion can be approximated by ¢, = 0. After considerable defor- 
mation (e.g., €, = 0.66) the stresses obtained from the same equa- 
tions have increased. They are plotted in Fig. 7 against the 
cross section of the deformed cylinder. The increase of stress is 
accompanied by an increase of creep rate, as plotted in Fig. 3. 


Conclusion 

Using the generally accepted assumptions of constant density 
and that the distortion energy relation is applicable, equations 
were derived for the creep rates, strains, and stresses in a thick- 
walled closed-end circular hollow cylinder under interna] pressure. 
The strains were considered large and required the use of the 
finite strain theory. The equations derived were then applied to 
cylinders made of a material which is assumed to creep according 
to an n-power law. 

The use of finite strains in the creep theory of thick-walled 
cylindrical vessels under internal pressure shows an important 
effect which is overlooked in the methods assuming the usual 
small or infinitesimal strains. By considering finite strains it is 
found that the creep rate of a thick-walled cylinder under in- 
ternal pressure increases, even though the creep rate of the same 
material when subjected to constant true stress in simple tension 
is constant. The assumption of infinitesimal strain leads to a 
prediction of wall thickness which is on the unsafe side. 
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Two sets of strain-hardening flow laws based on an analogy with a kinematic model are 
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problems. 


derived for circular plates made of an initially Tresca material. 
laws, called complete and direct hardening, differ in the point at which the plane-stress 
assumption ts introduced. 
the plane-stress assumption is made at the latest possible stage in their derivation. 
Complete and direct-hardening solutions are obtained to each of three different plate 
The results indicate that the direct-hardening solutions give a fair approxt- 


The two sets of flow 


The complete-hardening flow laws are more consistent since 


mation to the complete-hardening ones. 


on the past decade an extensive amount of work 
has been done on limit analysis of structures. More recently, 
with the development of mathematically tractable hardening 
theories, some attention has been turned to  strain-hardened 
structures. 

As yet, there is little experimental evidence as to the complete 
effect of strain-hardening on the subsequent plastic behavior of 
the material. The simplest assumption is that the material 
hardens isotropically; i.e., the vield curve expands uniformly 
about the origin. A quite different theory based on the phe- 
nomenon of slip has been proposed by Batdorf and Budiansky 
[1].* Neither of these 
Bauschinger effect which is observed in many real materials. 

In 1955, Prager [2] proposed a quite different type of strain- 
hardening mechanism which is most simply described with ref- 
erence to a kinematic model. The present paper is concerned 
with the applications of Prager’s kinematic hardening to circular 
plate problems. Specifically, two possible methods of applying 
the theory to plate problems will be discussed and compared. 

The first section contains a general discussion of the application 
of kinematic hardening to problems of plane stress. This may be 
done in two ways; namely, by adopting the kinematic model 
before or after the assumption of plane stress is made. The re- 
sulting theories are known, respectively, as complete and direct 
kinematic hardening. 

The next section is concerned with the formulation of the com- 
plete and direct hardening flow laws for plates. In the third sec- 
tion an example is treated in considerable detail, and further ex- 
Finally, some com- 


theories accounts for the so-called 


amples are discussed in the fourth section. 
parisons and conclusions are made in the last two sections. 
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1 Complete and Direct Hardening 

In the kinematic-hardening theory proposed by Prager the 
initial vield surface is represented by a rigid movable frame whose 
size and shape are fixed [2]. The translatory motion of the frame 
in the stress-strain space is a measure of the strain-hardening. 
The frame can experience motion only when the smooth stress pin, 
representative of the stress state of the material, is pushing against 
it. 

When applied to special stress states, such as plane stress, the 
mode] at first glance appears to be immediately simplified. Con- 
sider, for example, the plane-stress state associated with a ma- 
terial whose initial vield surface corresponds to the Tresea vield 
condition, Fig. l(a). Since the stress pin is restricted to the a, 
= 0 plane, it would appear that a two-dimensional frame model 
might suffice. However, when the pin comes in contact with a 
portion of the yield surface, say AB, the kinematic-hardening law 
dictates that €& strains also can arise since the ¢; = 0 plane is a 
nonright section of the vield cylinder. {Mathematically speak- 
ing, Of /00;(0;, O foro; = 0, where f is the vield function.] 
Hence a consistent kinematie-hardening theory must account for 
all stress directions, even those which are associated with zero 
stresses. This was illustrated by Perrone and Hodge in a par- 
ticularly simple example involving bending of an idealized I-beam 
[3]. The consistent kinematie-hardening theory is called com- 
plete hardening; the inconsistent theory which evolves by 
neglecting the zero stress directions is termed direct hardening. 


CYLINOER 
CENTERLINE 


PLANE 0, =0 


Fig. 1(a) Perspective of Tresca yield surface 
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Table 1 Integrated complete plane-stress-flow laws for regular progressions 
Sides 
—AB——. ——_BC—_—_ ———_CD——_—  ——DE——. 
o — = ce o.— Y = ce =ce Y = ce o+ Y = ce Y =ce 
e = 0 = 0 e = 0 e = 0 = 0 ae = 0 
= at+e=0 ea = a +e= 0 


. 

= cle + & '2) a= } = + € '2) cle +e 2) 

= c(e,/2 + &) o — Y = ce + «/2) o: ¥ = ee /2 + @) 


—(a + e) 


o + = cla + &/2) o + Y = cle + &/2) o, = cle + @/2) 
o2 = c(e,/2 + e) + Y = e(e,/2 + &) on + Y = cle,/2 + ae) 
e = —(a + e) e = —(e; + e) e = —(e + e) 


COMPLETE HARDENIN: 
— DIRECT HARDENING 


Fig. 1(b) Tresca yield condition—plane-stress dividing lines 


Hodge [4, 5] and Budiansky [6] first pointed out the incon- 
sistency of the direct-hardening approach. Shield and Ziegler [7] 
have discussed general conditions under which direct and com- 
plete hardening reduce to the same theory. 

Even in cases where the direct hardening is not consistent, it 
may be of some. value as a simplifying approximation. A primary 
purpose of the present paper is to compare solutions of the two 
theories in order to discuss the effect of such an approximation. 

By using the kinematic model appropriate to each theory the 
complete and direct-hardening flow laws for plane stress may be 
determined [8]. These flow laws for a rigid plastic Tresea ma- 
terial are shown in Tables 1 and 2 in integrated form for regular 
progressions. Hodge has called those flow paths, wherein the 
flow laws can be integrated without explicitly considering transi- 
tional stresses and strains, regular progressions [4]. In particu- 
lar, such integrations are possible when the stress point goes from 
the unstrained state to a side, and then to a corner. 

The dividing lines which denote the boundary between dif- 
ferent flow regimes also can be determined for each theory [8], 
and are shown in Fig. 1(b). The fact that the complete-harden- 
ing dividing lines are not normal to the sides is a reflection of 
three-dimensional hardening effects. 
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Table 2 Integrated direct-hardening flow law's for regular progressions 
Sides 


cae, 
Cd€2 


The hardening constants in each theory (¢ and ¢,) can be asso- 
ciated with the tensile hardening rate c’. They resolve to 


2 Plate Flow Laws 


Let r, ¢, and z (positive downward) be cylindrical co-ordinates 
whose origin is at the center of a cireular plate of constant thick- 
ness 2h, and outer radius R. The median surface coincides with 
the plane z = 0. If the plate is loaded and supported in a rota- 
tionally symmetric manner, then the shear stresses Ty, and Ty, 
must vanish. For thin plates it is reasonable to assume that each 
lamina is in a state of plane stress; hence 


Therefore, the existing state of stress is two dimensional. Fur- 
ther, since r and ¢ are the principal directions, o, and a, are 
the principal stress components. Hence the Tresca flow laws of 
Table 1 and dividing lines of Fig. 1(b) ean be used if 1 and 2 are 
replaced by r and ¢, respectively. 

It can be shown readily that the yield curve in terms of the 
stress resultants M, and My, has the same shape as the original 
one [9], Fig. 2. M, and Mg, the radial and tangential moments, 
respectively, are also the principal bending moments. A positive 
moment is taken as one for which the upper fiber (—z) is in com- 
pression. My, is the yield moment for a section of unit width. In 
the present case it has the value YA*. 

Before actually deriving the flow laws, it is necessary to in- 
troduce the deflections and curvatures. Let w be the displace- 
ment (positive in z-direction). The principal curvatures are then 
given by 
lon —w,,/T, (3) 
where comma subscripts denote differentiation. Generally, 
primed quantities will be used for dimensional terms, and 
unprimed ones for the corresponding dimensionless terms. 
The flow laws are determined for a typical side and corner in 
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Fig. 2 Yield curve for plates 


Fig. 2. First, flow from side AB in Fig. 2 is considered. Strain 
considerations clearly demonstrate that for this side the upper 
half of the plate should be on side DE and the lower one on AB, 
Fig. 1(b) (r and ¢ are, of course, 1 and 2). Therefore, since the 
strains are given by 


é, € = ny,’ = 0, (4) 


it follows from Table 1 that 


0 h 

M, = f 0,2 dz = f (—Y + ce,)z dz + f (Y + ce,)z dz 
—h 0 

= Yh? + (2/3)ch*x,’ (5) 


Similarly, if the moment point is in corner B, the stress point 
for the upper and lower halves of the plate must be in E and B, 
respectively, Fig. 1(b). Therefore, for the corner B, 


wy 


2ch* 
M, = Yh? + = ky’ /2), 


My, = Yh? + (Ky’ + K,’/2) 


In a similar fashion the flow laws for all other sides and corners 
may be determined. The results can be expressed conveniently 
in terms of the dimensionless quantities 


m, = M,/Mo, My = 


c 
Y hk, Ko 


Ww 


where c’ is the tensile hardening constant. The curvatures (3) 
may now be written in the dimensionless form 
= — Wt, Ky = —We/é (8) 


In terms of the dimensionless quantities defined in (7) the flow 
laws for corner B, Equations (6), take the form 


c 4 
1+ (<) (x, + Ky/2) =1+ 3 (kK, + Kp 2), 
(9) 


c 4 
Mp = 1+ (ky + x,/2) = 1+ 3 (Ke + x,/2) 


The integrated flow laws and dividing lines in dimensionless 
form for all regions are portrayed in Fig. 3. In Fig. 3 each region 
contains two rows of letters. The top refers to the stress state 
for the upper plate half, and Ge bottom row to the bottom plate 
half, Fig. 1(b). For instance, 2 F signifies that for this flow re gion 
the top of the plate is at corner EF and the bottom at B, Fig. 1(b), 
As previously, the integrations are valid only for regular progres- 
sions of the stress point. 
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Fig. 3 Integrated plate flow laws—complete hardening 
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Fig. 4 Integrated plate flow laws-—direct hardening 


The direct-hardening plate-flow laws can be determined with 
greater ease. The M,, M, yield curve is immediately treated as a 
rigid frame without any direct concern with plane-stress con- 
siderations. The flow laws and dividing lines are easily found, and 
the results shown in Fig. 4. 


3 Example—Annular Plate 

The solution to any physical problem always entails the use of 
the equilibrium condition. If flow is taking place, the appropriate 
flow law should be utilized simultaneously. If a portion of the 
structure is rigid, then the stresses therein can still be found by 
using an elastic compatibility condition. 

For plates the equilibrium equation with the shear eliminated 
takes the form [10] 


(rM,),, — M, = -f. rp dr, 


where p, the loading, is a function of r only. In terms of the di- 
mensionless pressure 


P = pR/6Yh?, 


the equilibrium condition becomes 


(Em,),¢ — my = 6& Pdé& (10a) 
If the load is uniform, then (10a) reduces to 
(ém,)¢ — me = —3P (10b) 


An example will now be considered in complete detail, namely, 
an annular plate of outer radius unity and inner radius uw. A 
uniform moment m is applied at the simply supported outer edge. 
In view of the loading considered, the right-hand side of the 
equilibrium equations (10) vanishes. 

Under small loads, of course, the entire plate is rigid. However, 
this does not preclude the existence of stresses throughout the 
plate. In order to determine these stresses the plate material is 
thought of as being elastic, but having an infinite Young’s modu- 
lus. Hence the stress-compatibility equation is still valid. In 
dimensionless variables this takes the form [11]: 
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— m, = 0 


The solution to the compatibility and equilibrium equations with 
boundary conditions 


m(u) = 0, m(1) =m 


m, = [m/(1 — p*))(1 — w*/é*), 
me = [m/(1L — + 
The stress profile which is determined by elimination of £ is 
m, + my = 2m/(1 — 


This is valid up tom = (1 — y?)/2, Fig. 5. 
For moments in excess of (1 — yu*)/2 there are two regimes 


us&<p, BC 
eséSsl, 


The solution for this stress state shows that for some range of load 


Rigid 


(1 


The 


a portion of the plate is in regime BC with no plastic flow. 
solution for the foregoing load range is 


My = | 


where 


= m — 1 + w/(2p9), 
1 — u/(2p), 
p = (1 — — — m)/p)? — 14 '72 


The stress profiles form < 1 — mw are summarized in Fig. 6. For 
m = 1 — yw the entire stress profile lies along BC. This is, in fact, 
the perfectly plastic collapse load. When loads in excess of | — yu 
are applied two solutions will exist, one for complete and the other 
for direct hardening 

For the coraplete-hardening problem a reasonable choice 
stress profile, which is verified a posteriori, is 


y<sé&<1, BC 


f 


Regional solutions of the flow law and equilibrium condition are 


Cc OW ln E + Cy €2/2 + Cy + (£2/4)(1/2 — In 


m, = Cx/(28*) — 3/2 Cy + 1/2 + (3/4) In &, 
) — 3/2 Cy + 5/4 + 3/4 In €; 


= 
6 
~ 
~ 
te 


BC W = + Gil, 
1 (yln &/E + C./é, 


= 1 — Cyt 


Enforcement of the boundary and continuity conditions leads 
to the solution. The division point between C and BC is denoted 
by y. It is convenient to define a second quantity in terms of it. 
Let 


A= 
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Fig. 5 Finite annular-plate maximum elastic-stress profile 


The desired solution is then implicitly expressed by 


1+3lnA 
2/9 
(u 1 — 3/A? ), 


+ (1/2)(1 + In y), 


2 > 
— 3) +6InA — 1), 


+ Inu)(A? — 1 + 61nd) 
— 6.5 1 
Co =m — 1, 
Cy = Cy — 1) + — 1/2) — Cr In y — Cry?/2 
The foregoing solution is valid for the loads 


where m* refers to the load for which the stress profile first 
touches the complete-hardening dividing line. It will be deter- 
mined later. 

When m > m* there will be three regions of flow 


B<éc< 


where B is the new dividing point between BC and B. The re- 
gional solution of B is 


3/4[C, In & + + (3), 
1 + — 3/20, 
my, = 1 — C,/(2&*) — 3/20), 


and the other regional solutions are unchanged. 

The complete solution for m > m* in implicit form is 
1+3In\ 
1 — 


), Cy = Cy/y? + (1/2) + In y), 


Cy = ( 


Y 
Com + — 1), 
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LOAD RANGE PROFILE 


= 


Fig. 6 Finite annular-plate solutions for m < 1 — yu 


= +(,(In B — 1/2), 
C4 B/2, 
C./(28), 
= —(,/(42), 
C, In B + B2/2 + — C8, 
Cy + Cs — Crln y — Csy?/2 + (y?/4)(In — 1/2), 
m = 1+ (C,/4)(8 — 3/8), 


In (B/y) — 1/2 = 
+ ¥/2 

From the last equation a 8 versus y-curve may be made which 
facilitates the solution. A curve showing m as a function of ¥ is 
also quite useful. For w = 1/3 these curves are shown in Figs. 7 
and 8, respectively. The value of m* is found by determining the 
value of y corresponding to 8 = 1 (from Fig. 7) and using this 
result in Fig. 8. : 

For the particular plate specified by w = 1/3, numerical re- 
sults are found by using the general complete-hardening solution 
obtained here. Stress profiles and deflections are shown in Figs. 9 
and 10, respectively, for various load values. 

The direct-hardening solution to the same annular-plate prob- 
lem is analytically simpler and can be obtained in a similar man- 
ner. For the load range 


the entire plate experiences hardened flow from regime BC, 
whereas for m > 1 the outer portion of the plate begins to flow 
from corner B. All details of the solution can Le found in ref- 
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Fig. 10 Finite annular plate—deflections » = 1/3 


| erence [8]. Numerical solutions have been obtained for the plate 


aa | uw = 1/3. For the same load values as the complete-hardening 
7 problem, stress profiles and deflected shapes are shown in Figs. 9 
and 10. 


4 Additional Examples 


Two other strain-hardening plate problems have received son 


attention in the literature; namely, the simply supported uni- 


0.33. 0.35 0.3? 030 0.41. 0.43 048 047 049 08: formly loaded circular plate [5, 12, 13], and the infinite an- 


nular plate with uniform moment along the inner simply sup- 


Fig.8 Finite annular plate—complete hardening » = 1/3 ported edge [11]. 
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Fig. 11 Load versus interface location for uniformly loaded plate 
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Fig. 12 Plate—uniform load; stress profiles P = 2 


The complete and direct-hardening solution to both problems 
have been determined [8]. Some numerical results of that analy- 
sis are reproduced here in graphical form, Figs. 11-18. All 
analytical details for the general solutions are given in reference 
[8]. It will suffice here to give a general discussion on the nature 
of the solutions. 

The complete-hardening solution to the simply supported, uni- 
formly loaded circular plate problem reveals that hardened flow 
proceeds from three regimes, Fig. 3: 


O<E<p, B 
pst<su, BC 
Cc 


where the plate radius is taken to be unity. On the other hand in 
the direct-hardening solution flow occurs from two regimes, Fig. 


4: 
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Fig. 14 Plate—vuniform load; maximum deflection versus load 
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Fig. 15 Infinite annular plate—stress profile 


O<t<p, B 
pst<i, BC 


For both solutions curves of interface location as a function of 
load are given in Fig. 11, and stress profiles and deflections are 
shown in Figs. 12, 13, and 14. The direct-hardening solution was 
first obtained by Prager [12]. 

In the afore-mentioned infinite annular-plate problem, virtually 
no qualitative difference is evident between the complete and 
direct-hardening solutions. The radius of the inner simply sup- 
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Fig. 17 Infinite annular-plate deflection curves 


ported edge is taken as unity, and the dimensionless moment 
acting there is denoted by m. For both sclutions, when m > 1 
flow occurs in the following manner: 


A 

ust<p, FA 

p<t<o, Rigid 
Actually, only the first region experiences plastic flow from corner 
A. Form < 1 no plastic flow occurs. Various pertinent curves 
are displayed in Figs. 15-18. It is worth noting that Hodge 
solved the same problem with an isotropic hardening law [11]. 
In his solution a fourth regime arose since the material in corner A 


eventually returned to side FA. For comparison his solution is 
included with the other stress profiles in Fig. 15. 


5 Numerical and Theoretical Comparisons 
It is of interest to compare the numerical results of the com- 


plete and direct-hardening solutions. 
The solutions to the finite annular-plate problem give some in- 
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Fig. 18 Infinite annular-plate maximum deflections 


teresting comparisons. Although the two solutions involve dif- 
ferent plastic regimes, the resulting stresses and displacements are 
similar. For small loads, 2/3 < m < 1, the direct-hardening solu- 
tion is concerned with one regime BC, whereas the complete 
solution has two regimes, BC and C, Fig. 9. When m is slightly 
greater than 1, the complete solution is qualitatively unchanged, 
but the direct solution shows added flow at corner B. Finally, 
for m much greater than 1 the direct solution remains essentially 
unchanged, but the complete one also starta to flow from corner B. 
In spite of marked differences in flow patterns, the numerical 
comparison of stress profiles shows an average difference of only 5 
per cent, and for deflection about 25 per cent. 

In the uniformly loaded solid plate an important qualitative 
difference exists in the two solutions, as evidenced by the stress 
profile. The complete-hardening solution entails flow from three 
regimes; the direct-hardening solution shows flow from two re- 
gimes. Although the stress profile and deflection curves have 
the same general shape for each solution, the direct-hardening 
stresses and deflections are usually higher. The average difference 
is about 15 per cent in stresses and 50 per cent in deflections. 

Both solutions to the infinite annular-plate problem are similar 
in that they involve the same three regimes of the yield curve. 
The only flow that takes place occurs in the third regime, corner 
A, Fig. 15. For this regime the stress profiles differ appreciably. 
Also, between loads of 1 and about 2.4 the m, component is posi- 
tive for complete hardening and negative for direct hardening. In 
the load range considered, i.e., up to m = 5, the direct-hardening 
stresses are generally much higher, and the deflections much 
smaller, than the complete-hardening ones. It might be men- 
tioned that both solutions differ qualitatively and quantitatively 
from a solution by Hodge for the same problem with an isotropic- 
hardening law [11], Fig. 15. He found that for loads greater 
than about 2.8 the material went from the corner A back to the 
side FA. This solution, unlike all the solutions obtained in the 
present work, entailed a nonregular progression of the stress 
point. 

It would be well now to examine more carefully the similarities 
and differences between the complete-hardening theory and the 
direct-hardening approximation to it. 

Direct and complete hardening are similar in that each is based 
on an analogy with a kinematic model, and each retains a Bausch- 
inger effect. Also, roughly speaking, the general nature of the 
flows laws and dividing lines, for the problems considered, are 
similar. 
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The differences between the two methods are more pro- 
nounced, and greater in number. Complete hardening refers back 
to a basic flow mechanism, such as the Tresca yield condition; 
direct hardening does not. Consequently, the complete-harden- 
ing flow laws are more realistic. For example, they satisfy the 
incompressibility condition, whereas the direct-flow laws do not. 
From the kinematic viewpoint this difference can be attributed 
to a neglect of transverse-frame motion in the direct-hardening 
analysis. This ignored component of frame motion generally in- 
creases with increasing loads. Hence it is reasonable to expect 
the two solutions to diverge as the load increases. In all solutions 
to the plate problems this was found to be the case. 

The neglect of the transverse-frame motion also has the effect of 
altering the hardening rate. This greatly complicates the task of 
effecting a sensible comparison between the two solutions. In 
the present work the comparison was made by adjusting the 
hardening rates of the complete and direct-hardening materials 
so that their tensile hardening properties were identical. 

Finally, the complete and direct-hardening materials differ 
from one another in that the former is initially isotropic whereas 
the latter is not. 


6 Conclusions 


In the present paper, solutions have been obtained to a number 
of problems by using the complete three-dimensional Tresca 
yield surface as the kinematic model, and subsequently simplify- 
ing the results to the plane-stress condition. These are called 
complete-hardening solutions; a second set of solutions which 
neglect the third direction are called direct-hardening solutions. 

It has been demonstrated that the complete-hardening problem 
as applied to plates is capable of consistent formulation and 
solution. However, at times the work entailed in reaching such 
a solution has proved to be quite lengthy. Usually, fair approxi- 
mate solutions were obtained with noticeably less work by using 
the direct-hardening approach. 

Direct-hardening solutions also might serve as aids in the 
search for complete-hardening solutions. For example, the 
direct-hardening solution to the uniformly loaded plate problem 
suggested what proved to be the correct stress profile for the com- 
plete-hardening problem. 

The comparisons of kinematic and isotropic hardening solutions 
to the infinite annular-plate problem suggest an interesting con- 
clusion. Isotropic hardening gave rise to nonregular stress 
progressions, but kinematic hardening did not. This is not 
surprising if we stop to consider that in isotropic hardening a 
much stronger restriction is placed on the stress point if it is to 
remain in a corner, (For example, to remain in corner A, my, must 
always be zero.) Hence, nonregular progressions, which are 
usually insurmountable analytical stumbling blocks, are probably 
more apt to occur with isotropic rather than kinematic hardening. 

In the present work it has been assumed that strain-harden- 
ing materials behzve in the manner predicted by the kinematic 
model. That is, the yield surface in a principal stress space can 
be treated as a movable frame which can translate freely in any 
of the fixed principal directions when loaded by way of a stress 
pin. Therefore, only those problems were, or can be, treated 
wherein the principal directions remained fixed. The problem 
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would be considerably complicated by the introduction of variable 
principal directions. 

There is not enough experimental work available to verify 
whether strain-hardening materials behave in the manner pre- 
dicted by the kinematic model. However, in some recent work by 
Naghdi, Essenburg, and Koff [14] there is evidence of approxi- 
mately such a behavior. In that work, combined torsion-tension- 
reversed torsion tests were conducted on a tubular aluminum alloy 
in the plastic range. The results in a shear stress-normal plane 
indicate a pronounced Bauschinger effect. However, these re- 
sults cannot be correlated directly with the kinematic model since 
the principal directions are constantly changing. Tests are needed 
wherein the principal directions are fixed, and plastic-strain re- 
versals are present. Overcoming stability effects probably con- 
stitutes the chief difficulty in performing such tests. 

If subsequent experiments indicate that materials do not be- 
have in the manner predicted by the kinematic model, then re- 
course might be had to a relatively general linear theory of strain- 
hardening developed by Hodge [4], in which complete hardening 
is included as a special case. If such were the situation and good 
experimental agreement resulted with a nonkinematic case, then 
the complete-hardening solutions probably could serve as useful 
guides in the quest for the appropriate solutions. 
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Determination of the Creep 
Deflection of a Rivet in Double Shear 


Structural components of modern aircraft are subjected to elevated temperatures by jet 
power plants and by skin friction resulting from supersonic speeds. Some of these 
high-temperature-aircraft structural components are riveted connections. Considerable 
experimental data are available on the creep of riveted connections used in aircraft 


[1].'! However, a survey of the literature shows a lack of results on the theoretical pre- 
diction of creep in riveted connections from the usual creep and creep-rupture data for 
simple tension. The creep of a riveted joint is dependent on various factors including 
rivet diameter, rivet lengths, and plate thicknesses. This influence of size means that 
each particular riveted joint must be tested to obtain the necessary ivformution. A 
basic approach to the problem is theoretically to predict the creep behavior of riveted 
joints from creep in simple tension. One of the important parts of the creep deformation 
of a riveted connection, Fig. I(a), is the creep of the rivet. This paper deals with an 
approximate theoretical prediction of the creep deflection in a rivet based upon the 


I. this paper, an analysis will be presented of the 
creep deflection of the rivet in the simple riveted joint shown in 
Fig. l(a). It is realized that the theory developed herein is an 
approximate one. A more rigorous solution would consider the 
influence of combined stresses, and the effect of the normal 
stresses in the direction of the external loads. Such a solution 
should not require that a transverse plane before loading remain 
plane after loading, since it is known that this assumption does 
not hold for short beams in the elastic case. However, it is felt 
that the simplifications and assumptions made in this paper give 
sufficiently accurate results for engineering purposes. 

In order to determine a theoretical creep deflection of a rivet, it 
will first be necessary to select a relation defining the creep-stress- 
time relation in simple tension. Many simple tension relations 
have been proposed. A relation which appears to give a good 
approximation is suggested in reference [2]; namely, 


€ = ho" + — + (1) 


where 


€ = unit strain in simple tension 
o0 = unit stress 

ki, ka, n,q,and B = experimental constants 
e = base for natural logarithms 
t = time 


By Equation (1) the deformation is considered made up of 
three parts corresponding to the three terms on the right side of 
Equation (1): An instantaneous elastic-plastic deformation = 
a transient creep deformation = k,0"(1 — e~*') (represent- 
ing creep in the initial stages where the creep rate varies); and a 


1 Numbers in brackets designate References at end of peper. 
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creep constants of the material in simple tension. 


“constant-rate’’ creep deformation = Bto” (representing a steady 
state where the creep-time relation becomes approximately a 
straight line). 

Equation (1) also can be expressed in a more compact form by 
the following equation: 


« = ko” (2) 
where 

lk = ki + — + Bil (3) 
An examination of Equation (3) shows that k is a time function. 
The representation of the deformation by its three components, 
as given by Equation (1), is in agreement with physical concepts 
of creep as discussed by Orowan [3]. For long periods of time, 
the first and second terms on the right side in Equation (1) be- 
come small compared with the third term and the strain can be 

expressed by 
e = Bot (4) 


In the development of a mechanics of creep during the past 
30 years, many investigators have used Equation (4). In recent 
years, Hoff [4] and others have used Equation (4) in the creep 
analysis of various aircraft-component parts. It should be noted 
that both Equations (2) and (4) lead to easier mathematical for- 
mulations than is possible by using most other creep-stress-time 
relations that have been proposed. Equation (2) is preferable to 
Equation (4) by giving a more accurate representation of the 
creep deformation. The increased accuracy results from the use 
of more constants in the relation and the consideration of the 
elastic, plastic, and initial creep deformations. 


Creep Deflection of a Rivet in Double Shear 


To determine the creep deflection of the rivet in Fig. l(a) 
based upon Equation (1), the free-body diagram of the rivet as 
shown in Fig. 1(b) will be considered. It will be assumed that 
the rivet is supported at the center lines of the outer plates and 
that the ends of the rivet do not rotate,* Fig. 1(b). Fora length 


? If desired, other assumptions can be made regarding the rigidity of 
restraint offered by the outer plates. 
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of rivet between center lines equal to 2Z, the length between in- 
flection points equals L_ If the deflection of the rivet between 
inflection points is 5, as indicated in Fig. 1(d) and (e), then the 
resultant deflection of the rivet is 


= 26 (a) 


The problem now reduces to finding the creep deflection of the 
short, simply supported beam shown in Fig. 4(e). Since the beam 
is short, it will be necessary to find the creep deflection due to the 
transverse shear stresses in addition to the usual deflection due to 
bending stresses. These creep deflections would be derived based 
on the tension-creep relation in Equation (2). Using Equation 
(2) and assuming that plane sections remain plane, it can be 
shown that the creep deflection due to bending, y, is defined by 
the differentia! Equation (b) 


(b) 


where 


M = bending moment at a distance x 
n = creep constant in tension as used in Equation (2) 
D = a function of beam cross section (rivet diameter), time t 
and tension-creep constants. The value of D for a 
circular cross section is evaluated in Appendix 1. 


To obtain the creep deflection y, due to the transverse shear 
stresses, the geometric condition is used so that the slope of the 
deflection curve produced by shear is equal to the shear strain p 
at the centroid of the cross section as shown in Fig. 2. By defini- 
tion, the shear strain at the centroidal axis is y,, = tan p ~ p and 
since p = the slope of the deflection curve or dy,/dz, then 

dy, 
de (c) 

Since shear is a special case of combined stresses, it will be 
necessary to consider the combined creep stress-strain relations 
to determine the creep shear stress-strain relation. If oi, 02, and 
0; are the principal stresses and €, €, and €; the principal creep 
strains, then in a manner similar to that used in reference [6]? it 


3 Reference [5], p. 246. 


286 /suNE 1959 


Fig. 2 


can be shown that the principal creep strains in terms of the 
stresses are 


4 = — o2)* + (a2 — o3)* 
2 2 
n—1 
+ (a3 — o;)*] 2 (20; — — os) 


k 
= 0s)? + — a3)? 


+ (os — o;)*] (202 — — 1) 


+ — os)? 


+ (a3 — (20; — oa; — a2) 


For pure shear, 0; = —o,; = 7 and y = 2¢€,. Then the first of 
Equations (5), 
n+l 


y=3? kre (d) 


where k and n are the creep constants in simple tension. For the 
element at the centroidal axis y = y,, = (Y)y-o and T = (T),=0 
and Equation (d) becomes 

n+1 


Ym = 3? 


If V = the total shear force at any cross section and A = the 
cross-sectional area of the rivet, then the shear stress at the neu- 
tral and centroidal axis becomes 


T = A (f) 


where a; is a constant which depends upon the creep constant n 
and the shape of the beam cross section. The value of a; for a 
circular cross section is determined in Appendix 2. 

From Equations (e) and (f) 


n+1 
V 
3 3 k 
Equating the values of ,, from Equations (c) and (g), 


The curvature produced by the transverse shear forces can now be 
found by Equation (h) by differentiating with respect to z. That 


is, 
d (dy\ _ dy, _|3? ka 
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Referring to Fig. I(e), the shear force V in terms of the load is 


L L 
J -a(4 -2)=« (j) 

dV 
d - = k 
an ie q (k) 
where q = F/(2L) (1) 


In Equation (1), the total axial force F acting on the riveted 
connection is assumed uniformly distributed between the rivet 
reactions, Placing the values of V and dV /dz from Equations (j) 
and (k) in Equation (i), 


n+l 
d*y, 2 


or (m) 
dx? A* 


Equation (m) defines the beam curvature d*y,/dz? due to shear 
in terms of known quantities. 

In order to determine the resultant curvature and deflection 
due to both transverse shear and bending moments, the curvatures 
as expressed by Equations (b) and (m) can be added. That is, 
the resultant curvature is 


(n) 
dr? dx? dz* dx? 
n+l 
2 kna wil 
or Y 
= 4. 
dr? D A" (0) 


To integrate Equation (0) for the deflection y, it will be necessary 
to express the moment .V/ in terms of the co-ordinate x. Referring 
to Fig. I(e), 


2 
2\e eis 2\4 


Substituting the value of M from Equation (p) in Equation (0) 


where 
n+l 
n L™ 3 2 k Ayn 
ko = q ky = (r) 


23nJ)’ A" 


In order to integrate Equation (q), it will be necessary to ex- 
pand the term (1 — 427?/L?)" appearing in Equation (q) into a 
series. It can be shown that 


42? (n — 1) f \? 


n(n — 1)(n — 2) ( 4x? y 
(s) 
6 L? 


Placing the value of (1 — 4z?/L*)" from Equation (s) in Equation 


(q), 
d*y 4r? n(n — 1) f 4x? \? 


n(n — 1)(n — 2) f 4x? \3 (t) 
az 


Integrating Equation (t) and noting that (dy/dz),.0. = 0, 
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4nz* Sn(n — i) 
= ky z- be 
dx 3L? 5L* 
32 — 2) 
n 


21 


r 


Integrating Equation (u), 
nx‘ 8n(n — 1) 
= k 
2 3° * 7 


4n(n — 1)(n — 2) ] *! 


21L¢* n(n + 1) re 


Using the boundary condition (y),-.. = 0, ¢2 ean be obtained by 
Equation (v). The maximum deflection 6 = (y),.0 = ¢:. Then 
by Equation (v), 


2 2 2 60 
L 
ky ) 
n(n — ln — 2) 2 
- (w) 
336 | n(n + 1) 


Placing values of ky and k; from Equation (r), g from Equation (1), 
and D from Appendix | in Equation (w) and noting that the 
rivet deflection is 6, = 26, Equation (w) can be written 


= ‘| (J) (6) 


= OL Qs / Os 


m(2n + + 1)(6n + 1)(97n* + 36n + 3) 


a, = 
 4(136n? + 42n + + 13m + + 1 
n+l 
3 2 Qert 
(7) 
rin + 1) 


1 n n(n — 1) n(n — 1)(n — 2) 


a 


- 


n(136n? + 42n + 3) » 
~ [2(2n + 1)(4n + 1)(6n + 1) 


-1.0 


0.2 0.3 04 
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The value of a; given in Equation (7) is derived in Appendix 2 
and the value of a, is determined in Appendix 1. Equation (6) 
expresses the creep deflection of a rivet considering both shear 
and bending. In order to simplify the use of Equation (6), Fig. 3 
gives values of logis J in terms of values of n and d/2L. 


Conclusion 


An approximate theory is developed in this paper for the de- 
termination of the creep deflection of a rivet in double shear in 
terms of creep constants of the material in simple tension. The 
analysis considers the deflection due to both shear and bending. 
The creep of a rivet may represent an important part of the creep 
in a riveted connection. Creep of riveted connections is a 
significant consideration in the design of aircraft components 
subjected to high temperatures by jet engines or skin friction. 
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APPENDIX 1 


Creep Deflection Factor D for a Circular 
Bar Subjected to Bending 


Fig. 4 represents a bar of circular section subjected to bending. 
To determine the creep deflection factor D as given in Equation 
(b), it will first be necessary to determine an equation for the 
stress. 

Creep Bending Stress in a Bar of Circular Cross Section. For 
pure bending, creep tests show that plane cross sections remain 
plane. Then referring to Fig. 4 (b), 

¢,/e=y/r or e, = (y/rie (a’) 
Assuming that the creep deformation-stress relation for tension 
applies to all fibers in bending, 
€, = ko," and € = ko" (b’) 
By placing the values of the strain from Equations (b’) in Equa- 
tion (a’), the stress o, is 


o, = (y/r)'"a (c’) 
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y= rsinp 


For equilibrium of the stresses over the cross section, 


M = 2 (o,day = 20 cos B)y dy (d’) 


2 — 42)'/s 
Equation (d’) becomes 
r 


0 


In order to integrate Equation (e’) the term [1 — (y/r)*] Va will 
be expanded into a series. Then 


Noting that cos 8 = 


| dy 


Integrating Equation (f’) and solving for maximum bending 
stress 


|\o = = 


2(4 + 1/n) 


1 1 
8(6 + 1/n) 16(8 + 1/n)° | 

Equation (8) defines the maximum bending creep stress o in terms 
of the elastic stress ¢, = Mr/I and a material factor Q,, given in 
Equation (9). With the stress o known, the creep curvature in 
bending can be determined. 

Creep Curvature in Bending. Fig. 5 shows the radius of curva- 
ture f in creep bending due to bending moments . Considering 
the similar triangles AOB and BCD, 


AB/AO = CD/BC or dz/f = edz/r 


Fig. 5 
Transactions of the ASME 


(0) 
Fig. 4 
\ where 
¢\ \_F (kodx) 


(h’) 
For small creep deflections, the deflection is related to the radius 
of curvature f by the equation 

1/f = d*y/dz* (i’) 


Equating the values of 1/f from Equations (h’) and (i’) and using 
the value of ¢ from Equation (8) 


1/f = = ko"/r 


(10) 
where 
rl” 
D = —— j’) 
Qj 
Placing the value of Q,, from Equation (9) in Equation (j’) 
k 2+ 1/n 2(4 + 1/n) 


1 1 


It can be shown that it is sufficiently accurate to use three terms 
of the converging series in Equation (11). Then by Equation 


(11), 
or 
(a/2)"*"au/k) (13a) 
where 


(136) 


E n(136n? + 42n + 3) 
. 2(2n + 1)(4n + 1)(6n + 1) 


That is, the differential equation for creep deflection produced by 
bending moments is expressed by Equation (10) where the value 
of D in Equation (10) is given by Equations (13). 


APPENDIX 2 


Maximum Transverse Creep Shear Stress in 
a Beam of Circular Cross Section 
If V is the total transverse shear force for the circular beam 


cross section in Fig. 6(b), then the maximum shear stress is at the 
neutral axis and can be expressed by the equation 


(k’ 


In Equation (k’), A is the cross-sectional area so that V/A is the 
average shear stress and a is a factor which depends upon the 
shape of the cross section. To determine a, the following analysis 
was developed. Fig. 6(a) shows a length dz of a beam with 
circular cross section. The moment on section m,n; is M and 
the moment on section mn is (M + dM). The normal force on 
the area dA of the cross section shown in Fig. 6(5) is 


o,dA = o(y/r)"dA (’ 


Placing the value of the stress ¢ from Equation (8) in Equation 


(1’), 
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Fig. 6 


= (Q,,(y/r) "dA (m’) 


The summation of the forces ¢,dA for the area ABC of the cross 
section mn; becomes, 


1 r 


In the same way for section mn the total norma! force for the area 
ABC is 


1 r 


The total shear force for the plane pp, Fig. 6(a), is 


F, = r,bidz (p’) 


For the forces expressed by Equations (n’‘), (o’), and (p’) to be in 
equilibrium, 


or 


= (Q,,r* rf y''"dA (q’) 


Noting that dA = [2(r? — y?)'/*] dy and b = 2&r? — y*)'”" 
Equation (q’) becomes, 


VQ. y\*]'"* 
or 
— y 2 r 


Integrating Equation (r’) 


Tey Kr? 1+ 1/n +1/n) 


1 


1 
r 1+ 1/n + 1/n) 


As indicated in Fig. 7, the shear-stress component 7,, will be 
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taken as the vertical shear-stress component. To obtain the 
shear stress 7,, the procedure used in reference [{7]* will be used. 
Referring to Fig. 7, 
le = - Tay! ’ 
T, = 7,,/cos B — yy” (t’) 
From Equations (s’) and (t’) 


‘ Reference [6], p. 121. 


VQ,,.r* 


ve 
(u’) 
1+1/n 2r%3 + 1/n)°' 


The maximum value of the shear stress 7, occurs for y; = 0 or by 
Equation (u’), 


y 
T = (7, )max = &% ‘A (14) 
where 
4 1 1 


ay : 1 : 
1+ 1/n 2(3 + 1/n) &(5 + 1/n) 
It can be shown that it is sufficiently accurate to use three terms 
in the series of Eyuation (15). Then the value of a; becomes 
[(2n + + 1)(6n + 1)(97n? + 36n + 3) 
a = : 
+ + + 1)(136n? + 42n + 3) 
The maximum transverse shear stress in a beam of circular cross 


section subjected to bending is defined in Equation (14) where ay 
is given with sufficient accuracy by Equation (16). 


of APPLIED MECHANICS 


It is important that the data contained in technical papers be made readily available to design engi- 


neers. 


In order to satisfy these needs of industry, this section of the Journal includes a concise 


presentation of data and information drawn chiefly from papers previously published by the Applied 
Mechanics Division of The American Society of Mechanical Engineers. 


The Frequency of Vibration of Rectangular Isotropic Plates’ 


HARVEY J. FLETCHER? 


R. F. 8. Hearmon® has given the characteristic frequencies of 
a rectangular plate with various boundary conditions. He treated 
three cases with opposite edges supported. The remaining three 
cases have been studied and the characteristic frequencies are 
given in Table 1 witha = band» = 0.3. 

! Condensed from Technical Report No. 6 of Army Ordnance Con- 
tract DA-04-495-ORD-560, September 12, 1956, ‘‘Natural Frequen- 
cies of Plates With Opposite Edges Supported,”’ by H. J. Fletcher, N. 
Woodfield, and K. Larsen. 

2 Associate Professor in Mathematics, Brigham Young University, 
Provo, Utah. 

F. Hearmon, “The Frequency of Vibration of Rectangular 
Isotropic Plates,”” Journat or AppLtiep Mecuanics, vol. 19, TRANs. 
ASME, vol. 74, 1952, p. 462. 

Manuscript received by ASME Applied Mechanics Division, 
February, 9, 1957; second draft received, July 28, 1958. 
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Table 1 Values of k for a square plate 

Edge Mode numbers 

Conditions 1 2 3 { 5 6 

SCS 9.631 16.13 36.72 38.94 46.74 70.75 

SOs 11.68 27.76 41.20 59.07 61.86 90,29 

sos 12.69 33.06 41.70 63.01 72.40 90.61 


: Nore: This paper is an addendum to ‘‘The Frequency of Vi bration 
of Rectangular Plates,” by R. F. 8. Hearmon, in “Design Data and 
Methods,”’ ASME, 1953, p. 192. 
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APPLIED MECHANICS Briel Notes 


On the recommendation of the Executive Committee of the ASME Applied Mechanics Division, it was 
decided to initiate a section devoted to brief notes on technical matters in mechanics. These notes 
must not be longer than 750 words (about 2'/, double-spaced typewritten pages, including figures) and 
will be subject to the usual review procedure prior to publication. After approval such notes will be 
published as soon as possible, normally in the next issue of the Journal. The notes should be sub- 
mitted to the Technical Editors of the Journal of Applied Mechanics. 


Large Deflections of a Clamped Elliptical (' Oru (' Ow 
Plate Subjected to Uniform Pressure’ oy" Ox 


ow dw 
2 or oy? 


W. A. NASH® and |. D. COOLEY* 


The problem of the nonlinear large deflections of a clamped edge 4 4 
thin -lliptical plate subject to a uniform normal load is treated by 2 OrOy : or* oy? oy oO? 
the method of successive approximations based upon the smallness dw v\ du 
of central deflection. Results of the analysis are shown to be in ex- T » as dedv 2 or? (2) 


cellent agreement with experimental data obtained from test of an 
aluminum plate 


ONLY TWo treatments of the large deflections of elliptical plates y? eo 2 \ a , oy 
are to be found in the literature. The first, due to Perry,* em- 

ploys expansions into Mathieu functions which unfortunately are ( Ow 1 ow | or ( Ou ) 
available in tabular form for only very limited ranges of argu- - f oy? iT l v?) 

ments. The second, due to Weil and Newmark,’ is based upon 


the Ritz method and involves quite laborious computations. ( ow ) Eh E 
Consider a thin, initially flat elliptical plate having semimajor or 2 \ or f Ordy V1 + ¥) L ow ou 
and semiminor axes designated as a and b, respectively. The ow whl. 
thickness of the plate is denoted by h and the uniform normal aS oy |f (3) 
pressure by gy. Ther and y-axes are oriented along the major and 
minor axes as shown in Fig. 1, and the z-axis is normal to the To investigate the large deflections of a clamped-edge elliptical 
middle surface of the plate. We shall let u,v, and w denote the z, — Plate oriented as shown in Fig. 1, Equations (1), (2), and (3) 
y, and z components of displacement of a point in the middle sur- — Must be solved with regard to the boundary conditions: 
face of the plate. 
The nonlinear large deflections of thin plates are governed by r? y? 
the von Karman equations. If D = Eh*/12(1 — v?), represents ow Ou along (4) 
Young's modulus, and v denotes Poisson’s ratio which is taken to a wy oy = 0 
be 0.3, then these equations may be expressed entirely in terms 
of the displacements u, 7, and w as follows: We shall now employ the perturbation method based upon the 


20 
! These results were obtained in the course of research conducted / 


under Grant G-1652 from the National Science Foundation. 


2? Professor of Engineering Mechanics, the University of Florida, 
Gainesville, Fla. 

8 Instructor of Engineering Mechanics, the University of Florida, 
Gainesville, Fla. 


4C. L. Perry, “The Bending of Thin Elliptical Plates,’’ Proceedings 12 
of Symposia in Applied Mathematics, vol. LIT, ‘‘Elasticity,’’ McGraw- _ 

Hill Book Co., Inc., New York, N. Y., 1950, pp. 131-139. cb — 
5N. A. Weil and N. M. Newmark, ‘‘Large Deflections of Elliptical os — ” 
Plates,’ JourRNAL or Apptiep Mecuanics, vol. 23, Trans. ASME, Sele 
vol. 78, 1956, pp. 21-26. ese 

Discussion of papers in Brief Netes should be addressed to the al 
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Secretary, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until July 10, 1959, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 


DIMENSIONLESS DEFLECTION 


Nore: Statements and opinions advanced in papers are to be ae Ye a y io i2 ia — 
understood as individual expressions of their authors and not those of DIMENSIONLESS LOAD a, 
the Society. Manuscript received by Applied Mechanics Division, 


October 1, 1958. Fig. 1 


Journal of Applied Mechanics june 1959 / 291 


za. ou 

2 Oy 

4 

| kh ou Ou vr 

* 

/ 
/ 4 

3 J 

16 / 

/ 

/ 
/ 

ay 


BRIEF NOTES 

smallness of the central deflection of the elliptical plate. This 
technique has been used successfully by Chien® in the treatment 
of large deflections of a circular plate. We begin by denoting 
the central deflection by Wo and then expanding in ascending 

powers of W, each of the quantities q, w, u, and v, viz: 
y= + a,W,? + eee (5) 
w = w(x, y)Wo + wiz, +... (6) 
8,(z, y)W.? + y)Wo' + (7) 
v =4(z, + &(z, y)Wot +... (8) 


where a, and a; are constants and w,, ws, 82, 8, &, and & are func- 
tions of z, y to be determined. It is also necessary that 


w,(0, 0) =1 


(9) 
w,(0, 0) = w (0,0)... = 0 


in order that w = Wyatz = 0,y = 0. 
Substituting the expressions (5) through (8) into Equation (3) 
and equating terms involving W» leads to the usual linear small 


deflection solution 
2 2 2 
(: = . £ (10) 
D 24 16 24 a’ b? 

a‘ bt 


w= 


Next, substitution of expressions (5) through (8) into Equa- 
tions (1) and (2) and the equating of terms involving Wo? yields 
the linear equations 


08, 1 Vv ow; 
+( 2 )= t Or 


+ ( 2 ) oy 


Ox? 

= 0 
Oroy 


ox? oy? oy oy? 


+ ( Ow, 
2 oy 


The associated boundary conditions are 


= 0 


= t = Oalong + - (13) 
Polynomial solutions satisfying Mquations (11) and (12) as well 
as the boundary conditions (13), and possessing the obvious re- 
quirements regarding even and odd characteristics that the u and 
v displacement components must exhibit, are: 


r? 
at 


2 


+ + (14) 


y* 
h2 ) y(A; + + Cy? + Dyx* + 


+ Fyrty?) (15) 


Substitution of these expressions (14) and (15) into Equations 
(11) and (12) and the equating of terms involving corresponding 
powers of x and y yields twelve linear algebraic equations for the 
coefficients A», By... As, By.... At this point in the solution it 
is desirable to introduce the ratio of major to minor axes, which 

6 W. Z. Chien, ‘‘Large Deflection of a Circular Clamped Plate Under 
Uniform Pressure,"’ Chinese Journal of Physics, vol. 7, 1947, pp. 102- 
113. 
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was selected as 2:1. All succeeding computations were made on 
this basis. 

Lastly, substitution of expressions (5) through (8) into Equa- 
tion (3) and the equating of terms involving W,? yields the linear 


equation 


4 ‘ ( 
dy? — »*) L dy 


+5 (2) Eh 
2 \ oz f 


+ v) 


The associated boundary conditions are 
ow; 
—— = @ along — 
oy . a? + 
A polynomial solution satisfying Equations (16), (17), and 
possessing the requirement that the deflection be an even function 
of both 2 and y is 


2\2 
(Bur? + Cay? + Dat + + Fer*y*) 
(18) 


This solution also satisfies the condition (9). If this expression 
together with the previously found values of w, 8, and t be 
substituted in Equation (16) and terms involving like powers of 2 
and y are equated, a system of six linear algebraic equations in the 
six unknowns @;, By, Dy, and F, is obtained. 

The two-term load-deflection relation is thus (for a = 2b) 


9 9 

q=D (2 + + Wo + (19) 
Obviously the approximation could be extended by successively 
considering equations arising from equating higher powers of the 
central deflection. However, it will be shown next that the rela- 
tion (19) is in satisfactory agreement with experimental evidence 
and hence in general it should not be necessary to consider addi- 
tional terms involving powers of the central deflection greater 
than the third. 

No experimental investigations of the load-deflection charac- 
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teristics of elliptical plates are to be found in the literature. Con- 
sequently, for the purpose of investigating the validity of the 
above solution, a 24S-T aluminum plate, dimensions = 0.13 in., 
a = 10 in., 6 = 5 in., was tested under normal pressure with 
clamped-edge conditions. The Young modulus of the material 
was 10-10°!b/in*. The plate was loaded only in the elastic range 
of action of the material, and the experimentally determined varia- 
tion of central deflection with load is shown in dimensionless form 
in Fig. 1. 

The variation of central deflection with pressure for an elliptical 
plate having a ratio of major to minor axis of 2:1 as indicated 
by the theory advanced by the present authors is shown in di- 
mensionless form in Fig. 1. Also shown are the results of Weil 
and Newmark as well as the predictions of the linear small de- 
flection theory. 

The membrane stresses at any point in the plate are readily 
obtained once the expressions for u, v, and w have been deter- 
mined. Likewise, the bending stresses are found from the usual 
moment-deflection relations of plate theory. The peak stress 
occurs in the outer fibers at the ends of the minor axis of the ellipse 
in the direction of that axis, and the sum of the dimensionless 
membrane and bending stresses at that point as indicated by the 
theory of the present writers is shown in Fig. 2. Also shown are 
the corresponding quantities as indicated by the work of Weil and 
Newmark as well as by the linear small deflection theory. The 
work of Weil and Newmark is at variance with that of the present 
writers because the former treatment does not specifically take 
account of compatibility. 

The computational difficulties encountered in the solution ad- 
vanced by the present writers are not serious and represent con- 
siderably less labor than either of two alternate approaches to 
this problem that are to be found in the literature. 


Thermal Stress at Spherical Cavities 
and Circular Holes in Uniform Heat Flow' 


A. L. FLORENCE’ and J. N. GOODIER® 


Loca.izep thermal stress occurs when a uniform heat flow is 
disturbed by a cavity, and dimensional analysis shows that the 
maximum stress developed, under the simplest conditions of 
linear thermoelasticity, is k- Fara, where E is Young’s modulus, a 
the coefficient of expansion, 7 the undisturbed uniform tempera- 
ture gradient, a a representative linear dimension of the cavity, 
and k depends only on the shape and orientation of the cavity 
and on Poisson's ratio v. The problem is of interest in connec- 
tion with fatigue failure in thermal cycling. It is solvable for a 
variety of cavity shapes. In this note, results are given for the 
spherical cavity and the circular hole. 


The Spherical Cavity 


The harmonic function representing the temperature in a 
steady heat flow (gradient 7) disturbed by a spherical cavity (in- 
sulated) is, Fig. 1 

1 From research carried out under a contract between the Office of 
Naval Research and Stanford University [Nonr 225(29), Project 
NR-064-241 }. 

? Research Assistant, Division of Engineering Mechanics, Stanford 
University, Stanford, Calif. 

3 Professor of Engineering Mechanics, Stanford University, Mem. 
ASME. 

Manuscript received by ASME Applied Mechanics Division, 
November 12, 1958. 
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a 
10,0) =r(r+ 2 cos (1) 
2r? 
the cavity being r = a, and @ = 0, r being the axis of symihetry. 
The thermal stress is due to the term (7a*/2r*) cos 6. The as- 
sociated displacement potential‘ x, satisfying the Poisson equa- 
tion 


1 
V*x = i + ar cos 6 (2) 


is taken as the particular solution 


1 

= *— ara® cos (3) 
2 
The corresponding displacement is grad x, and the stress com- 


ponents are (referred to spherical co-ordinates r, 6, y) 


a’ 
[o,, 00, Ty, Te] = —8 [2 008 6, cos 8, 
a’ 
08 6, in (4) 
where 
1 vi 
s= 2 ara (5) 


and G is the shear modulus. 
To solve the cavity problem, the implied cavity surface trac- 
tions 


v 
ara cos 6, 
—v 


*—arasin@ (6) 


Te. = —G 


must be annulled. For this we use the Boussinesq-Papcovitch 
form of linear elastic displacement due to surface forces, in the 
axially symmetric form® 


grad @ + grad(y-r cos 6) — 4(1 — cos 6, — 8, 0} 
(7) 


with V*o = 0, V2¥ = 0, each function being a zonal harmonic 


4S. Timoshenko and J. N. Goodier, “‘Theory of Elasticity,” 
McGraw-Hill Book Co., Inc., New York, N. Y., 1951, p. 443. 

6 The corresponding stress components are given by E. L. McDowell 
and E. Sternberg, ““Axisymmetric Thermal Stresses in a Spherical 
Shell of Arbitrary Thickness,” or AppLiep MecHuantes, vol. 
24, Trans. ASME, vol. 79, 1957, pp. 376-380. 
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Fig. 1 Stress valves for o spherical cavity in steady flow 
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The present problem requires local effects, and @ and Y must 
therefore consist of series of the zonal harmonics r~"~'P,, (cos @). 
It turns out that W is not required, and @ consists of one term 
only, 


= 8 cos 6 (8) 


The stress components derived from this are added to (4) to 
give the final stress components in the form ; 


a? a‘ 
=-s|— + — cos (9) 


r? 
a’ a‘ 
To = —8 sin (10) 
r2 r2 
The greatest value is 2s, that is, Rara/2(1 — v), attained by o¢ 


and a, at the poles @ = 0, 7 on the cavity, compressive at the hot 
pole (6 = 0), tensile at the cool pole (@ = 7). The temperature 
drop in a diameter of the cavity 2a is 27a in the undisturbed flow. 
If this is 100 F in steel, 2s is about 3200 psi. Further stress 
values are shown in Fig. 1. 


The Circular Hole in Plane Stress 


The undisturbed heat flow in the plane of the plate (the z-y- 
plane) has the temperature 7 = ry. With the hole (r = a) we 


have 
2 
T= r(r+ = ) sino 
rT 


and this is the real part of 
Z=T7+ = -ir{z —- , 


Tn accordance with the formula® 
2 
Us — Uy + = Zdz 


this temperature gives rise to a stress free state with a discon- 
tinuity in radial displacement along a cut @ = O(r > a) given by 


(u,)o-0+ — = 6 where 6 = 2ra*ar 


This discontinuity is annulled by superposing a dislocation 
represented by the complex potentials? 


1x) 2 
= ilogz, x(z)= — zlog :) 


> 


® See p. 430 of the reference in footnote 4. 
? Compare p. 197, problem 2(d), of the reference in footnote 4. 
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Fig. 2. Stress valves for a circular hole in steady heat flow 
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with 
2G(u, — iue) = [? — — sy'(z) — | 


o, + = 4Re-W(z), o9 — + = + x"(z)] 


The resulting thermal stress due to the hole is given by 


1 3 
06, = Eara ) sin 6, 
3 3 
+ = ) sin 0, — (° ) cos a| 
r r r3 


The greatest value, Kara, is attained by o¢ at the poles @ = 1/2, 
6 = 3/2, compressive at the hot pole, tensile at the cool pole. 
For 27a = 100° F, it is about 4480 psi in steel. Further stress 
values are given in Fig. 2. 

The plane strain problem of the circular cylindrical cavity can 
be solved by simple adaptation of these results, in the manner 
detailed in Chapter 14 of the reference in footnote 4. 

Solutions of the corresponding problems for inclusions of dif- 
ferent linear materials are evidently feasible. 


Deflection of a Thick Ring in 
Diametral Compression by Test and by 
Strength-of-Materials Theory 


ALEXANDER BLAKE' 


Experimental and theoretical deflection studies are briefly de- 
scribed for several steel rings, of uniform rectangular cross section, 
compressed by two forces along a diameter and having D/d ratios 
ranging from 1.3to 1.9.2 The calculations are based on the principle 
of Castigliano and expressions for strain energy due to bending, 
normal, and shear stresses. Discrepancies between the theoretical 
estimate and the tests are shown. 


Nomenclature 


b = width of ring cross section, in. 

D = outer diameter of ring, in. 

d = inner ring diameter, in. 

E = modulus of elasticity, psi 

P = compressive load, lb 

X = horizontal deflection, in. 

Y = vertical deflection, in. 

\ = ratio of mean radius to depth of ring cross section 


In making the analysis of the deflection of a continuous plane 
ring compressed by two forces along a diameter, it is customary to 
assume that normal and shear stresses can be neglected provided 
the cross-sectional dimensions are small compared with the mean 
radius of the ring. However, when the elastic ring has an ap- 
preciable radial thickness in relation to the mean radius, the 
more exact engineering procedure is to employ the curved-beam 


1Section Head, Theoretical and Applied Mechanics, Research 
Center, Associated Spring Corporation, Bristol, Conn. 

2 A. Blake, ‘The Calculation of the Deflection of Circular Arches 
and a Study of the Deflection of Thick Rings,’ MSc thesis, University 
of London, London, England, 1955. 

Manuscript received by ASME Applied Mechanics Division, 
December 1, 1958. 
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theory which takes into account the effects of shear and direct 
stresses. 

Knowledge of the load-deflection characteristics of a relatively 
thick ring of rectangular cross section may be of importance in 
design of machine parts such as, for instance, proving rings, 
hollow rollers, and similar components. 

Experimental studies pertaining to deflection appear to have 
been rather few. Some fifty years ago Goodenough and Moore® 
computed the deflection for a steel ring in compression, having the 
ratio of D/d equal to 1.3. Their calculations based on bending 
and direct stresses were in agreement with experimental results. 
A few years later similar tests were made at Kiev Polytechnicum 
in Russia in which the ratios of outer to inner ring diameter only 
went about as high as 1.2, but the results were not published. 
Pippard and Miller* made calculations and tests for a circular ring 
having ratio of 1.22. The strain energy due to bending, shear, 
and normal stresses was taken into account, although no allow- 
ance was made for shear distribution and displacement of neutral 
axis. The tests agreed with the computations. 

The basic concepts of the theoretical analysis of deflection for 
a thick curved bar has been outlined in detail by Timoshenko*® 
and others. Using the well-known method of analysis of the plain 
and continuous ring, which represents a statically indeterminate 
structure, the following equations have been derived with the aid 
of the principle of Castigliano. 


[1.788A2 + 3.091 — 0.637/(1 + 12A2)] 


{1.644A2 + 0.926 + 0.637/(1 + 12d2)} 


The tests were conducted on seven steel rings machined from a 
plate 0.923 in. thick, varying the ratio of outer to inner diameter 
while maintaining a constant mean diameter of 8.970 in. The 
compressive load acting along the vertical diameter was applied 
gradually by equal increments producing stresses below the elastic 
limit of the material. The vertical decrease in diameter was 
measured at the inner ring surface using a dial gage mounted to 
the ring under test and reading directly to 0.0001 or by interpola- 
tion to 0.00005 in. Two independent sets of readings of vertical 
deflection were taken for each ring, and their plots represented 
accurate straight lines. The value of the modulus of elasticity 
for use in the calculation was found experimentally to be 30 
10° psi. 

The ratios of the experimental to the computed vertical deflec- 
tions from equation (1) and those evaluated on the basis of the 
thin ring theory are plotted in Fig. 1 as a function of ratio D/d. 
The results appear to indicate that, while the thin-ring theory 
underestimates, the curved-beam theory overestimates the de- 
flection values to a marked degree as ratio D/d increases. The 
discrepancy between the calculated curved-beam deflection along 
the vertical axis and the test data may be due to the change in the 
radial depth of the ring as a result of the diametral compression 
which is not accounted for in the curved-beam theory. It is 
possible therefore that better agreement between theory and test 
would be obtained for larger values of D/d if a more exact method 
based on the theory of elasticity were used. 

Additional experiments made on a ring, having the highest ratio 
of D/d under test, have shown that the agreement between the 


3G. A. Goodenough and H. F. Moore, “The Strength of Chain 
Links,”’ University of Hlinois Bulletin no. 18, 1906. 

4A. J. 8. Pippard and C. V. Miller, ‘Stresses in Links and Their 
Alteration in Length Under Load,"’ Proceedings of The Institution of 
Mechanical Engineers, London, 1923. 

Timoshenko, “‘Strength of Materials,"’ D. Van Nostrand Co.., 
Inc., New York, N. Y., 1956. 
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Fig. 1 Comparison of experimental and theoretical results evaluated 
according to thin-ring and curved-beam theories 
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| 
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Fig. 2 Comparison of theory and experiment for vertical and horizontal 
deflections in a ring subjected to diametral compression (D = 11.815 in.; 
d = 6.125in.; b = 0.923 in.; E = 30 X 10° psi) 


theory [equation (2)] and measurements, in a horizontal sense, 
was considerably better; see Fig. 2. This provided further evi- 
dence that the effect of radial strain in line of action of the eom- 
pressive load may be of importance. It seems therefore that 
under such conditions the curved-beam theory loses much of its 
advantage over the simple thin-ring theory. 
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The Biot-Willis Elastic Coefficients 
for a Sandstone 


1. FATT! 

Tue writer has recently presented in the geological literature? 
data which can be used to calculate, for the first time, the Biot- 
Willis elastic coefficients for sandstone from both bulk-volume and 
pore-volume measurements at various external and internal hydro- 
static pressures. Biot and Willis* have shown that five co- 
efficients are required to fix the properties of a porous, elastic 
solid containing a compressible fluid. If the porous solid is a 
perfect elastic body, then only four coefficients are required. 
Geertsma‘ has presented a theoretical treatment similar to that 
of Biot and Willis. These authors, however, did not give numeri- 
cal examples of the coefficients. 

The standstone for which the Biot-Willis coefficients will be 
calculated is a feldspathic graywacke quarried in Boise, Idaho. 
This sandstone has fairly well-sorted angular to subangular 
grains. Grains total 70 per cent of the solid volume and are 
mostly quartz (35 per cent) with lesser quantities of feldspar (29 
per cent) and rock fragments (6 per cent). The 30 per cent in- 
tergranular material is mostly chert and clayey material (23 per 
cent) and a small amount of biotite (7 per cent). Porosity is 26 
per cent and permealility is about 800 millidarcies. This sand- 
stone appears to be uniform and isotropic in the size sample used 
(lin. X lin. X 2in.). Although not a petroleum reservoir sand- 
stone, it has the texture and composition typical of oil-field sand- 
stones. 

The experimental procedure for measuring the elastic co- 
efficients has been described previously? and will not be presented 
here. 

The numerical values for the Biot-Willis coefficients of Boise 
standstone saturated with kerosene are summarized in Table 1. 
Column 1 gives the symbol used by Biot and Willis; column 2 
gives the physical meaning of each coefficient; and column 3 
gives its numerical value for the Boise sandstone. 

Biot and Willis showed that a correction term must be added to 
their coefficients when applying them to nonlinear elastic porous 
materials. The corrections are functions of pressure. The co- 
efficients therefore become functions of pressure. The threefold 
variation of the « coefficient for Boise sandstone in the range zero 
to 14,000 psi indicates the nonlinear nature of this material. 

Biot and Willis state that “. ... the significance of a may be 
seen to be the ratio of change in pore volume to dilatation in a 
jacketed test.’’ This means that for a linear elastic porous solid 
a@ can be calculated from bulk volume changes by means of the 


6 
1 — - } and also from the ratio of change in pore 
kK 


equation @ = 


volume to dilatation in a jacketed test. This ratio is given by 
the slope of the line in Fig. 4 of Fatt.* If the Boise sandstone 
were a linear elastic porous solid and if the experimental data were 
sufficiently precise, this slope would be in the range 0.72 to 0.92. 
Experimental difficulties caused the data of Fig. 4 to be scattered, 
but a slope in the range 0.72 to 0.92 is within the scatter of the 
data. There may be, however, a real difference between a cal- 
culated from the dilatation and from pore-volume data because 
Boise sandstone is not a linear elastic solid. 


1 Associate Professor of Petroleum Engineering, University of 
California, Berkeley, Calif. 

?T. Fatt, ‘The Compressibility of Sandstones at Low to Moderate 
Pressures,’ Bulletin of the American Association of Petroleum 
Geologists, vol. 42, 1958, pp. 1924-1957. 

3M. A. Biot and D. G. Willis, ‘“‘The Elastic Coefficients of the 
Theory of Consolidation,’ JourNAL or APPLIED MECHANICS, vol. 24, 
Trans. ASME, vol. 79, 1957, pp. 594-601. 

Manuscript received by ASME Applied Mechanics Division, 
September 9, 1958. 
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Geertsma‘ has given in his equation (6) a relation between the 
change in bulk volume and the change in external stress and in- 


ternal pore pressure. The relation is 
1V 

= + Cs(dP, — (1) 
B 


where Cg is defined by 


1 
Cz 
Ve \ oP, 
C, is the compressibility of the rock material, and the other terms 
are as defined in Table 1. 


Table 1 
3 
Numerical value for Boise 
sandstone 

2.7 X psi~ (1000 psi) 
(3 *) 1.5 X 10-* psi~! (5000 psi) 
Va\ oP. J/Pi=0 1.2 
0 


1 
Biot-Willis 
coefficient 


Physical 
meaning 


psi~! (10000 psi) 

8 X 10° psi~ (14000 psi) 
(Average of two samples) 

0.22 X psi ~! (2000 to 7000 

psi) 


1.2 psi~! (2000 to 7000 
psi) 


Va \ 
fle ~ 5) 


Not measured 


0.92 (1000 psi) 

0.85 (5000 psi) 

0.82 (10000 psi) 

0.72 (14000 psi) 

1 dV 

V dP 
sene; f = porosity = pore volume/bulk volume; P, = external 
pressure on jacketed sample; P; = internal pressure on jacketed 
sample; P..s = pressure on unjacketed sample; Va = bulk 
volume. 


Shear modulus 
6 
( = 


c = fluid compressibility = = 5 X 10~* psi * for kero- 


For dP, = 0 equation (1) becomes, 


For dP; = 0 equation (1) yields the definition of Cg. Dividing 


equation (2) by the equation that defines Cg gives, 


Vp oP; Pe = Cz — C, 


( Ve ) Cp 
Ve \ OP, 

Geertsma has shown that (Cg — C,)/Cg is equal to @ of the 
Biot and Willis theory. A test of the Biot-Willis and Geertsma 
theories can be made by showing experimentally the equivalence 
stated by equation (3). 

Column 2 of Table 2 gives numerical values of the left-hand 
side of equation (3) obtained by direct measurement of the quan- 
tities in the numerator and denominator as described by Fatt.? 
Column 3 gives numerical values for the right-hand term in equa- 
tion (3) obtained by direct measurement of Cg and using C, = 
0.20 X 10-* psi~'. This value of C, is about that of quartz or 
feldspar. C, need not be known to be a high degree of accuracy 
because a 10 per cent variation in C, for a given Cg results in 
only a one per cent change in (Cg — C,)/C,. 

A comparison of columns 2 and 3 in Table 2 indicates at least a 


4J. Geertsma, ‘“‘The Effect of Fluid Pressure Decline on Volume 
Changes of Porous Rocks,’’ Transactions of the American Institute of 
Mining and Metallurgical Engineers, vol. 210, 1957, pp. 331-340. 
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Table 2 Ratio of 3). for Bolte sandstone _ [‘ + i(4kD — 


Ve \ OP; Ve \ OP, 2D 
a function of pressure 
External V? = (d*/dr*) + r~\d/dr) 
pressure— 
Internal 
pressure . , , and the functions J» are modified Bessel functions of zero order 
/ and the first kind. The subscripts r and i refer to the real and 
psi Ve \ OP; = 12000 psi/ Va \ OP. Pi = 0 Cr A : 
0 1.00 0.98 imaginary parts of the functions and they apply when the quantity 
md y K*-4kD is negative. 

1000 0 95 . os The purpose of this note is to call attention to a paper written 
2000 0.87 0.92 by Yakovlev’ in 1954 in which he solved equation (1) using s0- 
2000 0.77 0.88 called Dinnik functions. He has tabulated these and related 
pone ot = functions for the range of interest normally occurring in heat- 

10000 0.77 0.81 exchanger problems. 
= 7: Yakovlev first gives the solution of equation (1) in the form 
1 *) 1 (2) *) 
Ve\ OPi /P. = 6,000/ Va \ OP. / Pi = 0 r 
0 1.00 0.98 w= AJ, + (3) 

500 0.97 0.98 
1000 0.95 0.93 where 
2000 0.90 0.92 

4000 0.84 0.88 BY = D/k 
6000 0.78 0.83 cos 2¢@ = 
1 A, B = complex constants 
a Ce —— ) 
Ve \ OP. / Pi =0 and Jo are Bessel functions of zero order and the first kind. 
C, = 0.20 X 10~* psi Introducing next the Dinnik functions, which are the real and 


semiquantitative agreement. There is also semiquantitative 
agreement between the values given for a of Boise sandstone in 
Table 1 with those given for the same material in columns 2 and 3 
of Table 2. All of the data show that a decreases from 1.00 at 
zero pressure to about 0.70 at 14,000 psi. 
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Circular Plates on a 
Generalized Elastic Foundation 


G. D. GALLETLY' 
It was recently pointed out by Yu? that solutions of the equa- 
tion 


DV‘w — KV*w + kw = 0 (1) 


which are suitable for the problem of a symmetrically loaded com- 
plete circular plate may be written in the form 


w = Alar), + Br); (2) 
where 
D = flexural rigidity of the plate 
K = rotation modulus of the foundation and/or the in- 
plane force 
k = deflection modulus of the foundation 
= radial co-ordinate 
lateral deflection of the plate 
A, B = real constants 


1 Mechanical and Electrical Engineering Department, Shell De- 
velopment Company, Emeryville, Calif. 

2 Yi-Yuan Yu, “Axisymmetrical Bending of Circular Plates Under 
Simultaneous Action of Lateral Load, Force in the Middle Plane, 
and Elastic Foundation,” JouRNAL or APPLIED MECHANICS, vol. 24, 
Trans. ASME, vol. 79, 1957, p. 141. 

Manuscript received by ASME Applied Mechanics Division, 
September 15, 1958. 
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imaginary parts of the relation 


Je (; = + iV, (4) 


he expresses the solution (3) in the form 


w= aus (4 e*) + ¢ (5) 


where A and B are real constants. 
Using the definition of cos 2¢ given above, it may be verified 
that 


Since Jo(x) == Jo(iz), it follows that solutions (2) and (5) are 
the same. 

For K = 0, reduces to or Thus the Dinnik fune- 
tions reduce to Kelvin functions as K tends toward zero (Uy — 
ber, Vo — —bei). 

Yakovlev has tabulated Uo, Ve, Uo’, Vo’ and combinations of 
these expressions used in calculating the moments, shears, dis- 
placements, etc., for @ = 46 deg, 47 deg . . . 50 deg and for values 
ofr/Bupto8.0. He states that the range of ¢ given should cover 
most practical cases. However, since he did not consider in-plane 
forces in his work, this remains to be seen. Yu did consider this 
and he showed that the effects of rotational stiffness of the 
foundation and in-plane forces were equivalent to each other. 
Thus, while the differential equations of equilibrium are not 
altered by considering in-plane forces, the range of parameters of 
practical interest may be. 

It should be noted that tabulations of Uo, Vo, ete., other than 
that of Yakovlev’s, also exist. See, in connection with this, the 
book by Fletcher, et al.‘ 


*Yu. V. Yakovlev, “On the Calculation ot Heat-Exchange Ap- 
paratus”’ (in Russian), Trudi Kharkovsk. Aviats. Inst., no. 15, 1054, pp. 
133-158. See also Applied Mechanies Reviews No. 1380, May 1957, 
p. 193. 

4A. Fletcher, J.C. P. Miller, and L. Rosenhead, ‘Index of Mathe- 
matical Tables,” McGraw-Hill Book Company, Inc., New York, 
N. Y., 1946, p. 289, section 19.6. 
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Effect of Rotatory Inertia 
on the Frequencies of Vibration 
of Stiffened Plates 


R. L. THORKILDSEN' ano W. H. HOPPMANN, Ii” 


IN RECENT years, the effect of rotatory inertia on strain wave 
velocities and vibration characteristics of beams, plates, and 
shells has been studied extensively. The purpose of this note is 
to demonstrate its practical importance to the behavior of ortho- 
gonally stiffened plates. 

In this analysis, the stiffened plate is treated as an equivalent 
uniformly thick plate with orthotropic elastic properties. The 
usual assumptions of the small deflection theory of thin plates are 
used throughout. 

Rotatory inertia is accounted for by including, in the equations 
of motion, the caleulated mass moments of inertia about principal 
centroidal axes of a small characteristic element of stiffened plate.* 
The elastic constants S;;, defining the anisotropy of the plate, have 
been determined experimentally* for the particular example 
studied. 

Frequencies obtained from the analysis are compared with 
experimental values for a stiffened aluminum plate which is sim- 
ply supported on all four edges.® 


Nomenclature 


= mass moments of inertia, per unit 
area, of a small characteristic ele- 
ment of stiffened plate, about lines 
which pass through the mass cen- 
troid of the element and which are 
parallel to the y and z-axes, re- 
spectively 
h 


f (7,2, Ty, dz = shear forces 


Q,) 


(o,, 0,,7,,)2dz = bending and 


twisting couples 
elastic constants 
Su Si: | 
Sa Sx 
width of the plate in the z-direction 
length of the plate in the y-direction 
distance from the bottom (flat) sur- 
face, of the stiffened plate, to the 
mass centroid of the characteristic 
element 


‘General Electric Company. Assoc. Mem. ASME. 

? Professor of Mechanics, Rensselaer Polytechnic Institute, Troy, 
N.Y. Mem. ASME. 

Hoppmann, IT, ‘Mechanics of Stiffened Plates and Shells,” 
ONR Final Report, Contraet NONR 248(12), The Johns Hopkins 
University, Baltimore, Md., March, 1958, p. 6. 

*W. H. Hoppmann, II, “Elastic Compliances of Orthogonally 
Stiffened Plates,"’ Proceedings of the Society of Experimental Stress 
Analysis, vol. 14, 1956, pp. 137-144. 

*W.H. Hoppmann, IT, and L. 8. Magness, ‘Nodal Patterns of the 
Free Flexural Vibrations of Stiffened Plates,” JourNaL or APPLIED 
Mecuanics, vol. 24, Trans. ASME, vol. 79, 1957, pp. 526-530. 

Manuscript received by ASME Applied Mechanics Division, 
November 17, 1958. 
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accelerations of a point in an elastic 
solid 

h thickness of the equivalent plate 

mode numbers corresponding to the x 
and y-directions, respectively 

transverse load per unit area, acting 
in the +2z-direction 

circular frequency of m, n mode of 
vibration 

time 


Se Sue 


m,n 


p(x, t) 


bending displacements in the z and 
y-directions, respectively 
deflection, in the +z-direction, of the 
middle surface of the equivalent 
plate 
co-ordinates perpendicular and paral- 
lel to the stiffeners 
co-ordinate perpendicular to the 
plane of the equivalent plate 
shear strain 
€, extensional strains 
p mass density 
extensional stress 
i shear stress 
o*w 
of? 


(= 
ot? \ or’ dy 


(ph*) 


transverse acceleration 


angular accelerations about lines 
parallel to the y and z-axes, respec- 
tively 
mass per unit area of the equivalent 
plate (measured quantity) 


Units are in., lb, and sec. 


Analysis 
The three-dimensional stress equations of motion, for an ele- 
ment of plate, neglecting body forces, are: 


oo, OT 


or 


Using the usual conditions [7,,, 7,.] 


= 0, —p 


and neglecting stretch of the middle surface, Equations (1-3) can 
be integrated over the thickness h of a uniformly thick plate to 
obtain 


oM, + oM,, 


= = 
or 


oM,, OM, 


¢ 
Or oy ey 


+ p = ph* 
ay 


The stress-strain relations for an orthotropic plate may be 
written 
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Pm 
(2 ) 
u,v = —2 
or 
|S 
= - 
Oz 
h 
= or oy oz 
OT 4 oo, fe 
or ov oz 
S* = 
| 
(4-5) 
d= 
oyot* 
+ 
or 


AL 


N 
SSS 


11 inches 
-276 inches 


inches 
a,° inches 
inches 


EXPERIMENTAL 
ROTATORY INERTIA NEGLECTED 
ROTATORY INERTIA INCLUDED 


EXPER IMENT AL 
ROTATORY INERTIA NEGLECTED 
ROTATORY INERTIA INCLUDED 


EXPER IMENTAL 
ROTATORY INERTIA NEGLECTED 
ROTATORY INERTIA INCLUDED 


Fig. 2 


= 


Y = Ser 


where 


= 8S), 1 (9-11) 


i 


The strains have the usual expressions 


ou Ww oO ou 
(€,, €,, ¥) = + (12) 
Or Oy Or ov 


where 


so that substituting (12) into (9-10) solved for stresses, and in- 
tegrating through the thickness the resulting couples are 


h 3 ow 
M, Sx — Sx 
12S* or? oy? 


Ordy 
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Comparison of theoretical and experimental frequencies of flexural vibrations 


Substituting (13-15) into (6-8) 
O'w O'w 4 
O*w 
ox? dy? 


) = (16) 


(pare 


A solution of (16) which satisfies simply supported boundary 


conditions is 
w(r, y, = > > sin sin T(t) (17) 
a b 


where 7(t) is harmonic. Substituting (17) into the homogeneous 
part of (16), the resulting natural circular frequencies are 


Pos m \? n \? 
ph* + 7, + J, 
a b 


The frequency equation for a uniformly thick orthotropic plate, 
neglecting rotary inertia terms is® 


m mn n 
d T 


(18) 


aluminum plate. 
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Equations (18) and (19) are compared below for a stiffened 


we 


\ 
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N 
Fig. 1 Dimensions of the stiffened plate 
1020 
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ow 
“u=-z 
ow 
r= -2z 
4 
4 
= --— —Sie +S) (13-15) 
12S* or? ph* q 
4 1 


Numerical Example and Experimental Data 

Experimental values for the natural frequencies and elastic 
constants S;,; of the plate shown below are given in Hoppmann- 
Magness.® 


ph* = 2.37 X 107% 

p = 2.32 10-* 
Sy = 306 x 10~*h? 
Si2 = —8.35 10~*h? 
Se = 13 
See = 370 


(Units are in. and lb.) The mass moments of inertia, per unit 


area, for the small characteristic elements (crosshatched) are 


h,? h, \? 
+ 2a, | + (« ) = 1.35 107% (22) 


ah? + 2aj,* 
+ 2a,h,) 


where d = = 8.1 X 10-? in. (23) 


Experimental and theoretical frequencies (cps) for several 
mode shapes are summarized in Fig. 2. 


Conclusions 

The effect of rotatory inertia, shown in Fig. 2, accounts for a 
large part of the difference between theoretical frequencies, 
neglecting rotatory inertia, and measured frequencies. The effect 
becomes increasingly important as the frequency of vibration is 
increased. In fact, for the highest frequency in Fig. 2, the dis- 
crepancy is reduced from 12.7% to 4.7%. 

The effect of rotatory inertia appears to be of practical concern 
for the type of stiffened plates investigated and may be of greater 
importance if the stiffeners are deeper. 


Design of a ~ Network for a 
Heat-Flow Analog 


D. G. STEPHENSON! and G. O. STARKE' 


THE TRANSIENT thermal behavior of a slab with one-dimen- 
sional heat flow can be simulated by a resistance-capacitance 
network. The accuracy of such a network analog can, in general, 
be improved by using more resistance and capacitance elements. 
This note shows that the accuracy of even a two lump network 
can be very good when the condensers are attached at the 21 per 
cent and 79 per cent points on the resistor instead of at the usual 
25 and 75 per cent points. 

If an electric circuit is to have the same characteristics as a 
homogeneous slab, the corresponding terms in their transmission 


1 Building Services Section, Division of Building Research, Na- 
tional Research Council, Ottawa, Canada. 

Manuscript received by ASME Applied 
Jartuary 5, 1959. 


Mechanics Division, 
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matrixes? must be equal. For sinusoidal temperature variation 
the matrix of a homogeneous slab is 


inh (1 
cosh (1 + ig, \ 
+ 


where 


thermal diffusivity of slab material 

thermal conductivity 

thickness of slab 

2m X frequency of the temperature oscillation 


Fig. 1 shows a symmetrical 7 network. The transmission 
matrix for this network is 
A’ B’ 
where 


A’ = 1 — bR°C? + iwRC 


?L. A. Pipes, ‘‘Matrix Analysis of Heat Transfer Problems,’” 
Journal of the Franklin Institute, vol. 263, 1957, pp. 195-205. 


A symmetricai 7 network 


LEGEND 


2:00 


‘50 100 


Fig. 2(c) Comparison of first matrix coefficient for network and homo- 
geneous slab 
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Fig. 2(b) Comparison of second matrix coefficient for network and 
homogeneous slab 
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Stress Distribution in a Square 
Tube With Rounded Corners . 
Loaded by Internal Pressure 


M. A. SADOWSKY' and E. E. ZWICKY, JR.° 
Tue stresses in a square-shaped thick-walled tube under in- 
ternal pressure p are determined by methods of the theory of elas- 
ticity. Comparing the results with approximations obtainable by 
strength of materials methods (beam approach), it is found that 
the inaccuracy of the beam theory is less than 20 per cent at places 
of maximum stress (inner corners and mid-points of outer sides). 
? The elasticity solution also reveals significant qualitative features 
such as appearance of regions of compressive hoop stress at outer 
corners and at mid-points of inner sides and appearance of ex- 

tensive regions of tensile radial stress at outer corners. 
Doing some curve fitting with the use of analytic and differ- 
ential geometry, we find as an acceptable profile for the tube the 
parametric curves a = +0.2 in the curvilinear a, 8 system defined 


by 


c 3 


An infinite system of potential and bipotential functions is availa- 


' Professor of Mechanics, Rensselaer Polytechnic Institute, Troy, 


? Large Steam Turbine Generator Department, General Electric 


Company, Schenectady, N. Y. 
Manuscript received by ASME Applied Mechanics Division, 
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B’ = R{1 — wR? + jw(2a? + 2ab)RC} 


The coefficients of the matrix for the homogeneous slab can be 

expressed in the following power series 
4 


6 2520 


sinh (1 + 2) ‘ 
(1+ te 30 


630 


If g? = wRC, the difference between A and A’ will depend on 
¢‘ and higher powers and will be small for low values of g. Simi- 
larly, the difference between B and B’ will depend on ¢* and higher 
powers if 2a? + 2ab = !/;. 

1 — 2a, this requirement becomes 


Since b = 


a®—a+'/,=0 


a = 0.2113 


The differences between A and A‘ and B/R and B’/R are shown 
as functions of g fora = 0.25 and a = 0.2113 in Figs. 2(a) and 
2(b). These show that the network simulation of a slab is much 


improved when a = 0.2113 rather than 0.25. 


ble in the form of e™@+”) and (x — iyje"“@*+), The problem 
is amenable to a straightforward stress function treatment in 
orthogonal curvilinear co-ordinates and leads through a Fourier 
series expansion to an infinite linear system in the unknown coef- 


\ 


\\\ 


AA 
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Fig. 1 Square-s tube of u wall thickness with rou > San 
corners 


Fig. 2 Conformal map pattern of 
the parametric a, 8 curves 


Fig. 3 Contours of the dimensionless Fig. 4 Contours of the dimensionless 
stress ca/p. Region in which oa is hoop stress o3/p. Regions in which og shearing stress Ta3/p 
tensile is shaded. is compressive are shaded. 


ficients of superposition of the biharmonics. Except at the begin- 
ning, the equations involve 24 unknowns each. The single-val- 
uedness of the displacements in the multiply connected region is 
secured a priori as there is no resultant force acting on the tube. 
Further details of the theoretical analysis are described in 
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Fig. 5 Contours of the dimensionless 


Technical Information Series report No. TR-56-TG-100 of the 
General Electric Company in Schenectady, N. Y. 

The extensive numerical work was performed by Mrs. P. Lamb, 
formerly of the General Electric Company, on an IBM-701 com- 
puter. 
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Kinematic Drift of Single- 
Axis Gyroscopes' 


C. L. EMMERICH.? The effect described in this paper should 
be evaluated with particular care in applications which do not 
require complete stabilization of the gyro platform about all 
three axes. For example, in star-tracking applications it is fre- 
quently only necessary to stabilize to the line of sight while rota- 
tions of the platform about the line of sight are permitted. This 
means that @, may reach large values because no effort is made to 
reduce rotations about the line of sight as would be the case in a 
platform stabilized fully about all three axes. 


B. T. PLYMALE.*) The phenomenon described in the paper has 
been observed in the laboratories of the Boeing Airplane Com- 
pany. An analysis of this effect has been reported.‘ This 
analysis is in complete agreement with the results reported in the 
subject paper. 

The kinematic drift of the stable platform arises from torques 
applied to the stable platform by various means. Among these 
are platform gimbal inertial reaction torques resulting from non- 
orthogonal gimbals subjected to angular vibration and reaction 
torques resulting from platform unbalance and platform gimbal 
unbalance subjected to linear vibration. Either of the above 
causes of kinematic drift can be materially reduced by proper 
shock mounting of the platform assembly. Also, by incorporating 
high damping into the platform stabilization servos, the displace- 
ment of the gyro and platform due to vibration is reduced which 
results in a significant reduction in kinematic drift. 

Kinematic drift caused by angular vibration can be essentially 
eliminated by adding a fourth gimbal to the platform assembly. 
This redundant gimbal is servo-controlled from the inner Y-gim- 
bal axis so that the gimbal axes shown in the paper remain orthog- 
onal at all times. When the gimbal axes are orthogonal, angular 
vibration will not result in an inertial reaction torque on the plat- 
form and thus no kinematie drift will be induced. The reduction 
in kinematic drift realized by this technique depends on the de- 
gree to which the redundant gimbal servo can maintain the orthog- 
onality of the remaining gimbal axes. 

The addition of the redundant gimbal also makes possible a 
significant reduction in the moments of inertia of the other two 
platform gimbals since limited freedom is then required about 
the inner Y-axis. Since the inertial reaction torque is propor- 
tional to the gimbal inertia, an additional reduction in kinematic 
drift can be realized. 

When the kinematic drift is caused by linear vibration acting 
on the mass unbalance of the platform or gimbals, a reduction in 


1 By R. H. Cannon, Jr., published in the September, 1958, issue of 
the JouRNAL or AppLiep Mecnanics, vol. 25, Trans. ASME, vol. 80, 
pp. 357-360 

? United Aircraft Corporation, Norden Laboratories Department, 
White Plains, N. Y. 

3 Physical Research Staff, Boeing Airplane Company, Seattle, 
Wash. 

4**An Analysis of Vibration Induced Drift of a Gyro-Stabilized 
Platform,’ Boeing Airplane Company Document D2-1784, May 27, 
1957. 
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drift can be realized by balancing the platform and gimbals ac- 
curately. 

It is believed that addition of the redundant gimbal, special care 
in balancing the platfortia and gimbals, proper shock mounting 
of the platform assembly, and a high degree of stabilization servo 
damping are all necessary in order to meet accuracy require- 
ments of inertial navigation systems in the presence of this po- 
tential source of error. 


J. M. SLATER.’ The rectification drift phenomena in gyro- 
stabilized platforms, which are analyzed and described in the 
paper, were, especially at first, very obscure and difficult to dis- 
entangle from each other and from other effects. They are also 
rather difficult to expound in a form readily comprehensible by 
nonspecialists. The author is to be complimented for the lucidity 
of his analysis and exposition. 

The paper also serves a useful purpose in pointing up the fact 
that performance of inertial components can only be specified in 
terms of their associated servo systems and dynamical environ- 
ment in general. We have here a striking case of an instrument 
(gyro) which may be blameless in itself, behaving like an imper- 
fect instrument because of dynamical conditions such that it is 


“fooled.” 


N. F. TODA.’ The author's conclusions are based on his linear 
differential equation (3) which approximately represents the 
motion of the gyro: 


1.6 + = (3 
The author discusses the solution of (2) for the ease: 
Hd 
- 1. )peak COS wl = d, cos wt 
H¢ 
= = I, (D, )peak COS wt = d, cos wl 


Thus (3) becomes 
4 (d, cos = d, cos ul (1 


It should be noted that equation (1) of this discussion is a special 
form of the Mathieu equation with the addition of a sinusoidal 
forcing function. 

The author obtains a second approximation by using Picard’s 
method of successive approximations 

The change of variable 


d, 
= + oft) (2) 
d, 
transforms equation (1) to the special case of the Mathieu equa- 
tion 


¢ + (d, cos = 0 (3) 


® Staff Specialist, Preliminary Engineering, Autonetics, a Division 
of North American Aviation, Inc., Downey, Calif. 
*Senior Engineer, Sperry Gyroscope Company, Great Neck, 
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It is well known that the solution of equation (3) of this discussion 
is bounded’ if (d,) is sufficiently small (d, approximately less than 
0.44w?) and is unbounded for most values of {d,| > 0.44w*. 

Thus for sufficiently small angular velocities d, and ¢, and 
the addition of viscous damping the solution g(t) — 0 and 6(t) 
— —(d,/d,) as times increases. Thus the theory reported by 
the author (6 & const + sinusoidal terms) approximately repre- 
sents only the initial portion of the transient response; further- 
more, the solution of the author’s linearized equation (3) is not 
unbounded for sufficiently small ¢, and @,. 


Author's Closure 


The author is grateful to Messrs. Emmerich, Plymale, and 
Slater for their corroborative comments on the paper and to Mr. 
Toda for pointing out some more mathematical aspects. 

The author was, of course, familiar with Mr. Plymale’s work, 
having studied his earlier paper (footnote 4 in the paper under 
discussion) and having discussed the problem with members of 
the Boeing staff just prior to submitting the paper. Mr. 
Plymale’s additional comments on inertial reaction torques due 
to nonorthogonal gimbals are particularly weleome because the 
author had personally worked only with redundant-gimbal sys- 
tems in which this effect was not important. 

The two-axis problem described by Mr. Emmerich is important 
and may require a more careful treatment because of the large 
angles that may be involved (particularly in the light of Mr. 
Toda’s remarks). In this connection, the paper by Goodman 
and Robinson’ presented at the same time as the author’s paper 
should be quite helpful. 


| Ducted Fan Design Theory’ 


C. KELLER? and K. HOLLIGER.’ The evolution of the axial- 
flow fan design method as summarized in this paper is based 
on the applications of airfoil theory, as in earlier studies in this 
field. We think that no new theory as claimed in the introductory 
paragraph has been added to the art, but some refinement and 
better approximations to real flow conditions in ducted fans for 
special purposes may result from the paper. Nevertheless, also 
with this method calculation assumptions for loss coefficients in 
stator and rotor bladings and for kinetic losses are necessary. It 
is therefore questionable if a more refined and complex theory 
can furnish more reliable values of fan dimensions for optimum 
conditions. 

We have found that the design theory by Keller‘ leads to 
practically the same results. If we compare the author’s formulas 


7R. Bellman, “Stability Theory of Differential Equations,” 
McGraw-Hill Book Company, Inc., New York, N. Y., 1953, p. 123. 

*C,. Hayashi, “Forced Oscillations in Non-Linear Systems,” 
Nippon Printing and Publishing Company, Ltd., 1953, chapter 1. 

J. J. Stoker, ‘Non-Linear Vibrations in Mechanical and Electrical 
Systems,"’ Interscience Publishers, Inc., New York, N. Y., 1950, chap- 
ter 6. 

N. Minorsky, ‘Introduction to Non-Linear Mechanics,” J. W. Ed- 
wards, Inc., Ann Arbor, Mich., 1947, chapter 19. 

*L. E. Goodman and A. R. Robinson, “Effect of Finite Rotations 
on Gyroscope Sensing Devices,"” JouRNAL OF APPLIED MECHANICS, 
vol. 25, Trans. ASME, vol. 80, 1958, pp. 210-213. 

' By C. G. Van Niekerk, published in the September, 1958, issue 
of the JourNnat or Apptiep Mecuanics, vol. 25, Trans. ASME, vol. 
80, pp. 325-331. 

? Director of Research and Development, Escher Wyss Labora- 
tories, Zurich, Switzerland. Mem. ASME. 

* Research Engineer, Escher Wyss Laboratories, Zurich, Switzer- 
land. 
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with those of the earlier study,‘ we find that all the basic equa- 
tions up to equation (20) are the same. It is somewhat disturbing 
that the author has departed from the more or less internationally 
adopted nomenclatures and symbols, e.g., for pressure coefficients, 
flow coefficients, and so on, which makes comparison difficult 
(see Fig. 1 for comparison). 

Similar to the earlier work, the author arrives at optimum 
values for flow coefficient y,, = ¢,, (Keller) and best radius R,, 
for given design-data volume, head, and rotating speed of the 
fan. 

He also uses the characteristic number ¢ as design base. These 
optimum values differ only slightly in both studies and lead to fan 
dimensions (diameters) which are only a few per cent apart. For 
instance, in the example (page 328 of the paper) the author ar- 
rives in the design procedure at R,, = 1.025 ft. With Keller, one 
gets R,, = 1.08 ft. It is difficult to say which value is closer to 
real optimum condition as both design theories use approxima- 
tions and make neglections in basic formulas in order to get a 
simple end formula. 

If one follows the evolution step by step in both cases, one finds 
that the author’s approximations are better, especially for charac- 
teristic fan numbers o < 1; this means for high-pressure fans. 
But one should keep in mind that for this region the underlying 
airfoil and grid theory is somewhat doubtful anyway because 
blade distances are small. If o > 1, then the differences in opti- 
mum value from both sources are becoming negligible for practical 
needs. It may be due to the fact that Keller's study has been out 
of print for such a long time that the details of his theory are 
overlooked. 

It is valuable that the author has undertaken the work to 
evaluate a somewhat different approach for design procedure. His 
results show the influence of a different approximation in the de- 
sign theory formula for the best diameter. But by this method 
one does not obtain, as with Keller, a closed analytic expression 
for the best flow coefficient which gives the influence and weight 


a8 
as 


yp 4 


Fig. 1 Optimum ¢ and y for », = 0.8 
Nomenclature 
Keller Van Niekerk 


¢ 

€ tan y 

v 

" Na 
(diffuser and/or annulus eff.) 


o, X = ¢g and y calculated from Van Niekerk’s curves. 


*C. Keller, “Theory and Performance of Axial Flow Fans,”’ Mc- 
Graw-Hill Book Company, Inc., New York, N. Y., 1937. 
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Fig. 4 Maximum obtainabie efficiency as a function of the characteristic 
number 


of changes by the fan design data and the influence of different 
drag coefficients. To get best values, auxiliary curves must be 
used. The author’s published curves are valid for € = 0.022 
only. 

The reason why different grade theories do not lead to very dif- 
ferent optimum figures lies in the fact that the total loss as a func- 
tion of the flow coefficient shows always a relatively flat curve 
even when using different analytic expressions for blade friction 


losses. 
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Design procedure, according to Keller’s study, is simplified by 
not widely known charts, Figs. 1, 2, 3, which give the optimum 
flow and pressure coefficients as function of the specific speed o 
for different drag figures and valid for fans of the inlet guide vane 
type. In Fig. 1, crosses and circles indicate values calculated 
with the author’s new method and show the close accordance with 
Keller’s value. Fig. 4 gives the fan’s maximum efficiency. 

An analogous design theory for axial-flow turbines has been 
published by Keller and Bleuler.* 


Contact Stresses Under 
Combined Pressure and Twist’ 


H. DERESIEWICZ.?- The paper treats the important question 
of the effect of torsional loading on the stresses and cisplace- 
ments which occur in two spheres in Hertz contact, and it is par- 
ticularly valuable in that it offers results both of theoretical treat- 
ment and of careful experimental investigation. 

In the course of their analysis, the authors encounter three in- 
finite integrals, involving Bessel functions of the first kind, which 
are functions of the cylindrical co-ordinates r and z (Equations [1], 
[2], [3]). On the surface of contact (z = 0) they evaluate, by 
means of a formula due to Sonine, the integral which expresses 
the component of surface traction 74, and compute numerically 
the integrals appearing in the expressions for the stress component 
7,4 and the circumferential displacement v. 

The purpose of this note is to call attention to the fact that 
these integrals can be evaluated in terms of functions which have 
been studied in the mathematical literature; specifically, in terms 
of the hypergeometric function »/,; and its generalizations. It 
appears highly unlikely, however, that the direct numerical 
evaluation carried out by the authors will thereby be superseded. 

We may look upon the integrals on the contact surface z = 0 as 
Hankel transforms of certain combinations of Bessel functions 
and avail ourselves of the tables? compiled by the staff of the 
Bateman Manuscript Project. Thus, employing No. 30 in the 
tables,‘ which is a special case of Sonine’s formula cited by the 


1 
f (= ‘) dt 
0 a 2 
(2/r)(1 — r/a <1, 


= (1) 


0, r/a>l, 


authors, we find in agreement with the authors’ result leading to 
their Equation [5f]. 

Further, by means of No. 33 in the same tables (vol. 2, p. 52), 
we obtain 


r/a>1, (2a) 


8C. Keller and Bleuler, ‘‘Theoretical Determination of the Most 
Favorable Diameter for Axial Flow Turbines,”’ Escher Wyss News, 
No. 4, 1937. 

1 By M. Hetényi and P. H. McDonald, Jr., published in the Sep- 
tember, 1958, issue of the JouRNAL or APPLIED Mecnanics, vol. 25, 
Trans. ASME, vol. 80, pp. 396-401. 

2 Associate Professor of Mechanical Engineering, Columbia Uni- 
versity, New York, N. Y. Assoc. Mem. ASME, 

3A. Erdélyi, W. Magnus, F. Oberhettinger, and F. Tricomi, 
“Tables of Integral Transforms,’’ McGraw-Hill Book Company, Inc., 
New York, N. Y., 1954. 

4 Thid., vol. 2, p. 51. 
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where the hypergeometric function is further reducible to an as- 
sociated Legendre function of the first kind’; hence, 


A more general formula due to Bailey® enables us to write the 
integral appearing in the expression for v; thus, 


- - Fy 2, 2; 4 =P r/a>t, (3) 
2 2 r 


where F,(a, 8; y, y’; 2, y) is Appell’s fourth hypergeometric 
series of two variables." 

The evaluation of the integrals in the authors’ Equations [1], 
[2], and [3] is considerably more complicated. These may be 
viewed as the Laplace transforms of combinations of Bessel func- 
tions. The appropriate generic formula is given by No. 24 in 
the tables’ (vol. 1, p. 184) by virtue of which each of the present 
integrals is expressible in terms of a Lauricella series’ in three 
variables. On account of their length, these results will not be 
reproduced here. 

In conclusion, a comment appears in order on what the authors 
term ‘‘a singularity, a ‘hole’ in the value of the components T.4 


and 7,6 at the center of the contact surface. The phenomenon is 
perhaps more aptly characterized by the statement that 7,4 and 
7,@, a8 functions of the two variables r and z, are not continuous 
at the origin of co-ordinates. 


Co-ordinates Which Uncouple 
the Equations of Motion of 
Damped Linear Dynamic Systems' 


R. B. MeCALLEY, Jr.2 The author is commended for his work 
on damped linear systems which continue to be one of the 
more annoying problems in analysis. It is hoped that his con- 
tributions will stimulate a renewed interest in the work. This 
discussion presents an alternate expansion for the forces in terms 
of the modes of the reduced system as well as two complex mode 
relationships of the original system which do not appear to be well 
known. 

Equation (18) in the paper gives an expansion for the force vec- 
tor in terms of the modes weighted by the matrix [R] rather than 
in terms of the modes directly. This is a perfectly valid procedure 
but it is also possible to make an expansion directly in terms of 


A. Erdélyi, W. Magnus, F. Oberhettinger, and F. Tricomi, 
“Higher Transcendental Functions,”” McGraw-Hill Book Company, 
Inc., New York, N. Y., vol. 1, 1953, p. 148. 

*W.N. Bailey, ‘‘Some Infinite Integrals Involving Bessel Fune- 
tions,’’ Proceedings of the London Mathematical Society, vol. 40, 1936, 
p. 45, No. 7.1. 

7 P. Appell and J. Kampé de Fériet, ““Fonctions Hypergéométriques 
et Hypersphériques; Polynomes d’Hermite,’’ Gauthier-Villars, Paris, 
1926; (a) chapter 2, (b) chapter 7. 

' By K. A. Foss, published in the September, 1958, issue of the 
JOURNAL or AppLiED MECHANICS, vol. 25, Trans. ASME, vol. 80, pp. 
361-364. 

* Knolls Atomic Power Laboratory, General Electric Company, 
Schenectady, N. Y. Mem. ASME. 
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the modes without resorting to this stratagem. The difference in 
the two approaches is more readily demonstrated by using a 
slightly different format and notation than in the paper. Some 
extra symbolism is eliminated by using lower-case letters for vec- 
tors and upper case letters for matrices. In terms of the author's 
notation, let 


= {FO} (1) 
R = [R} (2) 

and construct a modal matrix 
= [[HO} ] (3) 


whose columns are the eigenvectors of the reduced system. The 
author’s approach is equivalent to constructing a column vector ¢ 
for the equation: 


f = (4) 


Upon multiplying both sides of this equation by the transpose 
®7 of the modal matrix, 


= (5) 


However, the resultant matrix operating on c is diagonal because 
of the orthogonality relations and may be inverted readily. 
Thus by premultiplying through by the inverse, the vector ¢ is 
found to be: 


c = (OTRO) (6) 


With this resubstituted into Equation (4), the author's Equation 
(18) can be written as 


f = (7) 


The elements in the diagonal matrix are 1/#,, in the 
author’s notation while each element of the vector ®7f is F,,(0). 
Thus 


(BTR) = (8) 


and the use of the modal matrix ® eliminates the summation sign 
in the author’s Equation (18). 

The alternate expansion of the force vector f directly in terms 
of the normal modes is done by constructing a column vector d 
for the equation: 


f = Od (9) 
After premultiplying with ®7R, 


= (10) 


which is readily solved owing to the orthogonality relation to 
vield 


d = (PTR) (11) 


The alternate expansion directly in terms of the normal modes 
therefore is 


f = Rf (12) 
The fundamental difference between the two expansions is that 
the weighting matrix 7? is applied to the modes in the author's ex- 
pansion but applied to the forces in the alternate expansion. 

Two relationships for the complex modes of the original system 
can be derived by starting with the author’s Equation (1). By 
taking a solution in the customary form: 


q; = 


the equation for the rth eigenvalue A, with the associated mode 
coefficient is 


(13) 
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mG +A + =O (14) 


After multiplying through by @;“ and summing on 7, 


rs rs 
+ = 0 (15) 
1 


On the other hand, by starting with the equation for the sth 
eigenvalue, multiplying by $;“ and summing on 7, 


>> > + A, > OO; 


The corresponding double summation terms in these last two 
equations are equal, as can be seen by interchanging 7 and j and 
noting that the mass, damping, and stiffness matrices are sym- 
metric. 

By subtracting Equation (16) from Equation (15) and dividing 
through by (A, — A,), 


(A, + A.) > + > (17) 


Another relation is obtained by adding Equation (15) and (16): 


(A,2 + A,?) OO + (A, + AY > 


J 


42 = 0 (18) 


Next, let A, and A, be two complex conjugate roots, that is, 
A, =A, aio 


= (20) 


where the bars above the symbols indicate the complex conju- 
gate. Using the customary notations of w, for the undamped 
natural frequency and ¢, for the damping ratio of the rth mode, 


A, = + iw, (1 — (21) 
and thus 
A, =A, = — (22) 


From these two expressions, it will be found that 
A, + A, = —2f,0, (23) 
and 
+ Ay? = —Qw, (1 — 26,2) (24) 


After substituting Equation (23) into Equation (17), the first 


relation for the damped modes is found: 
ri Mo” 
20, = 
By substituting Equations (23) and 24 into Equation (18), divid- 


ing through by 2, and using Equation (25) to eliminate the damp- 
ing summation, the second relation for the damped modes is: 


>. > MD 
i 


Journal of Applied Mechanics 


(25) 


(26) 


The usefulness of these last two expressions lies in their analogy 
to the one-degree damped system. The numerator of Equation 
(25) is the generalized damping while the denominator is the 
generalized mass, and the numerator of Equation (26) is the gen- 
eralized stiffness. These two relations have not been seen in 
print in this particular form although they are readily derived 
from relations given by other authors. 


R. W. TRAILL-NASH.* The writer would like to draw atten- 
tion to a reportt in which a good deal of the content of the au- 
thor’s paper has been previously put forward. Only one of the 
orthogonality conditions noted by the author was presented, but 
separation of co-ordinates and derivation of response in terms of 
“static” and “transient’’ components are essentially the same as 
those of the present paper. The work of Williams* on the un- 
damped system is also relevant. 


Author’s Closure 


The author wishes to thank Mr. MeCalley for his comments 
and his additional derivations. 

The author regrets having had no prior knowledge of the work 
of Mr. Traill-Nash, and wishes to acknowledge his previous 
derivation‘ of the basic ideas of orthogonality and uncoupled co- 
ordinates for damped systems. As to the paper by D. Williams,° 
this work has been acknowledged in reference 4 of the present 
paper. 


On the Transverse Vibrations of 
Rectangular Orthotropic Plates’ 


R. F. S. HEARMON.? The very complete treatment in the 
paper is valuable in enabling accurate frequencies to be calcu- 
lated. It is, however, possible to derive simpler though approxi- 
mate expressions for the frequencies by the Rayleigh method 
Professor Huffington kindly showed the writer in advance the re- 
sults of his calculations, and with their aid an estimate of the 
accuracy of the Rayleigh method may be obtained. 

The Rayleigh method has been applied by Warburton® to iso- 
tropic plates, and the extension of his method to orthotropic 
plates was suggested in the discussion to his paper. It is intended 
to publish a description of the extension later, but its application 
leads to the general formula for the frequency of an orthotropic 
plate: 


(1) 
where J, J, K, L are quantities which depend on the mode number 


* Australian Defence Scientific Service, Structures Division, Aero- 
nautical Research Laboratories, Department of Supply, Melbourne, 
Australia. 

4R. W. Traill-Nash, “An Analysis of the Response of a Damped 
Dynamical System Subjected to Impressed Forces,"’ Aeronautical 
Research Laboratories Report SM151, May, 1950. 

°D. Williams, “Displacements of a Linear Elastic System Under 
Given Transient Load,"’ Aeronautical Quarterly, vol. 1, part II, 
August, 1949, p. 123. 

' By N. J. Huffington, Jr., and W. H. Hoppmann, II, published 
in the September, 1958, issue of the Journnat or Appiiep Me- 
cHANICcs, vol. 25, Trans. ASME, vol. 80, pp. 389-395. 

? Forest Products Research Laboratory, Princes Risborough 
Bucks, England. 

3G. B. Warburton, “‘The Vibration of Rectangular Plates," Pro- 
ceedings of the Institution of Mechanical Engineers, vol. 168, 1954, pp 
371-384. 
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bols in Equation (1) are as defined in the authors’ nomenclature. 
For purposes of the Rayleigh treatment, it is assumed that the 
deflection of the plate is represented by the characteristic beam 
functions given by Warburton.* 

In the fundamental mode of a plate with opposite edges sup- 
ported, J = 7‘ irrespective of the boundary conditions at the two 
other edges, and values of J, K, and L for all possible combina- 
tions of free, supported, and clamped conditions at the latter 
edges are given in Table 1. 


Table 1 Fundamental frequency of vibration of an orthotropic plate 
with two opposite edges supported 


n 
[Equation (1)] 


Case no J K L 
1 97.41 97.41 97.41 48.65 
2 0 0 29.61 20.70 
3 237.81 113.4 113.4 68.53 
4 500. 56 121.5 121.5 94.57 
5 0 0 0 17.42 
6 12.37 —8.5 45.9 26 .22 


The last column in Table 1 contains the values of n calculated 
from Equation (1) using Huffington’s data for maple plywood. 
Comparison with his values shows that the Rayleigh estimates 
are only slightly higher than the exact results, and also that, at 
least in the fundamental mode, the Rayleigh treatment is ade- 
quate. 

The advantages of this treatment are: (a) The frequencies are 
given by closed formulas; () the general Equation (1) applies to 
any combination of free, clamped, or supported edges, provided 
the appropriate values of J, J, K, and ZL are inserted and its use 
is not limited to plates with opposite edges supported; (c) the 
equation is applicable to the overtones, although caution would 
be needed in such application because the accuracy of the 
formula might well be reduced, and because at higher frequencies 
the effects of shear and rotatory inertia, which are not allowed for 
in the Rayleigh treatment, would become increasingly important. 


J. $. THOMSEN. The authors indicate that they carried 
out frequency calculations for special cases, but did not attempt 
any general tabulation program; hence they have not included 
any frequency data. However, it might be helpful if they could 
include frequency numbers for a few typical examples. 


Authors’ Closure 


The authors wish to thank both discussers for their comments 
and questions regarding this problem. 

Professor Thomsen’s request for numerical examples is easily 
satisfied by presenting the results of calculations which were com- 
municated privately to Mr. Hearmon. These calculations were 
based on the properties of an orthotropic material (5-ply maple 
plywood) for which the elastic constants had been determined ex- 
perimentally :* 


Ez = 1.87 X 108 psi 

y = 0.60 108 psi 

G,, = 0.159 X 10° psi 
0.12 


Vay = 


A rectangular plate of this material with side ratio b/a = 0.5 
(having symmetry axes of orthotropy parallel to the boundaries) 
will, for the boundary value cases of this paper, have the funda- 

‘ Assistant Professor of Mechanical Engineering, The Johns Hop- 
kins University, Baltimore, Md. 

5 R. F. 8. Hearmon and E. H. Adams, ‘“‘The Bending and Twisting 
of Anisotropic Plates,’’ British Journal of Applied Physics, vol. 3, 
1952, pp. 150-156. 
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and on the boundary conditions of the plate; the remaining sym- 


Table 2 Fundamental frequencies for rectangular orthotropic plates 
(5-ply maple plywood) 


BOUNDARY 0° 
CASE NO.| CODE 
CLAMPED 
Vv s s 17.39 FREE 
S SIMPLY SUPPORTED 
tl s s 20.65 PARAMETERS 
vi s s | 2606 re 2-05 


0, 
i s s 66.52 — 0.120 
Iv s s 9456 0.648 
" 
Yu 
Fig. 1 y-variation of mode shapes Vv 


mental frequencies shown in Table 2. The agreement of Hear- 
mon’s values with these ‘‘exact”’ frequencies is indeed remarkably 
good. The corresponding fundamental mode shapes consist of 
the product of a half sine wave in the z-direction with the y-varia- 
tion shown in Fig. 1. For Case VY with these parameters the 
eigenvalue Yu is imaginary, resulting in the eigenfunction Y), 
being composed of only hyperbolic terms. 

By extending Warburton’s procedure as suggested by Hearmon, 
it is possible to evaluate the accuracy of the Rayleigh method for 
calculating overtone frequencies of orthotropic plates. Certain 
roots of the frequency equation for Case YI have been previously 
determined® for the same plywood material. Frequencies cor- 
responding to these roots are compared with those determined by 
the Warburton-Hearmon procedure in Table 3. 


Table 3 Comparison of exact and approximate frequencies of plywood 
plate for Case VI with r = 0.5 


tes ry 
Warburton-Hear- 


= 
= 
= 
> 
= 


Exact mon method 
1 1 26.06 26.22 
l 2 97.68 97.70 
1 3 254.68 254.65 
1 4 490.98 491.00 
3 1 161.7 162.67 
3 2 212.04 213.67 
5 1 439.74 441.14 


In an effort to evaluate the ability of Hearmon’s Equation (1) 
to represent the frequency variation with side ratio properly, 
the fundamental frequency of a rectangular plate of the same 
orthotropic material was calculated for Case III with a = 10b. 
The frequency parameter n was determined to be 1546.68, as con- 
trasted with the value 1546.96 obtained by use of Hearmon’s 
Equation (1). 

The agreement of the frequencies obtained by the Rayleigh 


® N. J. Huffington, Jr., and W. H. Hoppmann, IT, ‘Blast Loading of 


Orthotropic Plates,”” Technical Memorandum ORO-T-239, Opera- 
tions Research Office, The Johns Hopkins University, January, 1954. 
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method with those obtained from the frequency equations of this 
paper is impressive; however, I am sure that Mr. Hearmon will 
agree that no such excellent correspondence of strains calculated 
by the Rayleigh method using beam eigenfunctions with those of 
the exact solution is to be expected. 


Natural Forcing Functions in 
Nonlinear Systems' 


H.R. LANG.’ The author has presented a very interesting pro- 
cedure for determining the frequency response of nonlinear, one- 
dimensional, second-order systems. The property of periodicity, 
which is a more fundamental characteristic of vibrations than 
linearity and superposition, reduces the forced oscillations to free 
oscillations in those circumstances where the two have a common 
period and similar wave forms. These requirements lead 
naturally, as the author shows in his first example, to harmonic 
oscillations when the restoring function is linear. 

The use of free nonlinear oscillation as an initial point for deter- 
mining the behavior of forced nonlinear oscillations is also a fea- 
ture of the iteration procedure used by Rauscher.** The usual 
textbook examples continue to emphasize sinusoidal forcing func- 
tions with period 27. 

A slightly more general development of author’s Equations (2), 
(5), (6) is possible. Consider 

d*y 


ty) =0 


When 6 = wyt this is a free nonlinear oscillation of frequency wy. 
When 6 = (wy? — K)'/*t, it is the author’s Equation (5). De- 
fining s = dy/d@ and 


a? = — 2 (2 


— (3) 


2 
ye */2 
uo 2 f, f(y | 


Equation (1) emphasizes more readily common features of the 
phase plane (s, y) description of the free and forced oscillations 
connected, respectively, with the two definitions of 6 where, of 
course, periodic solutions are represented by closed cycles. Equa- 
tion (2) is slightly more general since the definition of a? now in- 
corporates both initial conditions yo and so. 

The example of a hard system, specifically Fig. 1 of the paper, 
shows points where p exceeds m or equally where |4| > 1.0. This 
corresponds to K exceeding wy?. The square root (wy? — K)'/? 
is imaginary and a question of interpretation arises in some of the 
equations. This is probably not serious because the branch of a 
square root can be regarded as determined by the requirement 
that the integral, as in author’s Equation (7), represents a real 
period 7. Nonetheless, it would be desirable to expand the dis- 
cussion in the paper to clarify the interpretation of some of the 
equations. 

In principle, the generalization of Equation (18) to include ex- 
pressions of higher degree than 1 + m* can be made as follows: 


1 By T. J. Harvey, published in the September, 1958, issue of the 
JOURNAL OF AppLiep Mecuanics, vol. 25, Trans. ASME, vol. 80, 
pp. 352-356. 

? The Rand Corporation, Santa Monica, Calif. 

P. den Hartog, “Mechanical Vibrations,”” McGraw-Hill Book 
Company, Inc., New York, N. Y., 1940, p. 406. 

4J. J. Stoker, ‘‘Non-Linear Vibrations,"’ Interscience Publishers, 
Ltd., London, 1950, p. 110. 
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For various values of 7/7 and p, we construct curves of 


(T/T) 
= = g(m) 


1 — (p/m) 1-6 


In the author’s example g(m) = 1 + m*. For any g(m), we 
graphically compare g(m) with those curves that closely fit it and 
construct the equivalent of the author’s Fig. 1. 

While it has little bearing on the author’s paper, the writer 
cannot refrain from reflecting upon the fact that the distinction 
mathematically fundamental to obtaining useful solutions of any 
second-order, nonlinear differential equation depends on the ab- 
sence of movable essential singularities. Those interested in 
nonlinear phenomena either have not noticed or have not been 
able to extract much engineering utility from the theory as pre- 
sented, for example, by Ince.* 

As a final comment, the concept of similar wave forms of like 
period can perhaps be extended to much wider circumstances; 
for example, ultra or subharmonic oscillations or combination 
tones whose frequency ratio is rational. To state this is an al- 
ternative form. We ask does there exist some useful similarity 
between the wave form of a restoring function of least period 7 
and the wave form of a forcing function of least period (p/q)T- 
[(p/q) a rational fraction] so that Equation (5) of the paper can 
be generalized. 

A possible line of argument proceeds as follows: Let g(y) = 
h(y) + wyfly) be a forcing function. Then 


ye 
7, (yo = 0) (4) 
0 [ve +2 f, Aly ay | 


Let A(y), f(,) be periodic with h(y) of least period 7,; f(y) of 
least period 7) # 7). Select for h(y) a form which reduces the 
integrand in Equation (4) toa quartic in y so that the properties of 
elliptic functions could be used to fix a real period 7;. Frankly 
the writer does not know if this line of argument leads to any result 
of enginering usefulness. 


S. TRAVERS. The author has presented an interesting paper on 
nonlinear systems, always difficult to study even in the chosen 
symmetric case of a single degree of freedom and no damping. 

To get rid of some nomenclature complications, the writer 
would suggest to take as time unit the period for free, very 
small oscillations divided by 27. That would reduce w,? to unity 
and the equation for y— 0, tog + y = 0. 

If the restoring function is further developed in powers of y, 
unit of elongation should be chosen so as to equal absolute values 
of the first two terms for y = 1. In the symmetrical case, that 
would reduce the restoring function to y + y'. 

For coherence, the restoring function could be called r(y) and 
the forcing function f(y). 

Such reductions and names do not introduce any new idea 
but make things clearer. For instance, restoring functions y + y* 
and y + 0, ly* do not require separate Figs. 3 and 4. 

For soft systems, amplitude is not well defined by maximum m 
of the restoring function, since that function can grow less after 
some elongation (pendulum). The writer suggests defining ampli- 
tude by the square root of the potential, or by the modulus of » 
for free oscillations. For soft systems, that definition would work 
to the limit of stability, and it would remain operative even for 
grossly unsymmetrical systems. 

The author’s definitions of m and p suppose significance of 
maximum force, but physically the significant factor would be 


’ E. L. Ince, “Ordinary Differential Equations,’’ Dover Publica- 
tions, New York, N. Y., 1944, pp. 317-355. 

*Ingenieur en chef d'Artillerie Novale (R), Docteur és-sciences 
physiques, Viroflay (S. et O.), France. 
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rather impulsion—a sharp blow not being more efficient on a 
swing than a push of seconds instead of milliseconds duration. 
Local “hardness’’ modifies maximum of r(y) but is not significant 
for amplitude elongation or period of free oscillation. 

Altering some nomenclature and definition would bring into 
clearer light all family relations between hard and soft systems 
proceeding from spring and pendulum. 

Saving troublesome writing of w,?, C,, 7... would also clear the 
way for interesting developments. 

Quite undamped mechanical systems are exceptional if not 
equipped with some auxiliary energy source (pendulum). And 
the absence of damping would hinder realization of periodic move- 
ment, after dying out of free oscillations, as supposed by the 
author. For some given p and 7’, the choice between three m 
(Figs. 1, 3, 5 for moderate p and high frequency) should result 
from starting and damping conditions. 

Let us write the equation of simple damping (one power term in 


y + dy" + = fly) 
If we write also: 
Sly) = kr(y) + dy" 


we can operate further on the author’s lines for the undamped 
equation, Analogy would vary with damping d and period 7' of 
forced oscillations. 

Such a generalization would bring out the fact that any per- 
turbation must work to impress its own period and control a 
system where damping suppresses rival oscillations. 


Author's Closure 


The author would like to thank Dr. Lang for his comments 
which lead to a more concise presentation of the differential equa- 
tion (1) and a more general statement of the initial conditions (2). 
The point regarding possible negative values of the quantity 
(wy? — K) for T)/T > 1.0 needs clarification. 

It is of interest here to consider only those cases where wy? is 
positive. This is clear by analogy to the case of a linear system. 
The quantity of interest is then: 


wy%1 — 6) 


It is found 6 is always negative for 7)/7' > 1.0 and positive for 
1)/T < 1.0. This result is completely analogous to the result 
for a linear system. With this established (which is easy to 
verify by obtaining roots of equation (17)), it is seen that (wy? — 
AK) is always positive. This result would have been more obvious 
if the figures had shown the phase relationship between response 
and foreing function. 

The discussion regarding use of graphical comparison between 
the funetion g(m) (experimentally obtained, or obtained using 
phase plane techniques) and convenient polynomials is a major 
point which emphasizes the usefulness of the general results pre- 
sented in equation (15). Extension of the solution to include 
higher harmonies or combination tones would appear to be 
possible using the approach suggested by Lang. 

Certain errors appear in the paper which require correction. 
The funetion f(t) should be designated g(t) to distinguish it from 
f(y). Equation (17) lacks p as a multiplier on m?*, and the equa- 
tion under the heading ‘Duffing’s Equation” should read 


fy =y + Cy 
The author wishes to thank Dr. Travers for his suggestions. 


His ideas for simplifying nomenclature would make the presenta- 
tion more clear. More important is the proposed use of the 
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potential rather than maximum value of response as the ordinate 
of response curves. It appears that certain problems could in- 
deed be overcome in this way. 

The use of a forcing function of the form f(y) = kr(y) + dy" 
yields a solution identical to that for the undamped system. It is 
not clear to the author how this solution can be used, since use of a 
forcing function identical to the damping function prohibits the 
existence of alimiting amplitude. The extension of the results to 
the case including damping would appear to require the use of 
forcing functions which admit the existence of “limit cycle” 
oscillations. 


Physical Properties of Plastics for 
Photothermoelastic Investigations’ 


M. M. FROCHT? AND L. S. SRINATH.’ The possible applica- 
tion of photoelasticity to the solution of thermal stresses 
has received rather limited attention in the past [1, 2, 3]. The 
paper by Tramposch and Gerard represents a significant exten- 
sion of the optical method to thermal stress problems. Of par- 
ticular interest are their results in Fig. 1, which show that the 
three materials considered, and especially Hysol, have an essen- 
tially constant fringe value over a large range of temperature. 
In view of this, the scope of thermophotoelasticity can be ex- 
tended to three-dimensional problems with the aid of the newly 
developed nondestructive method, which employs scattered 
light [4,5]. It should of course be noted that in these problems, 
as in others, the transition from model to prototype will depend 
on the mechanical properties of the material. If the material 
fringe value varied sharply over the range of temperature, the 
extension to three-dimensional problem would of course be more 
difficult, since this would require a knowledge of internal tem- 
peratures. 

Since, in the nondestructive method the birefringence and iso- 
clinic parameters are determined by means of a photometer, the 
search for a material with a great optical sensitivity is of second- 
ary importance. Of greater importance would be to use a model 
material with a fringe vaiue which remains essentially constant 
over a relatively large range of temperature. From this point of 
view Hysol would seem to be a suitable material. It is optically 
more sensitive than Castolite or Paraplex and its fringe value 
does not change appreciably. Some three-dimensional problems 
which may perhaps be attacked by the scattered light method are: 
(a) Temperature stresses in a cylinder, not necessarily circular, 
one end of which is cooled—say, by dry ice; (b) temperature 
stresses produced in a body containing an inclusion, such as a 
metal inclusion in a plastic sphere. 
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5 “A Non-Destructive Method for Three-Dimensional Photo- 
elasticity,’’ doctoral thesis by L. S. Srinath, Illinois Institute of 
Technology, Chicago, 


Authors’ Closure 


We greatly appreciate the remarks of Drs. Frocht and Srinath 
and their interest in commenting on our work. As noted by the 
discussers, there is considerable current interest in three-di- 
mensional thermal stress problems, and we would note that for 
the past year we have been exploring various three-dimensional 
photothermoelastic techniques. In addition to several other 
techniques, we have planned to use the scattered light approach 
in studying transient and steady-state thermal stresses in axisym- 
metric bodies. 

In closing, we would like to discuss a small matter of semantics. 
We have chosen to call this interdisciplinary technique photo- 
thermoelasticity since it is concerned with the experimental 
analysis of thermoelasticity. We note that the discussers 
refer to it as thermophotoelasticity which implies the thermal 
aspects of photoelasticity. In view of Dr. Frocht’s long associa- 
tion with photoelasticity we can appreciate his suggestion. 

We have given considerable thought to naming this technique 
and believe that the term photothermoelasticity is more nearly 
correct. 

In the interests of avoiding possible confusion, we hope that 
this technique will be referred to as photothermoelasticity in 
the future. 


The Effect of Product-of-Inertia Coupling 
on the Natural Frequencies of a Rigid 
Body on Resilient Supports’ 


T. R. KANE.2) The author’s method for determining the fre- 
quency ratios w/22, complicates, rather than simplifies, the solu- 
tion of the problem under consideration. Specifically, the 
problem is that of solving the author’s Equation (15), 


w 
(<) - +#(*) -—-F=0 (1) 


and the author describes a procedure for the computation of D, 
E, and F, this procedure involving, in part, either the use of 
graphs or the solution of a quadratic equation, both of which re- 
quire prior evaluation of a number of quantities defined in the 
paper. But D, £, and F can be found directly by using the ex- 


pressions 
m{al, + (b? + ] 
m(b? + + ma?) mb*{T, + + 
it, 1,1, — 
2 
— 
where 


1 By C. E. Crede, published in the December, 1958, issue of the 
JOURNAL OF AppLieD Mecuantcs, vol. 25, Trans. ASME, vol. 80, 
pp. 541-545. 
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and these are not so complicated as to require development of, in 
the author’s words, “a procedure of sufficient simplicity to be 
useful for engineering purposes.”’ 

While the abstract preceding the body of the paper contains 
the statement “. . . a procedure suitable for engineering use is 
presented for evaluating the effect of product of inertia cou- 
pling,’’ no such procedure is mentioned in the paper. On the con- 
trary, after stating near the end of the paper, “It is not possible 
to draw general conclusions from a single numerical example,” 
the author simply reopens the question by saying “. . .it is pos- 
sible that the coupling effect of the product of inertia need be con- 
sidered only for special problems.’”’ Now the relative effect of 
Z,, on the natural frequercies of the system clearly depends on 
many parameters, and it is therefore unlikely that one can resolve 
the entire question in any simple way. However, one of these 
parameters is the quantity 9 defined in Equation (2) of this dis- 
cussion. As the effect of product-of-inertia coupling becomes 
more pronounced as 7 increases and 7 takes on rather large values 
in many practical situations, it may be worth while to point out 
that, when 7 is sufficiently large, the three natural frequencies in 
question are given, approximately, by 


mb? d + (d* — 4e)'/? 
I, + ma? 2 ” (3) 


+ (b* 


where 


and 


mb? + + ma*) 


= 


(5) 


c= 


The use of these expressions obviates the necessity for solving a 
cubie equation and may thus be of some practical value. Fur- 
thermore, they may be used as a simple test to determine the rela- 
tive importance of product-of-inertia coupling (when 7 is large): 
When /,, is set equal to zero, Equation (1) reduces to [an alterna- 
tive form of the author’s Equation (20)| 


w? \2 w? w? m(b? + c2) 


where 
mat +7] mb? mb? 
’ 

i, 
and the three roots of Equation (6) can be compared readily with 
the corresponding values from Equation (3). Asa matter of fact, 
it is not even necessary to solve a quadratic equation. For, 
when 7 is sufficiently large, Equation (6) [or, alternatively, 
Equations (3), (4) and (5), with /,, = 0} leads to 


w mb? + ma’ ) (* + ) 7 
= = m ) 
Q, I, + mat} I, 


For example, with a = 4 in. b = = 3 in. m = bin. 
I, = 1, = 0.2 Ibin. sec?, /,, = 0.1 lb in, sec*, and 7 = 10, the fre- 
quency ratios have the values shown in Table 1. 

It can be seen that, in this case: (a) the approximate values of 
the frequency ratios obtained by neglecting product-of-inertia 
coupling (line 3) are in error by. respectively, 0.1, 16.4, and 38.1 
per cent of these values; (b) Equation (3) leads to results differ- 


ing from the correct values by, respectively, 2.1, 0.97, and 1.23 
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Table 1 Values of frequency ratios 


1,, taken into account 

as per Equation (1) 0.692 7.935 13.388 
Ty, taken into account 

as per Equation (3) 0.707 7.859 
Ty, set equal to zero as 

per Equation (6) 0.693 9.487 9.696 
Tye Set equal to zero as 

per Equation (7) 0.707 9.487 9.487 


per cent; (c) when lines 2 and 3 (or 4) are compared, as a test to 
determine the relative importance of product-of-inertia coupling, 
it appears immediately that the frequencies of two of the princi- 
pal modes are affected significantly. 


Author's Closure 

As pointed out by Professor Kane, the frequency equation of 
the paper is subject to simplification when the stiffness ratio 7 is 
large. An increase in the value of 7 tends to decrease the strength 
of the coupling between modes and to increase the spread of natu- 
ral frequencies. For effective vibration isolation, it is prefera- 
ble that 0.5 < 7 < 1.0 to attain a small spread of natural fre- 
quencies together with adequate stability. Strong coupling then 
exists among the several modes, and the procedure described in 
the paper is useful for engineering purposes. 


Pitch and Curvature Corrections 
for Helical Springs’ 


A. M. WAHL.?. The authors are to be complimented on a 
very interesting theoretical analysis of the effects of pitch and 
curvature on the stresses and deflections in helical springs. 
The more accurate formulas given should prove of value in 
many cases where more precise calculations of spring characteris- 
ties are necessary. 

In applying the results of the theoretical analysis to practical 
cases, it should be kept in mind that these results are based on 
the assumption that the coil radius RP, pitch angle y, and number 

' By C, J. Ancker, Jr., and J. N. Goodier, published in the Decem- 
ber, 1958, issue of the Journat or AppLiep Mecuanics, vol. 25, 
Trans. ASME, vol. 80, pp. 466-470. 

? Advisory Engineer, Westinghouse Research Laboratories, Pitts- 
burgh, Pa. 


of turns n remain essentially constant as the spring deflects. 
In actual springs, however, particularly for those having large 
ratios of coil-to-wire diameter, and also large pitch angles, the 
values of R, y, and n may change appreciably during loading. 
Thus for best accuracy in design such changes should be con- 
sidered. 

The authors give an expression, Equation (6), for expansion of 
the coil diameter of the spring in being compressed from free to 
solid height. This is compared with a formula which the writer 
published in 1953 (reference [8] of the paper). This latter 
formula was based on a consideration of the spring as a thin 
helical rod under bending and torsion due to an axial load, the 
total length of the rod being assumed to remain constant. Using 
geometrical considerations, changes in PR, y, and n were taken 
into account by this method. 

To evaluate results obtained using these two formulas, some 
test data on the diametral expansions of two steel helical springs 
when compressed from free to solid height are given in Table 1 
herewith. These data were supplied by Messrs. B. Sterne and 
T. R. Weber of the SAE Spring Committee. Data also are given 
on spring dimensions. In this case the coils were free to unwind 
during loading. Diametral expansions AD calculated by the 
authors’ Equation (6) and by the writer’s formula (reference 
{8]) are also listed. 

It appears from Table 1 that somewhat closer results, compared 
with the test values, are obtained using the formula of reference 

It is also of interest to compare the results obtained by using 
Equation (8) of the paper with actual test results. This equa- 
tion gives the angle of “‘unwinding”’ of a compression spring when 
loaded by a load P. Comparison also may be made with the re- 
sults obtained using an equation given in the writer’s text.* 
Applied to a compression spring this latter equation may be 
written as: 


cos Y 


Ro R 
In this, @ = angle of unwinding, radians, Ry and R are coil radii 
at free and solid height, yo and y are the corresponding pitch 
angles, and n = number of active coils at free height. The 
radius R may be calculated from the writer’s formula, ref- 
erence [8]. 

The results of tests on compression springs in which angular 
rotation (unwinding) of the spring ends was measured as the 


3 Reference [5] of the paper, p. 61. 


Table 1 Expansion of spring diameter 


0.188 
1.03 


Spring 
No. d 
1 


* Pitch angle at free height. 


——-AD, in. 
Writer's 
tan Authors’ formula 
Eq. (6) Ref. [8] 


0.237 0.187 0.155 
0.19 0.48 0.397 


Table Angle of unwinding 


0.394 


—-Angle ¢, deg.-—— 
Cale.* 


Eq. 

Cale.* (1) of 

Test Eq.(8) disc. 
40 38 


* Calculated results rounded off to nearest degree. 
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3 
4 
! 
| 
D ‘ 
2 12.6 2.2 
— 
tan 
No. D d D/d v0 n ; 
1 2 0.188 15.7 0.237 4.5 
2 12 1.03 12.2 0.19 §.7 24 l4 28 
3 1 0.125 9.2 0.144 21 47 26 49 : 
4 1 0.192 6.3 0.132 30 37 26 tt 
5 1 mz 3.6 0.122 47 15.6 15 19 
+ 


spring was compressed from free to solid height are shown in 
Table 2 of this discussion, together with pertine: + data on spring 
dimensions. These test data include results obtained by Messrs. 
K. Maier, B. Sterne, and T. R. Weber of the SAE Spring Com- 
mittee. For comparison, results calculated using Equation (1), 
herewith, and those from the authors’ Equation (8) are also 
shown. 

It appears from Table 2 that, for the larger indexes and pitch 
angles, the results calculated using Equation (1) came considera- 
bly closer to the test values than those calculated from Equa- 
tion (8) of the paper. However, for the smallest index tested 
(spring No. 5) the latter equation appears to give somewhat more 
accurate results. Probably this is because the effects of curva- 
ture are more important for small-index springs. 

It would be of interest if the authors could indicate how their 
formulas could be utilized for design use while taking into ac- 
count effects of changing coil radius, number of turns, and pitch 
angle during deflection of the spring. 


Authors’ Closure 


This discussion involves three papers which we shall refer to 
as A,‘ BS’ and C6 The results of this study are expressions for 
stresses and deflections. These expressions are truncated series 
in the parameters, spring pitch (p), and curvature (a/R). In 
some deflection expressions, the number of coils (n) appears as a 
factor. As Dr. Wahl points out, p, R, and n are all functions of 
the load P. Thus for small loads the given equations are suf- 
ficient. However, for large loads they are not. 

The incremental change in R with incremental load increase 
for the tension spring may be determined from AK. in equation 
(19), paper B, and is 


2 1 + 2v 


Similarly, the incremental change in pitch is obtained from 
using equation (4), paper A, 


2R: 3 f/a\? (3 +») 
Ap = ——/1-—[- 


(1 + 2) 


»| AP, (2) 
where Fy) and pp are initial values. The incremental change in 
number of coils is obtained from equation (8), paper A, 


An = — npR?AP. (3) 


2r (1 + 

In any particular design calculation a method of successive 
corrections can be employed. The load is divided into any con- 
venient number of increments (say 10). The first load increment 
is applied and the first increment of the desired stress (deflection ) 
is computed along with the first incremental change in R, p, n 
from equations (1), (2), (3) in this Closure. Using the new R, p, 
and n, the second increment of stress (deflection) and the new in- 
cremental changes in 2, p, and n are computed, and so on. The 
total stress (deflection) is then the sum of the increments. 

The same method can be applied to the deflection and uncoiling 
of a compression spring from free to solid height. 


‘C. J. Ancker, Jr., and J. N. Goodier, “Pitch and Curvature Cor- 
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Equations similar to (1), (2), and (3) can be derived from paper 
C for the torsion spring. 

A possible analytical approach would be the solution of equa- 
tions (1), (2), and (3) as simultaneous differential equations to 
determine the functional relationships of p, R, and n with P. 

We regret that in the time available we were unable to use the 
iterative procedure suggested above to compute some values for 
comparison with Dr. Wahl’s experimental results. 


Relief of Thermal Stresses 
Through Creep' 


K.R. MERCKX.? The authors have presented a method of plastic 
analysis which extends the region of evaluation of mechanical 
behavior. Plastic relaxation of strain incompatibilities is an im- 
portant factor in thermal-stress analysis which is needed in 
evaluating the failure criterion for strain cycling. Each new 
method of dealing with the equations of plasticity builds up the 
backlog of techniques necessary for general methods of solution 
for material models which will realistically represent material be- 
havior. Some caution should be made in directly applying this 
solution to the cases where plastic strains may be several factors 
greater than the elastic strains. The initial relaxation is usually 
so rapid that it becomes difficult to caleulate the change in 
stresses during the first time increments. In fact, the extrapola- 
tion of creep data to very small times is difficult, and interpretation 
of the initial relaxation in terms of experimentally evaluated 
material models is difficult. Thus in most practical applications 
the initial stress-and-strain distribution can be calculated with 
the theory of plastic deformations, and then further relaxation 
can be obtained with an analysis such as the one presented in this 
paper. 


A. MENDELSON’ and S. $. MANSON.‘ The authors are to be com- 
mended for a stimulating paper on stress relaxation due to creep. 
Although a considerable body of literature is being built up on the 
subject of steady-state creep, very little has as yet been done with 
regard to the transient state. 

The authors rightfully point out that the method presented is 
rather approximate and that the accuracy of the final results is 
probably not better than 50 per cent. In the last paragraph they 
mention, however, the possibility of improving the accuracy by 
an iterative procedure. 

A generalized method using iterative procedures or successive 
approximations has recently been published in a paper® and ap- 
plied to several problems of practical interest using deformation 
theories of plasticity, and also extended® to the flow or incremental 
theories of plasticity. A detailed description of this technique 
has recently been presented’ for the solution of general creep 

' By H. Poritsky and F. A. Fend, published in the December, 1958, 
issue of the JourNaL or AppLrep Mecuanics, vol, 25, Trans. ASME, 
vol. 80, 1958, pp. 589- 597. 

? Fuel Element Design Operation, Hanford Laboratories, General 
Electric Company, Richland, Wash. 

34 NASA Lewis Research Center, Cleveland, Ohio. 

*A. Mendelson and 8. 8. Manson, ‘Practical Solution of Plastic 
Deformation Problems in the Elastic-Plastic Range,"’ ASME paper 
no. 56——A-202, Nov., 1956 (also published as NACA TN 4088, Sept., 
1957). 

R. S. Hanson, ‘Practical Solution of Plasticity Problems by the 
Incremental Theory of Plasticity,”” PhD thesis, Iowa State College, 
1958. 

7A. Mendelson, M. H. Hirschberg, and 8. 8. Manson, “A General 
Approach to the Practical Solution of Creep Problems,"" ASME Paper 


no. 58-—-A-98. 
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problems. It is shown in this paper? that the general method of 
successive approximations can be applied to different creep laws 
such as the time-hardening and life-fraction laws as well as the 
strain-hardening law used by the authors. It is also indicated 
that other hypotheses besides the Mises-Hencky hypothesis can 
be used with equal ease. 

The authors point out that the amount of labor involved in 
obtaining a solution by their method is very great, thus indicating 
the need for high-speed computing machinery. If such machinery 
is to be used, then it may be advantageous to use the iterative 
procedures described which involve relatively little additional 
machine time but yield considerably increased accuracy. 

The authors show for the example presented how the stresses 
are relieved through creep. The writers would be interested in 
knowing if the authors had considered the residual stresses result- 
ing when the load is removed. This might be very important for 
cyclic operation. Perhaps the authors would care to comment on 
this. 

Incidentally, it is to be noted that the solution of equation 
(39) can be found in various standard textbooks on mathematics 
and elasticity such as, for example, the one by Timoshenko and 
Goodier * 


Authors’ Closure 


The authors are grateful to the discussers for their comments 
which form a valuable addition to the subject matter discussed, 
and for their references to other papers. To the references cited 
by Mendelson and Manson should be added a paper by Dr. 
Merckx.® 

It is quite true, as Dr. Merckx points out, that in general the 
plastic extension during the initial stages of creep takes place so 
rapidly that it is practically impossible to calculate it near r = 0 
during the first time increment, unless the duration of the latter 
is made fantastically small. The authors must confess that they 
threw away several creep laws on account of the fact that these 
led to the amounts of creep extension near r = O during the first 
time interval which exceeded by far the total initial strain due to 
the thermal stress, even for (Ad), = 10~* sec, and would, there- 
fore, have wiped out the thermal stresses completely before the 
calculation could even be launched. Under these conditions, as 
suggested by Dr. Merckx, it is best to give up the rate of creep 
calculation and use straight plastic deformation, at least for the 
inner, high-temperature portion of the cylinder where this dif- 
ficulty oecurs initially, before adopting the procedure of the 
paper. 

It may be added, however, that the other assumptions which 
have been used in the paper, namely, that the temperature is 
brought up instantaneously to its steady-state value, and further- 
more, that the material is initially completely free from stress, is 
in its virgin state (e, = 0) so far as the creep is cncerned, and 
these are far from valid in any practical case. Actually, it takes 
a finite length of time to bring up the temperature to its steady- 
state value, and during this time the plastie flow corresponding to 
the lower temperatures and thermal stresses takes place. More- 
over, in the process of casting, swaging, forming, and machining, 
“internal”’ or “trapped”’ stresses are always set up, which may not 
be completely relieved by annealing. In any practical example, 
these trapped stresses and the total creep associated with them 
must form the starting point in the further thermal creep calcula- 
tion. 

The paper by Merckx treats essentially the same problem as 


*S. Timoshenko and J. N. Goodier, ‘“‘Theory of Elasticity,’’ Me- 
Graw-Hill Book Co., Inc., New York, N, Y., 1951, p. 407 

*K. R. Merckx, ‘‘The Dependence of Thermal Stresses in Cylindri- 
cal Reactor Fuel Elements Upon the Method of Cooling,”’ Trans. 
ASME, vol. 80, July, 1958, pp. 985-990. 
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the present paper. The paper by Mendelson, Hirschberg, and 
Manson’ is particularly closely related to the present paper from 
which it differs in the nature of the examples, as well as in carrying 
out in greater detail some of the successive improvement schemes 
which are only described in general form in our paper. Our own 
calculations were actually carried out in 1955, and we regret the 
delay in publishing them. 

While throughout the paper it has been assumed that the tem- 
perature locally does not vary with time, it is evident that the 
method can be applied equally well to cases where the tempera- 
ture does vary with time; for instance, the specimen is allowed to 
cool down to room temperature as when a pile is shut off. It is, of 
course, necessary again to know how the rate of creep behaves 
under changes of both temperature and stress. If the specimen 
is allowed to cool to room temperature, any stresses left will be 
trapped stresses. 

A similar method applies to the calculation of stresses result- 
ing from casting and forging operations. 

By way of conclusion, it is evident that creep calculation in cer- 
tain somewhat simplified cases can now be set up on computing 
machines and evaluated on the basis of various “‘laws’’ of creep. 
On the other hand, the general three-dimensional cases with com- 
plex boundaries, while they can be reduced to the solution of cer- 
tain nonlinear partial differential equations, lead to computational 
processes which are probably too complex for present high-speed 
computing machines. Even the solution of the linear equations 
of elasticity for general three-dimensional shapes is too complex 
for present-day computing machines, in spite of many available 
analytical techniques; the further complications due to the non- 
linear rates of creep render the problem even more difficult. 

Yet, by restricting oneself to cases where creep calculations 
can be carried out, using various hypotheses regarding creep, 
and comparing the predictions of the theory with the experi- 
mental measurements, tests of the theories may be obtained. 
There is great need for work of this kind so that definite criteria of 
strength and durability may be worked out for engineering struc- 
tures in which temperature variations and plastic deformations 
and creep take place. 


The Effect of Spin Upon the 
Rolling Motion of an Elastic 
Sphere on a Plane’ 


A. D. DE PATER.2 The author's papers’ give a most 
valuable contribution to the problem of the tangential contact 
between two elastic bodies, for in the literature published until 
now, the rolling motion has only been studied in the two-dimen- 
sional case. On the other hand, tangential-contact studies for 
the three-dimensional case have been restricted to the static 
contact. 

It is an essential feature in such contact problems that the 
governing equations and conditions can be split up into two 
sets, one relating to the normal (Hertzian) problem, and one to 


the tangential problem. However, this can only be done in 


1 By K. L. Johnson, published in the September, 1958, issue of the 
JOURNAL OF AppLieD Mecuantics, vol. 25, Trans. ASME, vol. 80, pp. 
332-338. 

? Protessor of Applied Mechanics, Technische Hogeschool, Delft, 
Holland. 

3 This discussion applies also to ‘‘The Effect of a Tangential Con- 
tact Force Upon the Rolling Motion of an Elastic Sphere on a Plate,”’ 
by K. L. Johnson, JournNat or AppLiep Mecnanics, vol. 25, TRANS. 
ASME, vol. 80, pp. 339-346. 
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cases where the elastic constants of the two bodies are equal, so 
that a (probably small) coupling effect between the normal and 
the tangential-pressure distribution can be expected in the case of 
unequal elastic constants. The slight warping of the contact sur- 
face which occurs, for instance, when a sphere is in contact with a 
plane, is ignored in the Hertzian theory for the normal case and 
thus it can be ignored with equal reason in the tangential case. 

The fact that in the two-dimensional case “the locked region 
must have one boundary coincident with the leading edge of the 
area contact, and that slip occurs after contacting points have 
rolled through the locked region, if the direction of slip is to be 
consistent with the laws of friction and to oppose the tangential 
force acting between the surface’’ was implied in Carter’s solu- 
tion, published 24 vears before Poritsky’s solution. 

As the author himself rightly remarks, the solution in which 
the locked region and the slip region are separated by a circle 
tangential to the circle limiting the total contact area should be 
regarded as an approximative one. It can be shown that for 
vanishing small values of the creep ratios £,, £,, both in the case of 
a longitudinal force as in that of a transverse force, the slip region 
reduces itself to a narrow strip contiguous to the half circle 
forming the trailing edge of the contact area. The values of the 
creep ratio obtained in that case correspond excellently with the 
author's experimental results. On the other hand, it seems to be 
out of the question that an exact solution can be found when the 
creep ratios are not vanishing small. 


The Strain-Energy Expression for 
Thin Elastic Shells’ 


H.L. LANGHAAR.? Any two-dimensional theory of shells must 
violate some of the equations of elasticity theory; in the present 
ease, the equilibrium equations are not satisfied fully. Exeept 
for errors incurred by truncation of power series, all six of the 
compatibility equations of the linear theory of strain are satisfied, 
since the arbitrary functions &, 9, € in Equation (4) of the paper 
provide a general solution of the compatibility equations for the 
shell co-ordinates. It appears that unwarranted complications 
arise from rigid enforcement of the compatibility conditions, while 
equilibrium conditions are replaced by the assumptions ¢,, = ¢,, 
=0,, = 0. For example, if a flat plate that is loaded by bound- 
ary forces in its plane is referred to rectangular co-ordinates (2, y), 
a=r7,8 =y,A = B=1,1/R, = 1/R. = andw =0. Then 
Equation (14) retains several third derivatives of « and t with 
respect to x and y. The principle of stationary potential energy 
leads to two fourth-order partial differential equations for u and : 
and a number of unusual boundary conditions. The resulting 
problem is far more complicated than the biharmonic boundary- 
value problem of the classical theory of generalized plane stress, 
although the assumptions in the latter theory are less restrictive." 

The alternative strain-energy expression, Equation (15), ob- 
tained with the Kirchhoff-Love assumptions, is more compatible 
with accepted theories of flat plates, since it conforms to the con- 
dition that the strain energy of bending of a flat plate vanishes 
ifw = 0. However, the use of power series has led to an unde- 
sirable proliferation of terms in Equation (15). When the Kireh- 
hoff-Love assumptions are used, only simple rational functions of 

! By J. H. Haywood and L. B. Wilson, published in the December 
1958, issue of the JourNat or Apptiep Mercuanics, vol. 25, TRANS 
ASME, vol. 80, pp. 546-552. 

? Department of Theoretical and Applied Mechanics, University of 
Illinois, Urbana, II. 

3.N. I. Muskhelishvili, “Some Basic Problems in the Mathematical 
Theory of Elasticity,"’ P. Noordhoff, Ltd., Groningen, Holland, 1953. 
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z arise, and they need not be expanded in power series. The 
general strain-energy expression for isotropic elastic shells that 
results from the Kirchhoff-Love assumptions without supple- 
mentary polynomial approximations is derived by Langhaar and 
Boresi.* The individual terms in the strain-energy expression of 
that reference are similar to those in Equation (15). However, 
after the coefficients a,, b,, ¢; in Equation (15) are replaced by 
their expressions in the Appendix, there are more than three 
times as many terms in the integrand as in the corresponding 
formula of the reference. ! 


G. B. WARBURTON.’ In their interesting paper on the strain- 
energy expression for thin elastic shells the authors suggest that 
investigations on the vibrations of thin shells might differentiate 
between the terms appearing in the various energy expressions. 
In a contribution to the discussion of an earlier paper [{1],° the 
writer showed that for some modes of practical circular cylindrical 
shells the effect on frequency of using different strain-energy ex- 
pressions was small. In this note the writer compares frequen- 
cies obtained from some of the expressions given by the authors. 

For a thin evlindrical shell with freely supported ends a suitable 
nondimensional frequency factor is where A = pal — X 
w*/E (where p = density,a = mean radius of shell, ~@ = Poisson's 
ratio, w = circular natural frequency, and EF = Young's modu- 
lus). The factor A’? depends on the four parameters [2]: A = 
mra/l = mean circumference/axial wave length (where m = 
number of axial half waves, / = length of shell); » = number of 
circumferential waves; h/a = thickness/mean radius; and yu. 
For any set of values of the four parameters the lowest root of the 
frequency equation corresponds to flexural vibrations of the walls 
of the eylindrical shell; in Table 1 of this discussion frequency 
factors A’/? for this type of vibration are given for various values 
of the parameters. These factors are derived with the aid of: 


A Basset’s strain-energy expression, Equation (16) plus (16a). 

B Fligge’s strain-energy expression, Equation (16) 

C Kennard’s equations of motion [3]. 

D Love's strain-energy expression. 

E Mirsky and Herrmann’s theory |4], including the effects 
of transverse shear deformation and rotatory inertia 

Methods A, B, C, and D use expressions given in the authors’ 
paper. 


Comparing the frequencies obtained with different  strain- 


energy expressions (methods A, B, C, and |)), the percentage 
difference between the maximum and minimum values of A’? for 
the modes chosen is less than 0.6. It is seen that this difference 
increases with 4/a, and the value A/a = '/, is often regarded 
as the limit of thin-shell theory 

Some results from method E, where the effects of transverse- 
shear deformation and rotatory inertia are ineluded, are given 
in Table 1, herewith, for comparison. As each of the parameters 
h/a, n, and X increases, the percentage difference between fre- 
quencies given by any conventional thin-shell theory, e.g., methods 
A to D, and by a corresponding Timoshenko-type theory, ¢.g., 
method E, increases. This can be seen by considering: (a) Table 
2, where values of the frequency factor A’* are given for \ = 
3.770 and various values of h/a and n by methods D and FE, and 
(b) Yu's results [5], where frequencies are obtained from Donnell 
type equations, including and excluding the effects of transverse 
shear deformation and rotatory inertia. It is found that 


‘H. L. Langhaar and A. P. Boresi, “Strain Energy and Equi- 
librium of a Shell Subjected to Arbitrary Temperature Distribution,” 
Proceedings of The Third U. 8. National Congress of Applied Me- 
chanies, ASME, New York, N. Y., 1958, pp. 393-399. 

» Head, Postgraduate School of Applied Dynamics, Department of 
Engineering, University of Edinburgh, Edinburgh, Scotland 

® Numbers in brackets designate References at end of this discus- 
sion. 


yune 1959 315 


ves BE 


DISCUSSION 
| 
: 
4 
2 
| 
x 
A 


Table 1 Values of frequency factor, A'’*. (u = 0.3) 


h/a n r Method 

A B Cc D E 
1/30 2 0.3142 0.03327 0.03343 0.03342 0.03339 
1/30 2 3.142 0.6627 0.6629 0.6627 0.6628 
1/30 6 0.3142 0.3331 0.3331 0.3331 0.3331 0.3312 
1/30 6 3.142 0.4691 0.4701 0.4707 0.4695 
1/10 2 0.3142 0.08148 0.08187 0.08173 0.08166 
1/10 2 3.142 0.7420 0.7454 0.7421 0.7438 
1/10 6 0.3142 0.9992 0.9984 1.0025 0.9977 0.9424 
1/10 6 3.142 1.284 1.287 1.291 1.283 1.198 


Table 2 Values of frequency factor A'/? for \ = 3.770. (u = 0.3) 


Method 3 6 
1/30 D 0.7438 0.6048 0.5163 0.4940 0.5357 
1/30 of 0.7433 0.6046 0.5158 0.4929 0.5326 
1/10 dD 0.8752 0.8409 0.9260 1.1256 1.4154 
1/10 E 0.8645 0.8254 0.8948 1.0665 1.3139 


neglecting these efiects increases the frequency factor for \ < 
3.77 by less than 0.6 per cent forh/a = '/s, but by larger amounts, 
from 1.2 to 7.7 per cent depending on n, for h/a = */,o. 

Thus, as Yu has stated [5], frequencies obtained without al- 
lowance for transverse-shear deformation and rotatory inertia 
are satisfactory for d less than 4, approximately. This range of X 
is similar to that considered in Table 1. Hence, when conventional 
shell theory can be used to predict natural frequencies, the effect 
on frequency of using different expressions for strain energy is 
very small (Table 1); thus it seems unlikely that investigations of 
the vibrations of thin cylindrical shells will help to differentiate 
between the terms in the various strain-energy expressions. 


Authors’ Closure 


The authors are grateful to Professor Langhaar and Dr. War- 
burton for their comments on the paper. 

Professor Langhaar suggests that the complicated form of the 
energy expression and the associated equilibrium equations arises 
from the enforcement of the compatibility conditions. This can- 
not be avoided unless a particularly simple structure is treated or 
additional assumptions, such as the Kirkhoff-Love hypothesis, 
can be made. The former situation is exemplified by Professor 
Langhaar’s discussion of the flat plate, where a biharmonic solu- 
tion may be derived. A comparison is possible between the 
differential equations of equilibrium arising in the biharmonic 
method and the equations for a flat plate derived from the strain 
energy expression (14) of the paper by variational methods. In 
the former case, the differential equations take a simple form in 
which the deflections are defined as average deflections over the 
thickness of the cylinder (see footnote 3 in Professor Langhaar’s 
discussion). In the latter case the deflections are explicit middle 
surface deflections. The two types of deflection are related by 
the compatibility equations. The use of the middle surface de- 
flections in the paper seemingly leads to a more complicated set of 
differential equations because integration over the thickness of 
the plate is carried out beforehand, thus giving rise to terms of 
order h and 

The authors are interested to learn that Professor Langhaar has 
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obtained a strain expression for elastic shells, subject to the 
Kirkhoff-Love hypothesis, without the use of power-series expan- 
sions. As pointed out in the introduction, several authors have 
already done this for the circular cylinder. The use of power- 
series expansions was adopted throughout the paper in order to 
facilitate the analysis and to emphasise the differences between 
the various strain-energy expressions. In the application of 
energy methods the larger number of terms arising from the use of 
power-series expansions makes little difference to the numerical 
work involved, particularly if electronic computing is used. 

The authors are pleased to see that Dr. Warburton has com- 
pared the effect of the different strain energy expressions on the 
frequency of vibration of thin circular cylindrical shells. The 
results confirm the authors’ opinion that the energy expression de- 
rived using the Kirkhoff-Love hypothesis is adequate for circular 
cylindrical shells. However, the circular cylindrical shell is 
rather a special case and it should not be assumed that the same 
conclusions hold for noncireular shells. 
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Elasticity and Plasticity 


Elasticity and Plasticity. Volume 1 of Surveys in Applied Mathematics. 
By J. N. Goodier and P. G. Hodge, Jr. John Wiley & Sons, Inc., 
New York, N. Y., 1958. Cloth, 9'/¢ & 6 in., ix and 152 pp., 
illus. $6.25. 


REVIEWED BY D. C. DRUCKER’ 


In THE words of Dr. F. J. Wevi im his preface to the book, 
“The present articles are therefore aimed not so much at research 
specialists, actively contributing to the subjects discussed, as they 
are aimed at a broader, mathematically literate audience, looking 
for contemporary information on the important problems and 
results in these disciplines, whether it be for use in classroom and 
seminar, or for the sake of possible application to problems in other 
fields of science and engineering, or simply for reasons of personal 
interest.” 

As Professor Goodier states in his introduction, his section on 
the Mathematical Theory of Elasticity “is not intended to be an 
exhaustive and proportional survey of all branches of the sub- 
ject... Its principal aim is to draw attention to those signifi- 
cant recent developments believed least known to those readers 
whose first language is English.” 

Professor Hodge in his section on the Mathematical Theory 
of Plasticity also devotes much time to work abroad and includes 
a section on Russian contributions taken from a report by Pro- 
fessor W. Prager. 

The topics covered by the authors are: 

Elasticity: Plane stress and plane strain in the isotropic 
medium; Holes and fillets of assignable shapes. Approximate 
conformal mapping; Reinforcement of holes; Mixed boundary- 
value problems. The third fundamental problem in two dimen- 
sions; Eigensolutions for plane and axisymmetric states; Aniso- 
tropic elasticity; Thermal stress. Elastic waves induced by 
thermal shock; Three-dimensional contact problems; Wave 
propagation. Traveling loads and sources of disturbance; 
Diffraction. Pulse propagation; Seismic and vibrational prob- 
lems. 

Plasticity: Theory of perfectly plastic solids; Theory of 
strain-hardening plastic solids; Piecewise linear plasticity; 
Minimum principles of plasticity; Bending of a circular plate; 
Cireular cylindrical shell; Plane strain and plane stress; Beams, 
bars, and rods. 

An extensive bibliography accompanies each survey. 


Thermal Turbomachines 


Thermische Turbomaschinen. Vol. 1. By W. Traupel.  Springer- 
Verlag, Berlin, Géttingen, Heidelberg, 1958. Cloth, 10°/s in. x 
77/s in., Xli and 407 pp., 402 illus. DM 58.50. 


REVIEWED BY MAX J. SCHILHANSL* 


“THERMAL turbomachines”’ is a collective term for steam tur- 
bines, gas turbines, and turbocompressors, as the subtitle says. 
The first volume deals with calculation methods based on the 
principles of thermodynamics and fluid dynamics, while the 


! Professor and Chairman, Division of Engineering, Brown Uni- 
versity, Providence, R. I. 
? Professor of Engineering, Brown University, Providence, R. I. 
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second volume will be devoted to regulation, stress analysis, 
vibrations, and some special problems. 

The first four chapters give a review of thermodynamics and 
fluid dynamics as far as both disciplines are needed for the 
understanding and the design of turbines. After explaining these 
fundamentals, the author proceeds to an elementary or one- 
dimensional theory of a stage. His statement, that “the equa- 
tions of the one-dimensional theory should be understood as re- 
lations between integral values and are accurate even if they are 
not perfectly rigorous,”’ is very significant 

The cascade theory represents « refinement of the one-dimen- 
sional theory and is treated by singularity methods as well as by 
conformal mapping. Radial equilibrium in vortex and wheel- 
type rotors is discussed in the following chapter. 

Based on these theoretical considerations, methods for the 
layout of turbomachines are worked out in which experimental 
results are also taken into account. 

While Chaps. 5 to 8 deal essentially with the flow through a 
single stage, the problems related to multistage turbines and 
compressors are treated in Chap. 9. Finally, some sections on 
labyrinth seals and on ‘‘off design’’ operation are added. 

These subjects are essentially the contents of the first volume 
At the end of each chapter is a list of references—-total number of 
references exceeds 200—so that an engineer who likes to study 
any problem in more detail than it is described in the book can 
easily find where he can obtain more infonaation. 

The book is very well written. The first four chapters are the 
best ones. The remaining ones dealing with the long and 
arduous way from the differential equations to hardware are 
certainly of great interest for the engineer practicing in the 
United States who might compare his own methods with the ones 
recommended by Traupel. 


Vibration 


Random Vibration. Edited by Stephen H. Crandall. The Technology 
Press of the Massachusetts Institute of Technology, Cambridge, 
Mass., 1958. Paper bound, 8'*/i¢ & 6 in., viii and 406 pp., illus. 
$10. 

REVIEWED BY CHARLES E. CREDE’ 


Tus paper-bound volume comprises the published lecture 
notes for a summer course on Random Vibration at M.I.T 
Contributors to the volume are: 8. H. Crandall, I. Dyer, R. M. 
Mains, F. A. McClintock, K. J. Metzger, T. H. Pian, H. Poritsky, 
A. Powell, D. E. Priest, T. P. Rona, and W. M. Siebert. 

Each contributor evidently prepared his chapter independently 
of the other, but on an assigned topic which was co-ordinated 
with the other topics. These topics fall into the following sub- 
ject groups: Mathematics of vibrating systems and random vi- 
bration; Mathematics of probability; Description of random 
mechanical processes; Damping and fatigue characteristics of 
materials and fabricated structures; Instrumentation, particularly 
for random vibration; Response of plates and missile-like struc- 
tures to random excitation, including a description of the noise 
field near a missile; Vibration testing equipment; and Mechanical 
design for random loading. 

* Associate Professor of Mechanical Engineering, California Insti- 
tute of Technology, Pasadena, Calif. 
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Chaps. 1, 2, and 4 consist of a concise mathematical discussion 
of random vibration theory, probably the most lucid and coherent 
treatment available from the viewpoint of the mechanical en- 
gineer. Chaps. 8 and 9 discuss the response of plates to random 
excitation, using the normal mode concept, and the vibration of 
missile structures under random excitation. The average me- 
chanical engineer will find the discussion of random vibration 
theory very useful, although he may wish that some of the 
concepts had been explained in somewhat more detail. The 
chapters on the vibration of plates and missile structures involve 
more advanced analysis which will be useful primarily to spe- 
cialists in structural mechanics. 

The chapters on materials discuss damping and fatigue effects, 
the latter from both metallurgical and engineering viewpoints. 
These chapters are essentially a concise review of the literature, 
and make little reference to random vibration. The content of 
these chapters, while of general engineering interest, is not ex- 
plicitly relevant to the title of the book. 

The design and operation of vibration testing equipment to 
meet current testing specifications are discussed in two chapters, 
a review of material readily available elsewhere in the technical 
literature. The last chapter, a reprint of four papers previously 
published, discusses methods for calculating the response of 
structures to random vibration and estimating the fatigue life 
of such structures. Although the title of this chapter suggests a 
design guide, the average designer will be overwhelmed by his 
unfamiliarity with the concepts and discouraged by the difficulty 
of applying them to ordinary design problems. 

Random vibration has become a confused subject, not only 
because of concepts that are new to mechanical engineers but 
also because there has been no unified treatment of the basic 
subject which appears lucid to those versed in the mechanical 
disciplines. The present book, particularly the first four chap- 
ters, goes a long way toward filling this void. Every engineer 
who may be faced with design, measurement, or test work in- 
volving random vibration should have this volume on his book- 


shelf. 


Kinematical Analysis of Mechanisms 


Ki atisch-Getrieb lytisch Praktikum. By R. Beyer 


Springer-Verlag, Berlin, Géttingen, Heidelberg, 1958. Cloth 
in., viiand 172 pp., illus. DM 28.53. 


REVIEWED BY F. FREUDENSTEIN‘ 


AN APPROXIMATE translation of the complete title of this book 
is: ‘Practical guide to the kinematical analysis of mechanisms 
for the designer, for the lecturer, and for self-study.” 

The table of contents illustrates best the subject matter in- 
volved: 

Part I. Velocities and curvature: Determination of mechanism 
configuration for a given output position—substitute mechanisms; 
Two infinitesimally near positions of a link; The pole curves; 
Curvature relationships of point-path trajectories; Technical ap- 
plications of curvature relationship of point paths; Generating 
curves and envelopes; Determination of velocities in plane 
mechanisms. 

Part Il. Acceleration relationships in plane mechanisms: 
Elements; State of acceleration of a link in plane motion; State 
of acceleration in linkages; Coriolis’ theorem; Further methods 
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of acceleration analysis; Acceleration analysis of combinations of 
mechanisms-—examples; Kinematic diagrams; Cam diagram 
laws relating input to output motion. 

PartIII, Exercises. 

Part IV. Appendix. Material on cams, matrix algebra, and 
bibliography. 

The purpose of this concise text is to provide the mechanisms 
designer with tools for analyzing the kinematical properties (ve- 
locities, accelerations, etc.) of a mechanism after the particular 
form of the mechanism is determined. Two approaches are 
stressed; the first is a systematic, recipe-like, exposition of the 
theory in a clear understandable fashion; the second is the analy- 
sis of examples which are sufficiently unidealized to be realistic. 
In this sense the book goes beyond other texts on this subject. 
For this reason also part III (Exercises) is particularly valuable 
in that it draws upon the author’s rich industrial experience. 

The material forms a good companion volume to the author's 
“Kinematische Getriebesynthese.’” Among the topics not yet 
covered by English texts on kinematics (except for Rosenauer 
and Willis’ “Kinematics of Mechanisms’’) is the theory of curva- 
ture of a point path trajectory. This theory is useful and ele- 
mentary and its introduction into English-language texts is be- 
lieved to be largely a matter of time. The wealth of information 
clearly presented in this volume makes it commendable to those 
engaged in applied kinematics and machine design, in which field 
it isa noteworthy contribution. 

A minor criticism discovered in many German texts is the use of 
the Gothic alphabet which would cause difficulty when used in an 
American classroom. This points out again the desirability of an 
international standard of nomenclature and symbols in this field. 
This is a minor objection, however, in an otherwise fine text graced 
by the author’s known gifts of exposition. 


Applied Mechanics 


Hohere Technische Mechanik. By Ist4n Szabé. Second, revised, and 
enlarged edition. Springer-Verlag, Berlin, Géttingen, Heidelberg, 
1958. Cloth, 93/s in. X 6°/s in., 498 pp. DM 31.50. 


REVIEWED BY J. R. M. RADOK® 


APPLIED MECHANICS comprises here: (i) analytical mechanics; 
(ii) selected topics in static and dynamic elasticity, including vari- 
ational methods and thermal effects; (iii) plasticity; (iv) hy- 
drodynamics and high-speed gas dynamics. In spite of this uni- 
versality and the restricted space, the author sueceeds in penetrat- 
ing deeply into each of these subjects with a presentation which 
is concise, but lucid and original. The more practical aspects of 
applied mechanics are emphasized throughout and illustrated by 
a large number of examples which occupy approximately one 
third of the book. These are worked out in complete detail and 
their advanced nature often places them in the class of con- 
temporary research problems. 

Among these worked examples, special reference should be 
made to the treatment of impact loads on plates, taking into ac- 
count the mass of the plate, the stress analysis of tubes, rein- 
forced by discrete rings, the plastic theory of rolling of metals, 
surface waves in channels, the theory of lubrication by viscous 
fluids, Laval nozzles, supersonic flow around cones. Other 
problems cover certain aspects of elastic stability of shells, thermo- 
elastic analysis of tubes with temperature-dependent elastic prop- 
erties, condensation shocks, and stress analysis of pressure vessels. 
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